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In this research work, our aim is to determine the contiguous function relations for k-hypergeometric functions with one parameter
corresponding to Gauss fifteen contiguous function relations for hypergeometric functions and also obtain contiguous function
relations for two parameters. Throughout in this research paper, we find out the contiguous function relations for both the cases in
terms of a new parameter k > 0. Obviously if k — 1, then the contiguous function relations for k-hypergeometric functions are

Gauss contiguous function relations.

1. Introduction

The hypergeometric function ,F,(a, b; c; z) plays an impor-
tant role in mathematical analysis and its applications. This
function allows us to solve many interesting problems, such
as conformal mapping of triangular domains bounded by line
segments or circular arcs and various problems of quantum
mechanics. Most of the functions that occur in the analysis
are special cases of the hypergeometric functions. Gauss first
introduced and studied hypergeometric series, paying special
attention to the cases when a series can be summed into an
elementary function. This gives one of the motivations for
studying hypergeometric series; that is, the fact that the ele-
mentary functions and several other important functions in
mathematics can be expressed in terms of hypergeometric
functions. Hypergeometric functions can also be described as
solutions of special second order linear differential equations,
the hypergeometric differential equations. Riemann was the
first to exploit this idea and introduce a special symbol to clas-
sify hypergeometric functions by singularities and exponents
of differential equations. The hypergeometric function is a
solution of the following Euler’s hypergeometric differential
equation z(1 —2)N(dPw/dzH) +[c-(a+b+1)z](dw/dz) - abw =
0, which has three regular singular points 0, 1, and co. The
generalization of this equation to three arbitrary regular sin-
gular points is given by Riemann’s differential equation. Any
second order differential equation with three regular singular
points can be converted to the hypergeometric differential
equation by changing of variable.

On the other hand, in theory of hypergeometric function,
the terminology contiguous function was introduced for the
case in which one of the parameters is shifted by +1. For exam-
ple, F(a+1, b; ¢; z) is contiguous to F(a, b; ¢; z). Gauss defined
two hypergeometric functions to be contiguous if they have
the same power series variable and if two of the parameters
are pairwise equal and if third pair differs by +1. He proved
that between , F, (a, b; ¢; z) and any two of its contiguous func-
tions, there exists a linear relation with coeflicients at most
linear in z. These relationships are of great use in extending
numerical tables of the function, since, for one fixed value of
z, it is necessary only to calculate the value of the function
over two units in a, b, and ¢, and apply some recurrence
relations in order to find the function values over a large range
of values of a, b, and ¢ in this particular z-plane. Since there
are six contiguous functions to a given function , F;, Gauss [1]
got a total of fifteen relations. In fact, only four of the fifteen
are really independent as all others may be obtained by elimi-
nation and use of the fact that the , F} is symmetric in a and b.

Applications of the contiguous function relations range
from the evaluation of hypergeometric series to the deriva-
tion of the summation and transformation formulas for such
series; these can be used to evaluate the contiguous functions
to a hypergeometric function. For this, in a series of three
research papers, Lavoie et al. [2, 3] have obtained a large num-
ber of very interesting results contiguous to Gauss second,
Kummer, and Bailey theorems for the series ,F,. For more
details about hypergeometric series and their contiguous
relations, see [4-10].
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In 1996, Morita [11] used Gauss contiguous relations in
computing the hypergeometric function ,F,[n + 1/2,n +
1/2;m; z]. In 1996, Gupta et al. [12] derived contiguous rela-
tions, basic hypergeometric functions, and orthogonal poly-
nomials. In 2002, Vidunas [13] generalized the Kummer
identity by using the contiguous relations. In 2003, Vidunas
[14] defined several properties of coeflicients of these general
contiguous relations and then used them to propose effective
ways to compute contiguous relations. In 2006, Rakha and
Ibrahim [15] obtained some interesting consequences of the
contiguous relations of , F;. In 2008, Ibrahim and Rakha [16]
derived the contiguous relations and their computations for
,F, hypergeometric series. They obtained the interesting for-
mula as a linear relation of three shifted Gauss polynomials
in the parameters a, b, and c.

Diaz et al. [17-19] introduced k-gamma and k-beta func-
tions (k > 0) and proved a number of their properties. They
have also studied k-zeta functions and k-hypergeometric
functions based on Pochhammer k-symbols for factorial
functions. Very recently, many researchers [20-23] followed
the work of Diaz et al,, they studied and obtained some conse-
quence results of k-beta, k-gamma, k-zeta, and k-hypergeo-
metric functions and their properties. In 2009, Mansour [24]
obtained the k-generalized gamma function I} (x) by func-
tional equations. In 2012, Mubeen and Habibullah [25]
defined k-fractional integration and gave its applications
regarding fractional integrals. In 2012, Mubeen and Habibul-
lah [26] also gave a useful and simple integral represen-
tation of some confluent k-hypergeometric functions |F,
and k-hypergeometric functions ,F, ;. Furthermore, in 2013,
Mubeen [27] defined a second order linear k-hypergeometric
differential equation kz(1 — kz)w" + [c - (a + b + k)kz]w' -
abw = 0 having one solution in the form of k-hypergeometric
function ,F, ;(a, b; ¢; z).

2. Basic Concepts

In this section, we present the definitions of some basic
concepts in the term of new parameter k > 0.

Definition 1. Two hypergeometric functions are said to be
contiguous if their parameters a, b, and c¢ differ by integers.
The relations made by contiguous functions are said to be
contiguous function relations.

Definition 2. Let k > 0; then the Pochhammer k-symbol is
defined by (a),,, = a(a+k)(a+2k)---(a+(n-1)k),forn > 1,
a#0,and (a),, = 0.

Definition 3. For k > 0 and z € C, the k-gamma function T},
is defined by

nlk" (nk)?/*!
(Z)n,k

@

I (z) = lim
n—oo
Its integral representation is also given by

I (2) = J- et gy, (2)
0
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The relation between Pochhammer k-symbol and k-gamma
function is given as follows:

T, (z + nk)

I} (2) ®)

(Z)n,k =

Furthermore, we can write k-gamma function in terms of
ordinary gamma function in the following form:

1.z
I, (2) = k7 1F<E>' (4)
Definition 4. The k-hypergeometric function with three para-
meters a, b, and ¢, two parameters a, b in numerator and one
parameter ¢ in denominator is defined by

< (a)n (b)n Zn
JFii(abscz) = Z#

= ()

(5)
foralla,b,c € C,c#0,-1,-2,-3,...,|z| < 1,and k > 0.
3. Contiguous Functions for k-Hypergeometric

Function with One Parameter

If we increase or decrease one and only one of the parameters
of k-hypergeometric function,

o0 b n
2Pk (abicz) = ZM

= (©) 1!

(6)

by +k, then the resultant function is said to be contiguous to
2 Fy .. For simplicity, we use the following notations:

o (@) (0),2"

F, = F (a,b;6;2) = ZO i )

Q (a+ k), (b), 2"
Fo(a+) = F (a+kbicz) = ;% ()
Feao) = Fea—kbaz) = 3 & OuOu o)

= (©) 1!

Similarly, we can write the notations for F (b+), F.(b-),
E,(c+), and Fy(c-).

Let
i = —(a)(f)(b:nf - (10)
Then, (7) becomes
F = 25n,k- (11)
Now, consider (8) as
F (a+) = g% (12)
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Since a(a+k), ;. = (a),  (a+nk), therefore, by using this result
in (12), we obtain

F, (a+) = iw 13)

n=0 a

Similarly, we can write (9) by using the result (a+(n—1)k)(a—
K),x = (a-k)(a),  as

8 @-ko,
F(a-) = Zm (14)

n=0

Thus we have the following six contiguous functions for , F, ;,
where k > 0:

S (a+nk)d,
Fe(at)= ) ————"%,
n=0
S (a-k)O,

F(a-) =

Za+n-1)k)’

S (b +nk) S,

Fk(b"'):Z b ,
. b-k)&§ )
v (b-k)6,,
Fk(b_)',;)(bﬂn—nk)’
S ()9,
Fielet) = ;(c+ nlf)’
1)k)6nk

X (c+(n— '
F(c-) = ;—(c s .

By the help of differential operator k@ = kz(d/dz), we get the
following result:

(k6 + a) F, = (k6 + a) Z (a)”c")ib:;fz . a6)
Hence, with the aid of (12), it follows that
(kO + a) F,. = aF, (a+). (17)
Similarly, we can also write the following relations as
(k@ + b) F, = bF, (b+), (18)
(k0 + ¢ — k) Fy = (¢ = k) Fy (c-). 19)

4. Contiguous Relations for
k-Hypergeometric Function

Since there are six contiguous functions to a given function
o F) 1, therefore, we have to obtain the following fifteen con-
tiguous function relations for k-hypergeometric function
2Fi ., forall a,b,c € Cand k > 0. In fact, only four of the
fifteen are really independent as all others may be obtained by
elimination and use of the fact that the ,F, ; is symmetric in
aandb.

3
Relation 1. Consider
(a—-b) F, = aF, (a+) — bF, (b+). (20)
Proof. By subtracting (18) from (17), we get
(kO + a — kO — b) = aF, (a+) — bF, (b+). (21)
This implies the required relation. O

Relation 2. Consider
(a—c+k)F,=aF (a+) - (c-k)F (c-). (22
Proof. By subtracting (19) from (17), we obtain
(kO + a) F, — (kO + ¢ — k) F,, = aF,. — (c — k) F (c-)
= (a—c+k)F, =aF, (a+) — (c— k) F (c-).

(23)
O
Relation 3. Consider
[a+ (b-c)kz] F,
=a(l-kz)F (a+) - c " (c-a)(c - b) kzF, (c+).
(24)
Proof. Let us consider
(o) b n
Fk _ Z (a)n,k( )n,kz ) (25)

= (0!
By the help of differential operator k0 = kz(d/dz), we get the

following:

k@), (b),,.2"
kOF, = Zlm (26)

By shifting the index n with n + 1, we get

1
kOF, = kz © (@150 i1 2" . o

(C)n+1,kn!

Since (a) 415 = (@), x(a + nk), (b),,1x = (b),,1(b + nk), and

i1k = (©),x(c + nk), therefore, by putting these three

results in (27), we have

S (a +nk) (b +nk)d,
(c + nk)

kOF, = kz )

n=0

Since (a + nk)(b +nk)/(c +nk) =nk+(a+b-c)+(c—a)(c-
b)/(c + nk), by substituting this result in (28), we obtain

(28)

KOF, = kz ) nk8,; + (a+b-c)kz ) 8,

n=0 n=0

+c_1(c—a)(c—

(29)

= K*20F, + (a + b - ¢) kzF,

+c(c-a)(c-b) kzF, (c+).
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This implies that
(1 — kz) kOF,
=(a+b-c)kzF, + ¢! (c —a)(c-Db)kzF, (c+).
(30)
Now, from (17), we have
(1 - kz)kOF, = —a (1 — kz) F, + a (1 — kz) F (a+).
(31)
By comparing these two equations, (30) and (31), we get
l[a+ (b-c)kz] F,
=a(l-kz)F, (a+)—c ' (c - a)(c - b) kzF, (c+).
(32)
O
Relation 4. Consider
(1-k2)Fy = F (a=) — ¢ " (c - b) kzF, (c+) . (33)
Proof. Let us consider
S (a—k),i0
F (a-) = Zw (34)

n=0 (a)",k
By applying the differential operator k0 = kz(d/dz), we get
S k(a - k), (b), 2"

kOF, (a-) = 35
k ; ()i (n— 1) =

By shifting the index n with n + 1, we can write
< (a - k)n+1,k(b)n+l,kzthl (36)

kOF, (a-) = k

k ,;) (C)n+1,kn!
Since (@ —k),.1x = (@—k)(a), 1> (0) 15 = (b+nk) (D), and
(pr1x = (¢ +nk)(c), x> by substituting these three results in
(36), we obtain the following:

0 _ n+1
K60E, (am) — k3 TR @ O+ 1) )2

n=0

(¢ + nk) (c),, ;1!

=(a-k) kzian)k - wkz(ﬁ&mk.

= (c + nk) =
(37)
This implies that
kOF, (a-) = (a — k) kzF, — ¢ ' (a — k) (c - b) kzF, (c+).
(38)

Now, by replacing a with a — k in (17), we get
kOF, (a—) = (a—k) F,. — (a — k) F, (a-). (39)
By comparing (38) and (39), we get
(1-kz2)F, = F, (a=) — ¢ " (c - b) kzF, (c+). (40)

Now, we obtain the remaining contiguous function relations
by elimination and use of the fact that the ,F, ; is symmetric
inaandb, for k > 0. O
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Relation 5. Consider
(1-kz)F, = F, (b-) —c ' (c—a)kzF, (c+). (41
Relation 6. Consider

[2a—c+ (b—-a)kz] F,=a (1 - kz) F, (a+) — (c —a) F, (a-).

(42)
Relation 7. Consider
(a+b-c)F. =a(l -kz)F,(a+) - (c—b)F (b-).
(43)
Relation 8. Consider
(c—a-b)F.=(c-a)F (a-)-b(1-kz)F, (b+).
(44)
Relation 9. Consider
(b-a)(1 - k2) Fy = (c - @) Fy (a-) — (c — b) F, (b-).
(45)
Relation 10. Consider
[k—a+ (c-b-k)kz] F,
(46)

=(c—a)F (a-) - (c—k)(1 —kz)F(c-).
Relation 11. Consider

[2b—c+ (a-Db)kz] F,=b(1 - kz) F, (b+) — (c — b) F, (b-).

(47)
Relation 12. Consider
[b+(a-c)kz] F,
=b(1-kz)F, (b+) —c ' (c—a) (c - b) kzF, (c+).
(48)

Relation 13. Consider
(b-c+k)F, =bE, (b+) - (c —k)F(c-). (49)
Relation 14. Consider

[k—b+(c—a-k)kz] F,
=(c-b)F.(b-) - (c - k) (1 - kz) F (c-).

(50)

Relation 15. Consider
[c-k+(a+b+k-2c)kz] F,

=(c—k)(1 -kz)F (c-) - c'(c—a)(c-b) kzF) (c+).
(51)
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5. Contiguous Functions for k-Hypergeometric
Function with Two Parameters

In this section, we obtain contiguous functions for k-hyper-
geometric function with two parameters. Since we know
Flat) = Y20((a + K),8,1/ (@), 1), Fla-) = ¥.20((a -
k) i0ic/(@)ny), and F(b+) = Zizo((b + K) g8 ge/ (D))
where 8, = (a),,x(b),.x2"/(c), k1!, therefore, by using these
contiguous functions, we obtain the following contiguous
function with two parameters

F.(a+,b+) = F.(a+k,b+k;c;2)

nlat k)b + k), 12" (52)
B nz:;) (C)n,kn!

Similarly, we can write

X (a+k), . (b),,.2"
F(a+,c+)=F (a+kbc+k;z) = Zw

n=0

F.(a—,b-)=F . (a-k,b-k;c;z)

>

(¢ + k), 1!

_ i (a - k)n,k(b - k)n‘kzn

= ()i

(53)
Now, we have to prove the following contiguous relations.
Relation 16. It show that
F, (a-) - F, (b-) + ¢ ' (b - a) kzF, (c+) = 0. (54)
Proof. One has to prove that
F, (a-) — F, (b-) + ¢ " (b - a) kzF, (c+) = 0. (55)
From Relations 4 and 5, respectively, we have
F,(a-) = (1 -kz)E, +c¢ ' (c - b) kzF, (c+),
(56)
E (b-)= (1-kz)F, +c ' (c—a)kzF, (c+).

Therefore, by substituting the values of F(a—) and F,(b-) in
(55), we get

F, (a-) — F, (b-) + ¢ " (b - a) kzF (c+)
=(1-kz)F +c ' (c-b)kzF, (c+) - (1 —kz) F,

—cc-a) kzF, (c+) + c'(b-a) kzF, (c+) .
(57)

After simplification, we get the required relation. Consider

F, (a-) — F, (b-) + ¢ " (b - a) kzF, (c+) = 0. (58)
O

Relation 17. It shows that

F, = F, (a—b+) +c ' (b+k—a)kzF, (b+,c+).  (59)

Proof. From Relation 16, we have
F,(b-) = F (a-)+c ' (b-a)kzF (c+).  (60)
This can be written as
E. (a,b-k;c;z)

=F (a-kb;cz) +c! (b—a)kzF, (a,b;c+ k; 2) .
(61)

Therefore, by replacing b with b + k in (61), we obtain

F, = F, (a—b+) + ¢ (b +k —a)kzF, (b+,c+).  (62)
O

Relation 18. It shows that

(c—k-b)F,
=(c—a)F (a-,b+) +(a—-k-b)(1 -kz)F, (b+,c).
(63)
Proof. By consider Relation 9,
(b-a)(1-kz)F, = (c—a)F,(a-) - (c-b)F, (b-).
(64)
This may be written as
(b-a)(1 -kz)F,(a,b;¢2)
=(c-a)F (a-kbcz)-(c-b)F (a,b-k;c;z).
(65)

Now, by replacing b with b + k in Relation 9, we obtain
(c—k-b)F,

=(c—a)F, (a-,b+)+(a-k-b)(1 -kz)F, (b+,c).
(66)
O

6. Conclusion

In this research work, we determined the contiguous function
relations for k-hypergeometric function with one and two
parameters. So we conclude that if kK — 1, we obtain Gauss
and Rainville contiguous function relations for hypergeomet-
ric functions.
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