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The existence of the endpoints and approximate endpoints are studied in a general setting for the operators satisfying various
contractive conditions. Some recent results are also derived as special cases.

1. Introduction

Among several generalizations of celebrated Banach fixed
point theorem, one interesting extension is Nadler’s [1] fixed
point theorem for multivalued contraction. He exactly proved
that a multivalued contraction has a fixed point in a complete
metric space. Subsequently, it received great attention in
applicable mathematics and was extended and generalized on
various settings. Indeed, these extensions and generalizations
have been influenced by the applications of the multivalued
fixed point theory in mathematical economics, game the-
ory, differential inclusions, interval arithmetic, Himmerstein
equations, convex optimization, duality theory in optimiza-
tion, variational inequalities and control theory, nonlinear
evolution equations and nonlinear semigroups, quasivaria-
tional inequalities, and elasticity and plasticity theory (see,
for instance, [2-8] and several references thereof). The results
related to existence of endpoints or strict fixed-points were
first given by Rus [9] in 2003. Thereafter, a number of
authors established interesting results concerning existence
and uniqueness of endpoints for multivalued contractions
in different settings; see, for example, [10-15]. The main
purpose of this paper is to establish some existence and
uniqueness results for endpoints using different multivalued
contractions. Our results include some recent results.

2. Preliminaries

Let T : X — 2% be a multivalued mapping. An element
x € X is said to be an endpoint of T' if Tx = {x}. We say that

a multivalued mapping T : X — 2% has the approximate
endpoint property (AEPP) if inf . ysup .1, d(x, y) = 0 (also
see [3, 10]). Throughout the paper, let (X,d) be a b-metric
space, and let P(X) denote the family of all nonempty subsets
of X and CI(X) the family of all nonempty closed subsets of
X. For any A, B € P(X), the Hausdorff metric is defined as

H (A, B) = max {sup d(a,B),supd (b, A)}» , 1)

acA beB

where d(a, B) = inf{d(a,b) : b € B} is the distance from the
point a to the set B.

LetI: X — X beasingle-valued mappingand T : X —
CI(X) a multivalued contraction. We say that the mappings I
and T have an AEPP provided inf, . xsup .1, d(Ix, y) = 0.

A point x € X is called an endpoint of I and T if
Tx = {Ix}. For each ¢ > 0, let E(,LT) = {x € X :
sup,cr, d(Ix, ) < €} be the set of all approximate endpoints
of the mappings I and T

Example 1. Let X = (—00, 00) with Euclidean norm. Assume
that K = [0,c] and T : K — CI(K) defined by

[x,c—x], x¢€ [0,%)

Tx = (2)

[c-x,x], x¢€ [E,c] ,
2

where ¢ is a positive constant. Clearly, Fix(T) = [0,c] and
End(T) = {c/2}.



Definition 2 (see [16]). Let X be a nonempty set and b > 1
a given real number. A functiond : X x X — R, (set of
nonnegative real numbers) is said to be a b-metric iff for all
x, ¥,z € X the following conditions are satisfied:

(i) dlx,y)=0iff x =y,

(i) d(x, y) = d(y, x),
(iii) d(x,2z) <bld(x, y) +d(y,2)].

A pair (X, d) is called a b-metric space.

The class of b-metric spaces is effectively larger than that
of metric spaces, since a b-metric space is a metric space when
b = 1 in the above condition (iii). The following example
shows that a b-metric on X need not be a metric on X (see
also [16, page 264]).

Example 3 (see [17]). Let X = {xy, x,, x5, x4} and d(xy, x,) =
k > 2,d(x),x;) = d(x;,x,) = d(x,,x3) = d(xy,%,) =
d(x3,x) = 1, d(x;, x;) = d(x;,x;) forall i, j = 1,2,3,4 and
d(x;,x;) =0,i=1,2,3,4. Then,

k
< =

3 (x03) < £ [0 om) +d (5%

for n,i,j=1,2,3,4,

(3)

and if k > 2, the ordinary triangle inequality does not hold.

Definition 4 (see [16]). Let (X, d) be a b-metric space. Then,
a sequence {x,},. in X is called

(a) convergent if and only if there exists x € X such that
d(x,,X) — 0asn — oo0.In this case, one writes
lim, , x, = x,

(b) Cauchy if and only if d(x,, x,,) — Oasm,n — oo.

Remark 5 (see [16]). In a b-metric space (X, d), the following
assertions hold.

(i) A convergent sequence has a unique limit.

(ii) Each convergent sequence is Cauchy.

(iii) In general, a b-metric is not continuous.

Definition 6 (see [16]). Let (X, d) be a b-metric space. If Y is
a nonempty subset of X, then the closure Y of Y is the set of
limits of all convergent sequences of points in Y, i.e.,

Y = {x € X : there exists a sequence {x,} .

(4)

such that lim x, = x} .
n—oo

Definition 7 (see [16]). Let (X, d) be a b-metric space. Then,
asubset Y ¢ X is called

(a) closed if and only if for each sequence {x,}, in Y
which converges to an element x, one has x € Y,

(b) compact if and only if for every sequence of elements
of Y, there exists a subsequence that converges to an
element of Y,
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(c) boundedifand onlyif §(Y) = sup{d(a,b) : a,b € Y} <
0.

Definition 8 (see [16]). The b-metric space (X, d) is complete
iff every Cauchy sequence in X converges.

Definition 9. Let X and Y be two Hausdorff topological
spacesand T': X — P(Y), amultivalued mapping with non-
empty values. Then, T is said to be

(i) upper semicontinuous (u.s.c.) if, for each closed set
BCcY, T'B)={xe X:T(x)n B+ ¢} is closed in
X;

(ii) lower semicontinuous (l.s.c.) if, for each open set B C
Y, T7'B)={x e X: T(x)N B+ ¢} is open in X;
(iii) continuous if it is both u.s.c. and Ls.c;

(iv) closed ifits graph Gr(T) = {(x, y) € XxY : y € T(x)}
is closed;

(v) compact if closure of T(X) is a compact subset of Y.

Definition 10 (see [5]). Let I : X — X be a single-valued
mapping and T : X — CI(X) a multivalued mapping. Then,
T is called

(i) a multivalued I-contraction if there exists a number
a€(0,1):

H(Tx,Ty) <ad(Ix,1y), VY x,ye€X, (I-mc)

(ii) a multivalued I-Kannan contraction if there exists a
number 3 € (0,1/2) :

H(Tx,Ty) < Bld(Ix,Tx) +d (Iy, Ty)],
(I-mkc)
Vx,y € X,

(iii) a multivalued I-Chatterjea contraction if there exists
anumber y € (0,1/2) :

H(Tx,Ty) < y[d(Ix,Ty) +d (Iy,Tx)],
(I-mcc)
Vx,y € X,

(iv) a multivalued I-quasi-contraction if

H(Tx,Ty) < k-max{d (Ix,1y),d (Ix,Tx) ,d (Iy, Ty),

d(Ix,Ty),d (Iy,Tx)}
(I-mqc)

for some0 < k < landallx, yin X,

(v) a multivalued I-weak or almost contraction if there
existax € (0,1)and L >0 :
H(Tx,Ty) < ad(Ix,Iy) + Ld (Iy,Tx), VYx,y€X,
(I-mac)
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(vi) a multivalued generalized I-almost contraction if
there exists a function « : [0,00) — [0, 1) satisfying
limsup, _, +a(r) < 1 for every t € [0, 00) such that

H(Tx,Ty) < a(d(Ix,1y))d (Ix, Iy) + Ld (Iy, Tx),

Vx,yeX
(I-gmac)
Remark 11. A multivalued mapping T : X — CI(X) is called

a multivalued I-Zamfirescu (I-mzc) operator if it satisfies at
least one of the conditions (i), (ii), and (iii).

We have used following Cantor’s intersection theorem in
our results.

Theorem 12. Let X be a compact space, and let C; > C, >
C; - -+ be a nested chain of nonempty closed subsets of X. Then,
NnC,#¢.

3. Main Results

Lemma13. Let (X, d) be a b-metric space with the b-metric as
a continuous functional. Let I : X — X be a single-valued
mapping such that rd(x, y) < d(Ix, Iy) for all x, y € X, where
r > 0isaconstant. If T : X — CI(X) satisfies (I-mc) with
rab® < 1, then
be (1 +Db)
6(E,(I,T)) < ——, Ve>0.
( s( )) r(l—ocbz) €> (5)
Proof. Forany x, y € E.(I,T), we have
d(Ix, Iy) = H ({Ix}, {Iy})
<b[H ({Ix},Tx) + H(Tx, {Iy})]
<be+ b’ [H(Tx,Ty) + H(Ty. {D})]  (6)
< be+b’H (Tx, Ty) + b’e

< be+be+ab’d (Ix, 1y).

So,
be(1+D)
Since rd(x, y) < d(Ix, Iy), we have
be (1 +Db)
S0(E,(I,T) £ ———, V¥ 0.
( 8( ))<r(1_“b2) €> (8)
O

Lemma 14. Let (X, d) be a b-metric space with the b-metric
as a continuous functional. Let I : X — X be a continuous
single-valued mapping. If T : X — CI(X) is a lower
semicontinuous multivalued mapping. Then, for each & >
0, E.(I,T) is closed.

Proof. The proof follows from Lemma 16 of Hussain et al. [11].
O

Theorem 15. Let (X,d) be a complete b-metric space with
the b-metric as a continuous functional. Let I : X — X

be a continuous single-valued mapping such that rd(x, y) <
d(Ix, 1y), wherer > 0 is a constant. Let T : X — CI(X) be
a lower semicontinuous map satisfying (I-mc). Then, I and T
have a unique endpoint if and only if I and T have the AEPP.

Proof. It is clear that if I and T have an endpoint, then I and
T have the AEPP.
Then,

C,= {xeX: supd (Ix, y) < l}» #¢, VneN. (9)
yeTx n

Also, we have for eachn € N,C, 2 C,,,. By Lemma 14, C,
is closed for each n € N. Since I and T satisfy AEPP, then
C, # ¢ for each n € N. Now, we show thatlim,_, . ,6(C,) = 0.
To show this, let x, y € C,,. Then, from Lemma 13,

b (1+b)(1/n)

8(C) = 8(Ey, D) < — 0

(10)

and so lim,_, 6(C,) = 0. It follows from the Cantor

intersection theorem that

ﬂcn = {xo} - 1)

neN

Thus, x, is the unique endpoint of I and T. O
Lemmal6. Let (X, d) be a b-metric space with the b-metric as
a continuous functional. Let I : X — X be a single-valued

mapping such that rd(x, y) < d(Ix, Iy) for all x, y € X, where
r > 0isaconstant. If T : X — CI(X) satisfies (I-mkc), then

5(ES(I,T))SI§(1+b+2ﬁb), ve>0.  (12)

Proof. For any x, y € E,(I,T), we have
d(Ix,Iy) = H ({Ix}, {Iy})

<b[H ({Ix},Tx) + H (Tx, {Iy})]
< be+ b’ [H(Tx,Ty) + H(Ty,{Iy})]
<be+b'H (Tx,Ty) + b’e (13)
<be+be+ b B[d(Ix, Tx) +d (Iy, Ty)]
< be+be+b*2pe
<be(l+b+2pb).

So,

d(Ix,Iy) < be (1 +b+2pb). (14)

Since rd(x, y) < d(Ix, Iy), we have
8(E,(I,T)) < be (1+b+2Bb), Ve>o. (15)
r

O



Theorem 17. Let (X,d) be a complete b-metric space with
the b-metric as a continuous functional. Let I : X — X
be a continuous single-valued mapping such that rd(x, y) <
d(Ix, Iy), where r > 0 is a constant. Let T : X — CI(X) be
a lower semicontinuous map satisfying (I-mkc). Then, I and T
have a unique endpoint if and only if I and T have the AEPP.

Proof. It is clear that if I and T have an endpoint, then I and
T have AEPP. Then,

S | =

C,= {x € X :supd (Ix, y) <

} #¢, VYVneN. (16)
yeTx

Also, we have for eachn € N,C, 2 C,,,. By Lemma 14, C,
is closed for each n € N. Since I and T satisfy AEPP, then
C, # ¢ for each n € N. Now, we show thatlim, _, . .6(C,) = 0.
To show this, let x, y € C,,. Then, from Lemma 16,

5(C,) = 8 (Ey, (1,1) < 201 ¢

1+b+2Bb)  (17)

and so lim,_, 6(C,) = 0. It follows from the Cantor

intersection theorem that

ﬂcn = {xo}- (18)
neN
Thus, x, is the unique endpoint of I and T.. O

Lemmal8. Let (X, d) be a b-metric space with the b-metric as
a continuous functional. Let I : X — X be a single-valued
mapping such that rd(x, y) < d(Ix, Iy) for all x, y € X, where
r > 0isa constant. If T : X — CI(X) satisfies (I-mcc) with
2b%ry < 1, then

be (1 +b+2yb)

8(E.(I,T)) < (1= 20y)

, Ve>0. 19)

Proof. For any x, y € E,(I,T), we have

d (Ix, Iy) = H ({Ix}, {Iy})
<b[H ({Ix}, Tx) + H (Tx, {Iy})]
<be+ b’ [H(Tx, Ty) + H(Ty, {Iy})]
< be+b"H (Tx, Ty) + b’e

< be+be+ by [d (Ix, Ty) + d (Iy, Tx)]
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<be+be+ by [d(Ix, Iy) + d (Iy, Ty)]
+ by [d (Iy, Ix) + d (Ix, Tx)]
= be + b + b’y [H ({Ix}, {Iy}) + H ({Iy}, Ty)]
+ bzy [H ({Iy}, {Ix}) + H ({Ix}, Tx)]
<be+be+ szyH ({Ix}, {Iy}) + 2b2y£
= be + b'e + 2byd (Ix, Iy) + 2b%ye
B be(1+b+2yb)

1-20%y
(20)
So,
be (1 +b+2yb)
Ix,Iy) < ——= 21
d(lxly) < 1-2b% @D
Since rd(x, y) < d(Ix, Iy), we have
be(1+b+2yb)
S(E.(I,T)) <« —— =, Ve>O. 22
( 8( )) r(1—2b2y) £> ( )
O

Theorem 19. Let (X,d) be a complete b-metric space with
the b-metric as a continuous functional. Let I : X — X
be a continuous single-valued mapping such that rd(x, y) <
d(Ix, 1y), wherer > 0 is a constant. Let T : X — CI(X) be
a lower semicontinuous map satisfying (I-mcc). Then, I and T
have a unique endpoint if and only if I and T have the AEPP.

Proof. It is clear that if I and T have an endpoint, then I and
T have the AEPP.
Then,

C,= {xeX: supd (Ix, y) < l} #¢, VYneN. (23)

yeTx n

Also, we have for eachn € N,C, 2 C,,;. By Lemma 14, C,
is closed for each n € N. Since I and T satisfy AEPP, then
C, # ¢ for each n € N. Now, we show thatlim,_, . ,6(C,) = 0.
To show this, let x, y € C,,. Then, from Lemma 18,

b(1/n) (1 +b+2yb)
r(1-2b%)

S(Cn) = 8(E1/n (I>T)) < (24)

and so lim,_, 6(C,) = 0. It follows from the Cantor

intersection theorem that

[Cn = {xo} - (25)
neN
Thus, x, is the unique endpoint of I and T. O

Lemma 20. Let (X,d) be a b-metric space with the b-metric
as a continuous functional. Let I : X — X be a single-valued
mapping such that rd(x, y) < d(Ix, Iy) forall x, y € X, where
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r > 0isaconstant. If T : X — CI(X) satisfies (I-mzc)
with 8 = max{a, b/(1 — Bb*), (1 + b*)/2(1 — Bb*), yb/(1 -
yb)}, 18 < 1, then

be (1 +b+26b)
r(1-9)

Proof. Suppose that T satisfies (I-mkc), then we have
H(Tx,Ty) < Bld(Ix,Tx) +d (Iy,Ty)]

S(E, (I,T)) < , Ve>0. (26)

< B[H (Ix,Tx) + H (Iy, Ty)]
< BH (Ix, Tx) + BbH (Iy, Ix) + fbH (Ix, Ty)
< BH (Ix, Tx) + BbH (Iy, Ix)
+ BV*H (Ix, Tx) + Pb*H (Tx, Ty)
< (B+ pv’) H (Ix, Tx)

+ Bbd (Iy, Ix) + Bb°H (Tx, Ty) .

(27)
So, we have
H(Tx,Ty) < MH (Ix, Tx) + po d(Ix,Iy).
1 - pb? 1 - pb?
(28)
If T satisfies (I-mcc), then we have
H(Tx,Ty) <y[d(Ix,Ty) + d (Iy, Tx)]
<y[H(Ix,Ty) + H(Iy, Tx)]
<yb[H(Ix,Tx) + H(Tx,Ty)]
+yb [H (Iy,Ix) + H (Ix, Tx)] (29)

< 2ybH (Ix, Tx) + ybd (Ix, Iy)
+ybH (Tx,Ty) H (Tx, Ty)

2yb b
H (Ix, T d(Ix,1y).
Sl—yb (Ix x)+1—yb (Ix, Iy)

Let & = maxfa, (Bb)/(1 - pb7), (B(1 + b*))/(2(1 — Bb%)),
(yb)/(1 = yb)}. Then,

H (Tx,Ty) < 26H (Ix,Tx) + 6d (Ix, Iy) . (30)
Thus, for any x, y € E.(I, T), we have
d(Ix,Iy) = H ({Ix}, {Iy})
<b[H ({Ix},Tx) + H (Tx, {Iy})]
< be+b* [H(Tx,Ty) + H (Ty,{Iy})]
< be+b’H (Tx, Ty) + b’e G
< be + b'e + b*28d (Ix, Tx) + 8d (Ix, Iy)

< be + b'e + b*28e + 0d (Ix, Iy) .

5
So,
d(Ix,Iy) < bs(l%b;mb) : (32)
Since rd(x, y) < d(Ix, Iy), we have
be (1 + b+ 26b)
S (E.(I,T)) < T1o0) Ve > 0. (33)
O

Theorem 21. Let (X,d) be a complete b-metric space with
the b-metric as a continuous functional. Let I : X — X
be a continuous single-valued mapping such that rd(x, y) <
d(Ix,Iy), where r > 0 is a constant. Let T : X — CI(X) be
a lower semicontinuous map satisfying (I-mzc). Then, I and T
have a unique endpoint if and only if I and T have the AEPP.

Proof. It is clear that if I and T have an endpoint, then I and
T have the AEPP. Then,

C,= 1x € X : supd (Ix, y) < l]» #$, VneN. (34)
yeTx n
Further, we have for eachn € N,C, 2 C,,,. By Lemma 14,
C, is closed for each n € N. Since I and T satisty AEPP, then
C, # ¢ for each n € N. Now, we show thatlim, , . ,6(C,) = 0.
To show this, let x, y € C,,. Then, from Lemma 20,
b(1/n) (1 +0b+26b)

8(C,) =8 (Ey, (ILT)) < T8 . (39)

0. It follows from the Cantor

and so lim,_, . ,6(C,) =
intersection theorem that

(Co = {xo} - (36)
neN
Thus, x, is the unique endpoint of I and T O

Lemma 22. Let (X, d) be a b-metric space with the b-metric
as a continuous functional. Let I : X — X be a single-valued
mapping such that rd(x, y) < d(Ix, Iy) for all x, y € X, where
r > 0isaconstant. If T : X — CI(X) satisfies (I-mqc) with
k < 1/(r(b* + b)), then
be(1+0b+kb)
r(1-kb?) ’
Proof. Forany x, y € E.(I,T), we have
d (Ix, Iy) = H ({Ix}, {Iy})

<b[H ({Ix}, Tx) +d (Tx, {Iy})]

S(E,(I,T)) < Ve > 0. (37)

<be+b [H (Tx,Ty) + H (Ty, {Iy})]
< be+b"H (Tx, Ty) + b’e
< be + bPe + kb*

-max{d (Ix,Iy),d (Ix, Tx) ,d (Iy, Ty),
d(Ix,Ty),d (Iy, Tx)}

< be+b’e + kb {d (Ix, Iy) + €} .
(38)



6
So,
be (1 + b+ kb)
d(Ix, Iy) < W (39)
Since rd(x, y) < d(Ix, Iy), we have
be (1 + b + kb)
0(E,(I,T) < ———=, V¥ 0.
(B (D) < ="y > ¥e> (40)
O

Theorem 23. Let (X,d) be a complete b-metric space with
the b-metric as a continuous functional. Let I : X — X
be a continuous single-valued mapping such that rd(x, y) <
d(Ix, Iy), wherer > 0 is a constant. Let T : X — CI(X) be
a lower semicontinuous map satisfying (I-mqc). Then, I and T
have a unique endpoint if and only if I and T have the AEPP.

Proof. 1t is clear that if I and T have an endpoint, then I and
T have the AEPP.
Then,

C, = {x € X : supd (Ix, y) < l} #¢, VneN. (41)
y€eTx n

Also, it is clear that, for eachn € N, C, 2 C,,,. By the
above Lemma 14, C,, is closed for each n € N. Since I and
T satisfy AEPP, then C,, # ¢ for each n € N. Now, we show
that lim,,_, .,6(C,,) = 0. To show this, let x, y € C,. Then,

from Lemma 22,

b(1/n) (1 +b+kb)

6(Cn) =(S(El/n (I>T)) < T(l—kbz)

(42)

and so lim,_,.6(C,) = 0. It follows from the Cantor

intersection theorem that

ﬂcn = {xo}- (43)
neN
Thus, x, is the unique endpoint of I and T. O

Lemma 24. Let (X, d) be a b-metric space andI : X — X
a single-valued mapping such that rd(x, y) < d(Ix, Iy) for all
x,y € X, wherer > Qis aconstant. If T : X — CI(X) satisfies
(I-mac) with rb*(a + bL) < 1, then

be(1+b+Lb%)
r(1-b2(a+bL))

S(E,(I,T)) < Ve > 0. (44)
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Proof. For any x, y € E.(I, T), we have
d(Ix,Iy) = H ({Ix}, {Iy})
<b[H ({Ix},Tx) + d (Tx, {Iy})]
< be+ b [H (Tx, Ty) + H (Ty, {Iy})]
< be+b’H (Tx,Ty) + b’e
< be+be +b” [ad (Ix, Iy) + Ld (Iy, Tx)]
< be+b’e+ b ad (Ix, 1y) )
+b°L[d (Ix, Iy) + d (Ix, Tx)]
< be + b’e + bad (Ix, Iy)
+b°Ld (Ix, Iy) + b’Le
<be(1+b+Lb*)+b (a+sL)d (Ix, Iy).
So,

be(1+b+Lb%)

-~ 7 (46)
1-b2(x+bL)

d(Ix,Iy) <

Since rd(x, y) < d(Ix, Iy), we have

be(1+b+Lb)

4
r(1 -0 (a+bL)) ve>0. (47)

S(E (ILT)) <

O

Theorem 25. Let (X,d) be a complete b-metric space with
the b-metric as a continuous functional. Let I : X — X
be a continuous single-valued mapping such that rd(x, y) <
d(Ix,1y), wherer > 0 is a constant. Let T : X — CI(X) be
a lower semicontinuous map satisfying (I-mac). Then, I and T
have a unique endpoint if and only if I and T have the AEPP.

Proof. It is clear that if I and T have an endpoint, then I and
T have the AEPP. Then,

C,= {x € X : supd (Ix, y) < l} #¢, VneN. (48)
y€eTx n

Also, we have for eachn € N,C, 2 C,,;. By Lemma 14, C,
is closed for each n € N. Since I and T satisfy AEPP, then
C, # ¢ for each n € N. Now, we show thatlim, _, . ,6(C,) = 0.
To show this, let x, y € C,,. Then, from Lemma 24,

b(1/n) (1 +b+ L)

S (C,,) =6 (El/n (L, T)) < r (1 -0 (a+ bL))

and so lim,_, 6(C,) = 0. It follows from the Cantor

intersection theorem that

ﬂcn = {xo}- (50)

neN

Thus, x, is the unique endpoint of I and T.. O
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On putting b = 1 in the above Theorem 25, we obtain the
following result of [11].

Corollary 26 (see [11]). Let (X, d) be a complete metric space.
Let1 : X — X be a continuous single-valued mapping such
that rd(x,y) < d(Ix,ly), where v > 0 is a constant. Let
T : X — CIX) be a lower semicontinuous map satisfying
(I-mac). Then, I and T have a unique endpoint if and only if I
and T have the AEPP.

If I is the identity mapping on X and b = 1, then the above
result reduces to the following results:

Corollary 27 (see [11, Corollary 3.5]). Let (X,d) be a metric
space, and let T : X — CI(X) satisfy (I-mac) with o« + L < 1.
Then, for each € > 0,

e(2+1L)

0 (E. (1)) < @il

(51)

where E,(T) = {x € X : supyeTxd(x, y) < &l

Corollary 28 (see [11, Corollary 3.6]). Let (X, d) be a complete
metric space. Let T : X — CI(X) be a lower semicontinuous
map satisfying (I-mac) with o« + L < 1. Then, T has a unique
endpoint if and only if T has the AEPP.

If L = 0, in almost contraction, then we have following
result in metric space.

Corollary 29 ([10, Corollary 2.2]). Let (X,d) be a complete
metric space. Let T : X — CI(X) satisfy (mc). Then, T has a
unique endpoint if and only if T has the AEPP.
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