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The main objective of the present paper is to investigate some interesting properties on convolution and generalized convolution
of functions for the classes R(n, ) and R(n, ). Our results improve the results of previous authors.

1. Introduction

Let A denote the class of functions f of the form

fl@)=z+ Z“kzk> @
k=2

which are analytic in the open unit disk U = {z : z € C
and |z| < 1} and satisfy the normalization condition f(0) =
f '(0)=1 = 0. Let S be the subclass of A consisting of functions
of the form (1) which are also univalent in U. Further, T
denote the subclass of A consisting of functions f(z) of the
form

fz)=z- Z || 2~ (2)
k=2

Now for0 < « < 1,n € N = {1,2,3,...}, and z € U,
suppose that R(n, &) denotes the family of analytic univalent
functions f of the form (1) such that

Re{@}m, ©)

where D" stands for the Salagean operator introduced by
Salagean in [1].

Further, let the subclass R(n, «) consist of functions fin
R(n, «) such that f(z) is of the form (2).

Clearly, if 0 < «; < «, < 1, then

R(na,) SR(na), (4)
and for m,n € N, such that m > n, then
R(m,a) CR(n,«). (5)

The Hadamard product of two functions f(z) of the form
(1) and g(z) is of the form

gz)=z+ Zbkzk (6)
k=2
as

(f*9)@=f@*g@=2+Yabs, )
k=2

and for the modified Hadamard product (quasi-convolution)
of two functions f(z) of the form (2) and

[ee]
9@ =2-) |bl<" (8)
k=2
we define their convolution as
(e}
(fr9)@=f@*g@=z-Y |ablz" (9
k=2
In the present paper, we obtain a number of results on
convolution and generalized convolution for the classes

R(n,«) and R(n, «). It is worthy to note that our results are
quite new and not explored in the literature.
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2. Main Results

We first mention a sufficient condition for the function f
of the form (1) belonging to the class R(n, «) given by the
following result which can be established easily.

Theorem1. Let the function f(z) be given by (1). Furthermore,
let

ik" la | <1-a, (10)
k=2

where0 <« < 1andn € N. Then f € R(n, ).

In the following theorem, it is proved that the condition
(10) is also necessary for functions f(z) of the form (2).

Theorem 2. Let f(z) be given by (2). Then f € R(n, ), if and
only if
>

k=21—oc

|ai| < 1, (1)

where0 < o < 1landn € N.

Proof. The if part follows from Theorem 1, so we only need to
prove the “only if” part of the theorem. To this end, for
functions f of the form (2), we notice that the condition

Re{@}>(x (12)

is equivalent to

Re {1 - ik” |ak|zk_1’> > a. (13)

k=2

The above required condition must hold for all values of
z inU. Upon choosing the values of z on the positive real axis
and making z — 17, we must have

[ee]
1-Y K" |ay] 2 « (14)
k=2
which is the required condition. O

Several authors such as [2-6] studied the convolution
properties for the functions with negative as well as positive
coefficients only. Their results do not say anything for the
function of the form (1). It is therefore natural to ask whether
their results can be improved for function of the form (1).
In our next theorem, we establish a result on convolution
which improves the results of previous authors [2-6] to the
case when f is of the form (1). It is worth mentioning that
the technique employed by us is entirely different from the
previous authors. For this, we will require the following
definition and lemmas.

Definition 3. A sequence {¢},” of nonnegative numbers is
said to be a convex null sequence if ¢, — 0ask — oo and

G—C 20 -2 26 =Gy 220 15)
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Lemma4. Let {c.};  be a convex null sequence. Then the func-
tion

0 =24+ (16)
2 k=1

is analytic in U and Re q,(z) > 0,z € U.

Lemma5. Let P(z) be analyticinU, P(0) = 1, and Re{P(z)} >
(1/2) in U. For functions F analytic in U, the convolution
function P « F takes values in the convex hull of the image on
U under F.

Lemma 4 is due to Fejér [7]. The assertion of Lemma 5
readily follows by using the Herglotz representation for P(z).

Lemma 6. For 0 < o < 1, n € N — {1}, let f(z) € R(n,x).
Then

Re{&}>l, z e U. 17)
z 2
Proof. Let f(z) be given by (1). Since f(z) € R(n, «), hence,
by definition
Dn
Re{ﬂ}>o¢, zeU, (18)
z
which is equivalent to
()
Re {1 -+ Zk"akzk_l} >0, (19)
k=2
and hence,
Re 1+1§ ’ a2 >l (20)
261-a " 2

We observe that the sequence {¢},” defined by ¢, = 1 and
G =2(1-a)/(k+1)",k > 1,n > 2, is a convex null sequence;
we have in view of Lemma 4 that

ol-a 5 1
Re 1+2/§2—nakz > E (21)
Now
100 n 001 .
f(z)= 1+—Zk akzk1 * 1+22 2
z 251 v k"

and making use of (20), (21), and Lemma 5, we conclude that
Re {@} > 1 (23)
z 2
O
Theorem 7. If f(z) = z + Y40y aZ" € R(n,a) and g(z) =

z+ Y2 bz" € Rom,B), where0 < f<a<1l,neN, me
N — {1}, then so does their Hadamard product (convolution)

h(z)=(f*g)(z)=z+ Zakbkzk €eR(n,a). (24)

k=2
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Proof. To prove that h(z) € R(n, «) we have to show that

Dn
Re { h(z)} >« (25)
z
which is equivalent to
Re <|1 —a+ Zk”akbkzk_l} >0 (26)
k=2
or
RN 1 1
Req1+ = b > —. 27
e{ +2kz::21_“akkz } 5 (27)
Since f € R(n, &) from (20) we have
1o K _ 1
Re{l+=) k > = (28)
251-a 2
and since g € R(m, ), from Lemma 6, we have
Re {M} . (29)
z 2
or
— 1
Re {1 + Zbkz’”} > —. (30)
k=2 2

From (28), (30), and Lemma 5 we immediately have (27).
This establishes the proof of Theorem 7. O

In our next result we improve the results of Theorem 7 for
functions of the form (2).

Theorem 8. Let the functions f(z), g(z) defined by (2), (8) be
in the classes R(n, &), R(m, ), respectively, where m,n € N,
0<fB<1,and0 <« < 1;then f = g defined by (9) is in the
class R(m + n, 1), where ny = o + 3 — afs.

Proof. Since f(z) € R(n, «), then, by Theorem 2, we have
[ee] n

Zk

kzzl—oc

|a| < 1. (31)

Similarly, since g(z) € R(m, B), we have

o0 m

k
b < 1. (32)
k;l_ﬁlkl

Therefore, from (31), we have

n

k=23,.... (33)

1_“|ak|£1’

Now, for the convolution function f * g we have

o0 7.m+n (&) km

b| < b, ing (33
k;l_ |l kZ::zl_/_;|k| (using (33)) G

<1, (using(32)).
Thus, the proof of Theorem 8 is established. O

Remark 9. From (4) and (5), we see that

R(m+n,n) CR(na),
_ _ (35)
R(m+n,n) < R(m,p).

Thus, the result of Theorem 8 provides smaller class in
comparison to the class given by Theorem 7.

Theorem 10. Let the functions f;(z) defined as

()

Jiz) =z~ z || Z, (36)

k=2

belong to the class R(n;, ;) for every i = 1,2,...,q; then the
convolution fy * f, = --- f, belongs to the class R(YL, nye),

i=1 ">
_ q
wheree =1 - [[._; (1 — o).

Proof. The proof of the above theorem is much akin to that of
Theorem 8. Hence, we omit the details involved. O

For any real numbers p and g, we define that the
generalized convolution for functions f(z) and g(z) is of the
form (2) and (8) as

(fAg) (p.gsz) =2 - Zl“k,1|p|ak,z|qzk~ (37)
k=2

In the special case, if we take p = g = 1, then we have

(fAg) (L,1;2) = (f * g) (2),

Theorem 11. If the functions f(z) and g(z) defined by (2) and
(8) are in the classes R(n, «,) and R(n, ,), respectively, then

(zeU). (38)

(fAg) <%sé; ) €R(na), (39)

where p> 1, (1/p) + (1/q) = landa =1 - (1 — a))"/P(1 -
ocz)l/q.

Proof. Since f(z) € R(n,«;), by using Theorem 2, we have

(o) n
D — la < 1. (40)
k=2 1

From (40) we have

o) n 1/p
{Z k |ak|]> <1 (41)
1-o

k=2

Similarly for g € R(n, a,) we have

ok 1/q
{Z Ca |bk|} <1 (42)

k=2



Now

0 K" 1/p K 1/q / /
Z(l—oq) (1_%) |ak|1p|bk|1q

S{,i(lljnal>|ak|}l/P{§< - )lbkl}l/q (43)

(using Holder's inequality)
<1, (using (41) and (42)).

Since

(129) (5 552) === 2l "l "
it suffices to show that (fAg)((1/p), (1/9);z) € R(n, ) if

\ k_n 1py 11/

2 (75l < )

For this we have to show that L.H.S. of (45) is bounded

by
0 K" 1/p K" 1/q
2io5) (5s) o
o\1l—« 1-a

which is equivalenttoa < 1 — (1 - ocl)l/P(l - ocz)l/q. O

In our next result we improve the result of Theorem 11 for
the case when p and g are any real numbers such that p > 0,
q>1

Theorem 12. For0 <« <&, <1,p>0,9> 1, let f(z) and
g(z) of the form (2) and (8) belong to the classes R(n, a,) and
R(n, ay,), respectively; then

(fag) (p.4:2) €R(nay) CR(mey).  (47)
Proof. Since f(z) € R(n,«,), by using Theorem 2, we have
21

k=2

n

lay| < 1 (48)

orla | <1, k=>2.
Equivalently, |a|” < 1, k > 2, and since g(z) € R(n, a,),
we have

n

Zl b < 1 (49)
k=2

or

[ee] kn 1
{Zl_al |ak|} <1 (50)
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Now

a.|f|b|?
3 (g, )l

< )w

<2
2+

kn
1-«a

{5

<1

Therefore, (fAg)(r,s;z) € R(n, a,). L]

Remark 13. Here we give some open problems for the readers.

(1) Find inf p,q € R and supa € [0,1) such that
Theorem 12 holds.

(2) The result of Theorem 12 holds only for functions of
the form (2); that is, the coefficients of expansion are negative.
Therefore, it is natural to ask what is the analogue results for
the function of the form (1).
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