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Let Hj, be the generalized Heisenberg group. In this paper, we study the inversion of the Radon transforms on H.,. Several kinds of
inversion Radon transform formulas are established. One is obtained from the Euclidean Fourier transform; the other is derived
from the differential operator with respect to the center variable t. Also by using sub-Laplacian and generalized sub-Laplacian we
deduce an inversion formula of the Radon transform on H.

1. Introduction

In the past decade the research of Radon transform on the
Euclidean space R" has made considerable progress due to its
wide applications to partial differential equations, X-ray tech-
nology, radio astronomy, and so on. The basic theory and
some new developments can be found in [1] by Helgason and
the references therein. The combination of Radon transform
and wavelet transform has proved to be very useful both on
pure mathematics and its applications. Therefore, it is very
meaningful to give the inversion formula of the Radon trans-
forms by using various ways. The first result in the area is
due to Holschneider who considered the classical Radon
transform on the two-dimensional plane (see [2]). Rubin in
[3, 4] extended the results in [2] to the k-dimensional Radon
transform on R" and totally geodesic Radon transforms on
the sphere and hyperbolic space. Heisenberg group H” is a
vital Lie group with the underlying C" x R. Strichartz [5]
discussed the Radon transform on the Heisenberg group.
Nessibi and Trimeéche [6] obtained an inversion formula
of the Radon transform on the Laguerre hypergroup K =
[0,00) x R by using the generalized wavelet transform.
Afterwards, He and Liu studied the analogous problems on
the Heisenberg group and Siegel type Lie group (see [7, 8]),
and Rubin [9] achieved some new progress of the Radon
transform on H". In [10] the authors gave the definition of
generalized Heisenberg group denoted by H, and dealt with

some problems related to geometric analysis. In this paper,
we investigate the inversion formulas of the Radon transform
on the generalized Heisenberg group. From the Euclidean
Fourier transform and group Fourier transform, we deduce
inversion formulas of the Radon transform on H, associated
with differential operators and generalized sub-Laplacian.

Leta = (a,,a,,...,a,) be an n-dimensional vector, where
a; are positive real constants fori = 1,2,...,n. We can turn
R" x R" x R into a non-Abelian group by defining the group
operation as

(x.7.6) (+ 1)
= x+xl,y+y’,t+t'+lia-(x’.y-—y’-x») .
2]':1J 177 177

This group is called the generalized Heisenberg group and is
denoted by H{. It is obvious that the generalized Heisenberg
group HY becomes ordinary Heisenberg group H" if all g; =
1 fori = 1,2,...,n For any n-dimensional vectors a =
(a;,ay,...,a,),b=(b,b,,...,b,), we define

)

ax*b=(ab,ab,...,a,b,),

n (2)
ab=a-b= Zajbj.
=1
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For ¢ = (¢,¢6,..-
valid:

,6.)> A € R, the following equalities are

axbB+c)=axb+axc
(ii) (a = b)c = a(b * ¢);
(iii) (Aa) * b = Aa = b).

Therefore, (1) can be rewritten as
(% 3,0) (¢, ¥,1)
! ! ! 1 ! ! )
= > S+t + = - .
(x4xyayend s ((axa)y=(axy)x)
©)
Identify R" x R” with C"; the symplectic form (x' y— y'x) can

be expressed by Im zz’, where z = x +iy and 2’ = x’ +iy’.
We can write (1) by

(z,t)(z',t'):<z+z t+t+%ImZazz> (4)
or
(z,t) (z',t') = (z+z',t+t' + %Im(a * z)?). (5)

In next section, we will introduce some facts of Fourier
analysis on H,, which is useful to get our result.

2. Fourier Analysis on H,

We first state the definition of the Hermite polynomials. Let

=1{0,1,2,...,n,..}, k € Z*, and t € R; the Hermite
polynomials are defined by
k
_ 1k d -]
H (t) = (-1) (_dtk {e }e ) (6)

The normalized Hermite functions are then defined by

e (6) = (2 vk H () e 0 7)

These functions form an orthonormal basis for L*(R). For any
fixed A € RY, it is easy to calculate from (6) that

1 dk Y 2
) e

H, (VAt) = (-

then

h (VAE) = (25 k) P 1y
k (VAr) = (2" Vmkt) Y

Kk
y ( a {e—mz} e/w)e—(uz)m2
dt*

)
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Therefore, we define

hie) he, (0) = (Aa,)' "k <\/\t)

1/2 1/2) k
= (Aay) (2" Vmkl) (- (10)
1 d [ ) @
x “ {e a; At }e(a,/\/Z)t
k g7k ’
( ai)t) dt
which also form the orthonormal basis for L*(R) for any pos-
itive constant g; (i = 1,2,...,n).
Leta = (a,0y,...,0,) € (Z)', x = (x1,%5,...,%,) €
R", a = (a,,a5,...,a,),and a; > 0 fori = 1,2,...,n. The

higher dimensional Hermite functions denoted by ®,, can be
obtained by taking tensor products:

@, (x) = [ [, () (1)
j=1

Then the family {®,,
L2(R™) (see [11]).
We define

s € (Z*)"} is an orthonormal basis for

@y (x) = hzjw (xj); (12)

then {®f, : « € (Z")"} for any fixed a and A is also the
orthonormal basis for L>(R"). If A = 1 and a;, = lfori =
1,2,...,n, then @ (x) = @ ,(x). And {®, : « € (Z*)"} are
eigenfunctions of the Hermite operator H = —A + |x|*; that
is, HD, = (2|a| + n)®,, where A = Y| 9°/0x] is Laplacian
on R”, and |a| = Z;.lzl a.

For A e R\ {0}, let m(x, y,t) be the Schrédinger
representation of H%, which acts on L*(R") by

, (x, ¥, t) ) (5) _ eiAt+i/\(a*x)~£+(i/2)/\(a*x)~yq) (E 4 )/) ) (13)

By a direct computation and the law of H;; we then obtain

m (z,t) ) (z',t') =m ((z, f) (z',t')), (14)

which indicates that 77, is unitary. In addition, we deduce that
7y is irreducible (see [12]).

Suppose that f € L'(H?), the Fourier transform of f is
an operator-valued function acting on L*(R") by

Foy = Lu F(zt)m, (20 dzdt. 15)

If we write ) (z,t) = M

define

7,(2), where 7, (z) = m,(z,0), and

+00 |
o) = J M f (2, 0) dt, (16)
then (15) can be rewritten as

Fo=[ rrem@d-w(f).,
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where W) is the Weyl transform. By the same argument of
the theory of Weyl transforms on the Heisenberg group we
have

171y =TT 0 3)

From this identity we obtain the Plancherel formula

too 2 1/2
11z ey = “m |7V duta, A)} ,

fel'(H)nL* (Hy),

(19)

where du(a,A) = (2m)" ' AI"[]L,4dA and || - ||HS is the
Hilbert-Schmidt norm of operators. For f,g € L'(H%) n
LZ(HZ), the Parseval formula is

(f9) paaey = LO (g T du@d),  (20)

where g(1)" denotes the adjoint of g(A). For any (z,t) € H,
z = x+iy,where x = (x,%5,...,%,), ¥ = (V1> V2r-- > V) €
R". Thus, (2,t) can be written as (x, y,t) € H;,. We define the
left-invariant vector fields X, Y; (j=12,...,n,and T on
H. These are given by

9] 1 9]
X. = —-=ay—]|, i=1,2,...,n,
! (ax]‘ zajy]at) / !

o 1 0 .
Yj:(@j-’_iajxja)’ ]:1,2,...,71,

and T = 9/0t (see [10]). The 2n + 1 vectors fields generate the
Lie algebra of the generalized Heisenberg group.

The generalized Heisenberg sub-Laplacian is explicitly
given by

2 (X5 +Y)). (22)
j=1

Also, a direct computation shows that

(9 ) " ( ) ) ) )
€=— —_— 4t — — a; x.—_yA_ JE—
Z(@xz. 0y? ]_21 \ay; ox;) ot

j=1 j
_ _a_zaz (xz " 2)
202 &% \%i i)

We know that (-A + lez)d)a =
dimension one, in fact, we have

Qle| + n)D, (see [11]). In

2
(o o2 ) = oo+ D ). 20

In n dimensions, this equation together with (11) shows that
®, is an eigenfunction of the Hermite operators in each

variable:

2
( ddz+x1)cl> (%) = (20, +1) D, (x). (25)

3
Therefore, for each A, we have
d2
(-ﬁ +A%x 2) @, (IM'2x) = Al (204 + 1) @, (A'"?x).
(26)
Leta; > 0fori=1,2,...,n; then
Z(——z a)t) )CDZM (x)
i=1 i
Z( a)t) )
<An/21_[ 1/21—[h <|a /\'1/2 ))
i (27)

Y ,._ilai (205 + 1) - ﬁ <(/\ai)1/zhm <'ajl|1/2xi)>

i=1

= <2iaioci + i%) [A] - ﬁl:‘z; (xj)
i=1 i=1 j=1

= (2aa + lal) A @G, (x),

where aa = Y| a;o; and |a| =
Therefore, {® , o
operator 27:1 (—(d?/ dxiz) + (aiA)inz) with eigenvalues (2ax +
lal)IA].
Now we consider the space Hj spanned by {® ,(x) :
|| = k}. It is clear that the dimension of Hy is d;, = (n +
k—1)!/(n-1)'k! (see [13]). Then we have

lea

: a € (Z%)"} are eigenfunctions of

L’ (R") =P H,. (28)
k=0

Let 9, denote the orthogonal projection operator from
L*(R") to H,. Fork € Z*,0 = +or—. Let f—fg be the subspace
of L2 (H;) such that

={fel?H): fMH =W P,

P =0if A <0},
(29)
H ={fel’H):fV)=fN) P
P =0if A > 0}.
Then we have
L’ (1) =P (A o 1y ). (30)
k=0

Set Hy = HieH, = {f € L*(H) : f(\) = f()P}; then we

can write the above decomposition as

L’ (H;) =P H,. (31)
k=0

More details can be found in [14].



3. Inversion of the Radon Transform on H,

The Radon transform R for a function f on the generalized
Heisenberg group H, is defined by

R(f)(z,t) = L" f((z, t) (z',O))dz'

= J nf<z t+ = ImZa]z]z]>

= J f (u, vt
R"R"

+% ((a * y)u - (a * X) V)) dudv,
(32)

! ! .
22,),2 = u+1v,z] = u+iv, z = x+iy,

wherez' = (z',,2'5...
and dz' = dudpv. Clearly, when a = 1, that is, a; = 1 for
i=1,2,...,n, the above formula is just the Radon transform
on the Heisenberg group H".

Next, we will obtain some inversion formulas for the
inverse Radon transform by means of the Euclidean Fourier
transform, differential operators, and sub-Laplacian. We first
consider the way of the Euclidean Fourier transform. In fact,
Strichartz [5] had obtained the inverse Radon transform on
H" by using Euclidean Fourier transform. However, he did
not show on which space the formula holds. In this section,
we not only find a subspace of §(H;,) on which the Radon
transform is a bijection, but also give the inversion Radon
transform on Hj,, where §'(H},) is the Schwartz space on H,.

Let #; denote the Euclidean Fourier transform with
respect to the central variable ¢ alone and let & denote the
tull Euclidean Fourier transform; that is,

Fs(f) wv,A) = JR f (u,v,t) eMdt,

F(f)(x,9,A) = ”Rn JR f (o v,t) pMHHYy g g 4
(33)

Because

F3 (R(f)) (x, 3, 1)
= JR R(f)(x, y.t) eMdt
Y T
x e™Mdudydt

_ J j f(u,v t) ez)\te 1/2)/\((a*y)u—(u*x)v)dtdudv
R"xR" JR

973 (f) (u v /\) eiu(—(/\/Z)(a*y))+iv((/\/2)(a*x))du dv

R"xR"
(34)
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we have

FRUN @1 2) =F (N (=5 @5 .5 @rx).2).

(35)
We define
s, (Hy)
={f(x,y,t)ecs°(nz);j Flxpt)tfdi=0
R

Vx,y € R", keZ+}

* (rga I
s (Hy) = {f(x, »t) e S(Hy) : g f(x, y,1)

t=0

Vx,y € R", k€Z+}.
(36)
By argument analogous to [9], we also find that f € &, (H}.) if
and only if #(f) € &~ (HZ), and F is an isomorphism from
S, (H;) onto $*(H;). The spaces &,(H;) and *(H;,) are
regarded as Semyanistyi-Lizorkin type spaces that have many

applications (see [6, 15]). We define an operator 7, which is
given by

Fa(f)(x3:0)

t t t t t
:f _591}’1:—502)’2)-~-s Ay V> alxl"" zanxn’t
(37)

It is easy to know that 7, is a bijection on & (H.). The inver-
sion of 7, is given by

T2 () (6 p08)

f<_2ﬂ Y Y
at’ a7 at’ (38)
- 2x 2x
- i W ) for t #0;
at a,t
0, for t = 0.

Now (35) reads as

F3(R()) (o3, 4) = Za(F () (3 A4). (39)

Therefore, we have an inversion formula of the Radon trans-
form as follows.

Theorem 1. Let f € §,(H). Then one has

R(f)= 5777, (f). (40)

We can give another inversion formula of R by using

operator L = H;’zlaj((l/élﬂi)(a/at))”. First of all, we give the

Fourier transform of Radon transform for a function f.
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Lemma?2. Let f € LZ(H“); then

DA )
HJ 19

(F) D) (1),
(41)

(R(HM@,) () =

where @ is the orthonormal basis for LA(R™).

Proof. Because

F () = | fannetan @)
R
then we have
(RH M @,) ()

= J R(f) (x, y,t) M it@s0m+i/DAaxy

n

®, (n+ y)dxdydt

RO
R"xR"

. < J eiA(a*x)n+(i/2)/\(u*x)y—(i/Z)/\[(a*y)u—(a*x)v]
R"xR"

x®, (n+ y)dx dy) dudv.
(43)

Let @, denote the ordinary Fourier transform of ®, on
R"; then we have

J ei)t(a*x)n+(i/2)/\(a*x)y7(i/2))t[(a*y)uf(u*x)v]
R"xR"

@, (1 + y)dxdy

:J /2Max (/2 Max /)M axx)v
-

(L.

:J /2Max (/2 Max /)M @xx)v
-

D (’7+y) e—(i/Z)A(r]er)(a*u—a*x)dy) dx

x@(%a*(u—x))dx

— ei)t(a*u)r;+(i/2))t(a*u)v

— (A ; )
X J D, <Ea * (u— x)) eliIPMaruza)(n=2) g
R

2n A o 2 " *U i *U)V
_ 27 |n (2m)" ir@swn+(i/2)M Y (<v-1).
[Tj-19
(44)
On the other hand, by the recursion formula of Hermite
polynomials (see [16]) we can get

D, (-n) = (D", (1), (45)

so we have
(R(HWe,) )

2" M (2m)"
H?:ﬂj

% eiA(u*u)ﬂJr(i/Z))t(a*u)"@a (_v - 11) dudv

= J Fsf (u,v, 1)
nRY

_ 2" Cen)"
ST 49

=175

iAt+id(axu)n+(i/2)A(axu)v
X (u,v,t) e
J;-l" f

n

X @, (-v—-n)dudvdt

DA @)
i [T19
This completes the proof. O
((1/4mi)(0/on))", f € S(H); then

(fyo,)(n).

Let L =[]}_,a;

J L(f)(x,y,t)ei’“dt (A" Ha Fs(f

@y f)(x3.4). (47)

Furthermore,

LW = %Hajf W. (48)

-1

By (41), we have

(R (7

«) (1)

™ (Fy @) (), if A>0;
{( D (fne,) (), ifr<o.

(49)

We can verify that (LR)*(f)(A) = f and R"! = LRL.
However, we know that R(f) may not belong to LZ(HZ)
for a function f € LZ(HZ). We naturally hope to find a space
on which the Radon transform is a bijection. Suppose that Q)
is a subspace of LZ(HZ) such that the Radon transform R is
a bijection. That is, if f € (, then forall j € Z, RI(f) € Q.
From Lemma 2 and the Plancherel formula (19), we have

i 2 (m)*"
[R O]y = W

j [F O A" du (a0,
(50)

Define the subspace R(H,) of L2(HZ) by
a a -~ 2 in
R(H]) = {f € 5 (1)) JR [F O AP dp (@, 1) < +o00,

vjezl.
(51)



Obviously, if f,, f, € R(Hj), f, # f,, then R(f;)# R(f,).
Furthermore, for any g € R(H,), we can find that f € R(H),
such that R(f) = g. In fact, we take f satisfying f(A) =
[T5.a; - (-D™AI"27"(2m) " G(A). Since

J, N80 s 0,

(4n)" (52)

thl
we can see that f e R(H). This is to say that the Radon

transform is a bijection from R(H;.) onto itself.
From the above discussion, we have the following.

[ 17 @R,

Theorem 3. Let f € R(H.); then

R (f) = LRL(f). (53)

Next, we will give another inversion formula associated
with the generalized Heisenberg group sub-Laplacian. In fact,
a direct calculation shows that

m (X;) 9 (&) = maj«sjgo @),
(54)
m (Y;) e ) = % 9 0®)

and consequently

71y, (€) = A + A2|a * & (55)

is the scaled Hermite operator, where X; and Y; are the left-
invariant vector fields on Hy..
Because

i( d‘g’2 +(a/\ ) :—A+A2|a*£|2 (56)

i=1

and {®, : a € (Z")"} are eigenfunctions of operator

Z;’:l(—(dz/dfiz) + (ai)n)zfiz) with eigenvalues (2ax + |al)|Al,
we have

7, (8) @y 5 (§) = (2aa + |a]) A @ , (§). (57)
Set f € ﬁ,;; then we have from [17]
f (V) = Qac+ lal) A f (D), (58)

where Y, o; = k.
Let f € H, () S(H?); then we can get
&F () = Qaa+ [a)"[AI"F (A). (59)

Write T = €”; by (41), we can deduce

QYL g + n)"(—l)k4"rr”
[Tj9)

TRf (A) = f.  (60)

ISRN Mathematical Analysis
Consequently, by Plancherel formula we obtain

JR2 ey = [ |07 ] ey

(61)
(2610( + |a|)4n44n 4n

1_[] la]

Theorem 4. Suppose that f € Hy (| S(H%); then we have

170

R (f) = []a} - 2ac +1al) >(4m) > (TRT) (f),  (62)
j=1

where Y o; = k.

We conclude this section by giving the inverse Radon
transform with generalized sub-Laplacian.

Let u; be positive constants for j = 1,2,...,n. We define
generalized sub-Laplacian by
n
5 2 2
€=—Z‘iuj(Xj+Yj), (63)
=

where X i and Yj are the left-invariant vector fields on H.. Let

f € Hy; by an analogous computation, we have

m (2) 0%, (6) = M Y Qe +a) DG, (6), (64)
i=1

ZF D) = M Y, ae +a) F ). (65)

i=1

If we take u; = 1/a;, then

F () = Nl @k +m) F (M). (66)

In this case the Fourier transform of f under the action of
generalized sub-Laplacian € of Hj, is the same as that of the

sub-Laplacian on H”" (see [11]). Write T = £"; by Lemma 2,
Plancherel formula, and (65), we obtain the theorem below.

Theorem 5. Suppose that f € Hy (| S(H?). Then we have

n n —2n
= Hajz. . <Zuiai (2a; + 1)> (47) " (TRT) (f),
j=1 i=1
J (67)

where Y| o; = k. Especially, when u; = 1/a;, we have
= Ha? -2k +m)"(4m) " (TRT) (f).  (68)
j=1
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