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An asymptotic series of general symbol of pseudo-differential operator is obtained by using the theory of fractional Fourier trans-

form.

1. Introduction

Namias [1] introduced fractional Fourier transform which
is a generalization of Fourier transform. Fractional Fourier
transform is the most important tool, which is frequently
used in signal processing and other branches of mathematical
sciences and engineering. The fractional Fourier transform
can be considered as a rotation by an angle « in time-
frequency plane and is also called rotational Fourier trans-
form or angular Fourier transform. The fractional Fourier
transform [2, 3], with angle « of a function u(x), is defined by

8, (x) = (Fyu) (6) = jR K, (adu®dx (1)
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The corresponding inversion formula is given by
1 -~
u(x)=-—| K, (x8u,&)ds, 3)
21T Jr

where the kernel

le(x’ E)

C! ¢ i cotalsintosecaif o 4y

_ ¢ ‘ T Vnel,
ezxf lf @x = —_,

\2m 2

(27ri sin oc)l/2

Cl = - e 2 = \2r (1 +icotw).
sina

(4)

Zayed [3] and Bhosale and Chaudhary [4] studied fractional
Fourier transform of distributions with compact support.
Pathak and others [5] defined the pseudo-differential
operator involving fractional Fourier transform on Schwartz
space S(R) and studied many properties.

Our main aim in this paper is to generalize the results
of Zaidman [6] and to find an asymptotic series of general
symbol of pseudo-differential operator involving fractional
Fourier transform.

Now we are giving some definitions and properties which
are useful for our further investigations.

Linearity of fractional Fourier transform is given as

Fy ey (x) + gy (x)] = ¢ F, (1) (%)) + 6 Fy (4, (1)),
(5)

where ¢, and ¢, are constants and u,(x) and u,(x) are two
input functions.



Let LP(R) denote the class of measurable functions f
defined on R such that

1/p
"f“LP(R) = UR |f (x)|de] < 00, (6)

where 1 < p < oo.
From [5], generalized Sobolev space €5F(R) involving
fractional Fourier transform is defined by

:|UP

||u||s,p = “R (1 + |£|2)sp/2|aa (§)|Pd£ , (7)

seRandu € S'(R).
The convolution of two functions f € L'(R) and g €
L'(R) is defined [5, 7] as

(f *g)(x) = JR f(»)g(x-y)dy, (8)

provided that the integral exists.

Let & be a class of all measurable complex-valued func-
tions a(x, &) which are defined on R x R — {0}. Then, we
assume the following properties.

(i) lim, _, a(x,&) = a(co,&) exists for all £ € R — {0}
and is bounded to mesaurable function.
(ii) We define a' (x, &) = a(x, &) — a(co, £), then

al (x, g) _ % JR e—i(x2+£2)cota/2+ix§cosec¢x (F“a') (I’], 5) d?’],

V(x,&) € RxR - {0},
)

where (Faa')(n, &) is complex-valued function defined on R x
R — {0}, which is measurable in 77 and & for all (7, §) € RxR -
{0} and satisfies the estimate:

|(Fa') (1.8)] <K (n), VneR, (10)

where (1 + 7)'K() € L'(R) VI =0,1,2,3,....

Let (r;);” be a strictly decreasing sequence; that is, r, >
rp>1r, > >r; > —ooas j — ooandy € CP(R) such
that 0 < y(&) < co forall £ € R — {0},

@) = {0
1

Let {aj(x, 3 )}g0 be an infinite sequence of function defined on
R x R — {0}.
Then, we define a function

ifo<&<
if &> 1.

’ (1n)

N | =

a(x&) = Zw(;) €7 a; (x,8), 12)
=0 j

where (t j)go is a sequence of positive real numbers such that

t; = ooasj — oo.
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From (12), it is clear that a(x, &) = 0, for [£] < 1/2, x € R,
and t € [1, c0).

The global estimate of the above defined function a(x, §)
and of remainders of order N is given as

N-1 E
bN (X, E) = a(x,f) - Zw (t_) lgrjaj (x’ E)
o (13)
= Z‘/’(;) |E|rjaj (%8, VEeR-{0}.
=N j

J

Theorem 1. Let {tj}go be a sequence of positive real numbers
such that the following inequalities:

|a (x,8)] < Clg|",
| (. &) < CIE[™,

are satisfied for N = 1,2,3.... In particular the estimates are
as follows:

|a (00, 8)] < CIE",

(14)
V(x,&) e RxR - {0},

IbN (00’£)| < C|£|rN,
VE e R -{0}.

(15)

Proof. The proof of the above theorem is obvious from [6,
pages 233-234]. O

Theorem 2. Let {tj}go be a sequence of positive real numbers
such that the following estimates:

|(Foa') (5,8 < K [,

|(E.by) O <K Q) E™, V(L&) e RxR - {0},

(16)

are satisfied for N = 1,2,3.... In particular the estimates are
as follows:
|(Fud') (0.8 < ClE™, |(Fubly) (00,8)] < CIEI™,

VE e R - {0},
(17)

where (1 + [A|)PK(A) € L'(R), (1 + [A)PKy(A) € LY(R),
Vp=0,1,2,3..,and N = 1,2,3,....

Proof. The proof of above theorem is also obvious by using
the same arguments from [6, pages 133-135]. O

2. Asymptotic Expansion of
Pseudo-Differential Operator Associated
with General Symbol

Definition 3. Let a(x, &) be a general symbol belonging to &.
Then pseudo-differential operator a(x, D) = A, , associated
with symbol a(x;, &) is defined by

@xHW ) = - jR K, w8 a ()i, €)dE (8)

where 71, (£) is defined in (3) V(x, &) € R x R — {0}.
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Definition 4. An infinitely differentiable complex-valued
function u is member of S(R) if and only if for every choice
of y and v of non-negative integers, it satisfies

Vi (W) = su{g |x¥D"u (x)| < o0. (19)
X€
Lemma 5. A function u € C*°(R) satisfies (19) if and only if

T, (1) = sup
x€R

(1+1xP)" DPu (x)l <co, VmBeN,
(20)

Lemma 6 (Peetre). For any real number t and for all€,n € R,
the estimate

(1+ |f|2) >t <l It
— ) <21+ |E- (21
( ) <20 k-

is satisfied.

Theorem 7. Let a'(x,£) € ©; then one has the following
relation:

F, [eixzcottx/Zal (x,D)u (x)] 3
. (22)
= S [ T 69, ()

whereu € S(R), x € R.

Proof. By the definition of fractional Fourier transform (1),
we have

F, [P (v, D)u ()] ©)
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’
_ % J e—i(qz—f;r/)cotzx
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O

Theorem 8. If a(x,§) € ¥ is a symbol and a(x,D) =

a(0o, D) + a'(x, D) is the associated operator, then, one has
the following relation:

E, [ (x, D) u ()] )

= a (00,8 F, [ u ()] ) (24)

!

C i
1 R A EN O
21 Jr

whereu € S(R), x € R.

Proof. We have

F, [e"”z“’t 2 (x, D) u (x)] ©

(25)
= F, [e"’fzwt“/z {a(c0,D) +d (x, D)} u (x)] @).
By linearity of fractional Fourier transform (5) we get
E, [ a (6, D u ()] ©)
=E [¢7" " acoDuw|® @6

+ le [eixlcota/Zal (x’ D) u (X)} (E) .

Now using (1) and (22), we get the required result. O



Theorem 9. Let a(x,&) € & be a symbol and a(x, D) the
associated operator; then one has the following relation:

[(a(x, D)u)| 14l 57,0 (27)
whereu € S(R), s € R,

op <Copl

Proof. Firstly from (7) we have

eixzcot(x/z (a(co, D)”)"&P
[ (e 1) [ a oo, Dyu )] of ]

[ ()" oo,

ix>cot o P p
B[ ()| @) |
(28)
Now the argument of (15) yields

eixzcotoc/Z (a(OO, D)M)“
Sp

<[] ()™ (e k)"

F I:eixzcot oc/Zu

o

-C UR (1 + |£|2)(S+ro)17/2

« 'Fa [eixzcotoc/zu (x)] (§)|Pd5] p

X

] @[ e "

(29)

ix?cota/2

=Cle u

s+ ,‘D'
Thus we have

.2
e 2 (400, D)u)" <C
s,p

ix*cot /2
e u

>
S+1g,p

22
& cota/2 (a(oo, D)u)" < Cllull
Sp

S+70,p°

for every u € S(R), s € R.
Now we consider the function U (&) =

(1+[E)G,(©),

where U, ,(§) = 0 for [£] < 1/2 and for || > 1/2 and G, (§) is
defined as
c! (2
Go(®) = 5% | T IG, (-0 8)a, (. (D
21 Jr
Therefore,
Us (§)

!

C s/2 —i(n*—En)cot a ~
~ (LR [ T ), ) dn

=1 (1+1gF)"
R (1 i)

< (1+nl?)" . (& - 0, &) a1, (n) .

o i =Encoter

(32)
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Using (21) we get

Isl/2t

U ®l s 2 [ (1l =nP) (4 P)”

3, (E=1.8)| [, ()] dn.

(33)
From Theorem 2 we get
lUs,oc (E)l
22! o lsl/2 \8/2
< [ (e le-aP) (1 i)
24\70/2 —~
KE=n)(1+ )" [ ()] dn,
Mt Isl/2 23(5+70)/2
S (e aP) (1 i)

(1+[ef)""

5 e ()] dn,
(1+]u)”
Ssl+ir/2 !

= - o JR (1 n |E_ ’1|2)|s|/2(1 . |E— ’1|2)|7’o|/2

x (1+ Iﬂlz)(WO)/ZK (& —n) | ()] dn,

xK(§-1n)

2sklrob 21t

T

J' ( IE B | )(ISI+IroI /2(1 . |7l|2)(s+r0)/2
X K (&= n) [ ()] dn,
- [ o@-mn an

= (@ # y) ).
(34)

Here ®(£ -#) € LY(R) by (10) for all s € R and since i, (1) €
S(R), therefore h, (1) € LP(R).
Thus, we have (® * h,)(§) € LP(R) and the inequality
| « hot”LP([R) <Pl "htx“LP(R)‘ (35)
This implies that

||US,(X(£)||P < Cyllullysr, pp  Vu € SR),s € R. (36)

So that
ix*cota/2 [ 1
e (a (x, D)u) op
|| |E| 5/2 1x cota/2 (a’(x, D)u) (X)] ||p (37)
= [Usa -
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Using (36) we get

) 2 !
el (g (x,D)u)l's’p < Collullgrry - (38)

Therefore,

.2
ezx cota/2 (a(x, D)u)u
sp

_ eixzcot af2 {a(oo, Dyu +a(x, D)”}"
Sp
(39)
<

.2
etx cota/2 (a( ,D)u)”
sp

+

ix?cot /2 ! u
e a (x,D)u
(a'(x,D) )S)P

Now using (30) and (38) we get

e D)“)“sp < (C+Cy) lullysr,p-  (40)

This implies that
2
& (ale D < Copalltlnryy (4D
This implies the required result (27). L]

Theorem 10. One has the following estimates:
1
1 D)
v (;D)u

Proof. Let y € C®(R), then by using (11) and (12) we find
that v, (§/t) = w(&/t)[E]" for |§] > /2. Therefore, we have

(9

Now we define the operator v, ((1/t)D) given on S(R) by

%(%D>M=F;1 (%(%)%(é)) (44)

< Cllul|
sp

Vu e S(R),s,r € R.
(42)

s+1,p?

<c(1+ |§|2)r/2, VE € R. (43)

<JR oo (&) o)

e @ (1 + )

JR )

1/p

(s r)p/2

1/p
7. ©)" )
(45)
Thus,

1

1 D)
vr (t "
Since ° = N, x ToF(R), v, (((1/t)D)u) is a linear operator
g into itself. O

< Cllulsr (46)
Sp

Definition 11. A linear operator L with » € R, and Vs € R,
there exists a constant C; > 0 such that

ILul < C,|lull Vu € &% (47)

s+r,p>
The infimum of all orders r of L is called true order of L.

Definition 12. Let v, (((1/t)D)a(x, D)) be a linear operator
from Yu € € into itself and satisfy the following inequality:

o (10)ue

Then y,((1/t)D)a(x, D) is said to be a canonical operator of
degree r, where € R.

< Cllul
s.p

VseR, ueZy (R).
(48)

s+r,p>

Definition 13. Let (r;);’ be a strictly decreasing sequence of
real numbers and {V/r,»((l / t)D)aj(x, D)} a sequence of canon-

ical operators of degree r;. Then, corresponding a sequence
of positive real numbers (tj)(‘)’O and {a;(x, E)}go C &, alinear
operator M : &7 — ¥ is asymptotically expanded into
the series Z}X:)O v, ((1/ t)D)aj(x, D) if it satisfies the following

inequality:
< 1
o| M- Z)l//rj (ED) a; (x, D)
=

Theorem 14. Let {a;(x, f)}go
ing to & and (r;)5” a strictly decreasing sequence of real num-
bers that tends to —co. Then, there exists a sequence of canon-
ical operators of degree r;, K;, and a linear operator A, in
g such that

< Ty (49)

be a sequence of symbols belong-

(i) to(Ayy) S5

(i) Agg ~ 252 Kjoo that is, t.o [A z]oK]oc]<rN

Proof. Note that (i) is obviously true by using Theorem 9 and
for (ii) by using the arguments of [6, pages 241-242]. We can
define the canonical operator by the following way:

(Kjau) ()

.2
—ix“cota/2 -1
=e /Fa

o () omne e
J

!
+ & J o it =)ot
21 Jr
<a, € ndn oarf |

(50)



where a(x, &) = Z(])io v, (f/t)[aj(oo, b+ a}(x, &)] belongs to
class of symbol &. Also we have

(Aa’au) (X) _ e—ixzcot(x/ZF—l

[04

x [a (00, &) F, {™ " P u )} )
, (51)
+ & J e—i(nz—Er])cota
27 Jr
x @, (&~ 1,€) a1, () |

Therefore,
F eixzcot(x/Z <A u—iK« M) (E)
[ a,x ja
j=0

v, (€
= [{a(0.0)- Yy, (t—)aj (00,8)
j=0 '

J

x F, {eixzcotoc/Zu (x)} )

!
+ & J e—i(rlz—fr])cota
21 Jr

[

J

N
<Aa 0= 3w, (£)aE-no
=0

~

X U () dn| .

(52)

Using the previous definitions (12) and (13), we have
N
_ § _
a(00,8) = Yy, ( 7 )4 (00,8) =byui (00,8). (53)
0 j

From (15) and (16), we get |by,,(00,&)| < C(1 + |E[2) a2,
where £ € R — {0} and &‘;(E -n,é) - Z;\io v, &/t)a, € -
s E) = E;,NH(E - 6)

Also [B,(§ = 1, )] < CKyy, (§ = ) (1 + [E1*) (ry11/2). Now
using these arguments in (52) we get

ix*co <
F, |e t“/2<Aa)a—ZKj,au> 3
=0

= by (00,8 Fy {7 u (0} © 54

!

C (2 -
e 58 | T - 8) ().
21 Jr
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Using Theorem 9, we get

N
Agati= Y Kl < Clully,,, ,» YueSR),seR.
=0 sp
(55)
Hence, we get
N
to|A .~ ZKj,a <rne < T'ne (56)
j=0 |
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