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We classify the anti-involutions of the superalgebra of quantum pseudodifferential operators on the super circle S'" preserving
the principal gradation, producing in this way a family of Lie subalgebras minus fixed by these anti-involutions. We classify the

irreducible quasifinite highest weight representations of the central extension of these Lie subalgebras.

1. Introduction

The 7/ -infinity algebras naturally arise in various physical
theories, such as conformal field theory and the theory of
quantum Hall effect (see [1, 2] and references therein). The
Wi,o algebra, which is the central extension of the Lie
algebra @ of differential operators on the circle, is the most
fundamental among these algebras.

The difficulty in understanding the representation theory
of a Lie algebra of this kind is that although W, admits
a natural Z-gradation, each of the graded subspaces is
still infinite dimensional in contrast to the more familiar
cases such as the Virasoro algebra and Kac-Moody algebras.
Therefore, the study of the highest weight modules which
satisfy the quasifiniteness condition, that its graded subspaces
have finite dimension, becomes a nontrivial problem. The
systematic study of quasifinite highest weight modules of
Wi, Was initiated by Kac and Radul in [2] and further
studied in [1, 3-5] and many others.

By analyzing for which parabolic subalgebras of W,
the corresponding generalized Verma modules are quasifi-
nite, Kac and Radul [2] gave a characterization of quasifinite
highest weight W, . .-modules in terms of certain generating
function of highest weights and these modules where con-
structed in terms of irreducible highest weight representa-
tions of the Lie algebra of infinite matrices.

The classification and construction of quasifinite modules
for the matrix version (denoted by W}Y), super analog, g-
analog, and super g-analog of W, ., were developed in [1, 2,
4, 6], respectively.

The Lie algebra Wf\ioo, recently studied in [4], correspond
to the central extension of the algebra of matrix differential
operators on the circle. The study of the representation theory
of some interesting subalgebras of W/ __, and its g-analog and
super version [1], is not complete.

Another important example is the Lie algebra W, which
is a particular case of a family of subalgebras W, ,, of Wy,
where Weorp (p € Clx]) is the central extension of the Lie
algebra @ p(to,) of differential operators on the circle that are
a multiple of p(to,).

This Lie algebra was studied by Kac and Liberati in [3];
observe that W, = W, . Following the ideas of Kac-Radul
[2], in [3] they obtained the classification of the irreducible
quasifinite highest weight modules over W, ,. They also
developed a general theory of quasifinite highest weight
modules over Z-graded Lie algebras. These general results
were extended to the super version in [6].

A natural source of subalgebras comes from the subalge-
bras minus fixed by an anti-involution of the corresponding
associative algebra, which preserve the gradation. In [7],
Bloch finds an anti-involution of W and he shows a relation
between the representations of the corresponding subalgebra
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TABLE 1
N super  ¢- super
W1+OO WOO,P WHOO Wl+oo Wl+oo q_Wl+oo
Algebra [2] [3,11] [4] [1] [2] [6]
[10] Partial
Anti- (5] (particular results in 8] [9] Present
involution P e [13] and work
case in [12])
others

and certain values of the Riemann zeta function. In several
and recent papers ([5, 8-10]) the authors obtained the classi-
fication of the anti-involutions of certain algebras and then
they characterize the irreducible quasifinite highest weight
modules of the corresponding subalgebras minus fixed by
these anti-involutions, obtaining orthogonal and symplectic
subalgebras of Wy o, W, ;» and so forth.

The main goal of this work is to present a g-analog of
Cheng-Wang [8] or a super-analog of Boyallian-Liberati [9];
namely, we classify the anti-involutions of the superalgebra
q-§ that preserve the gradation, where q-8 is the
superalgebra of regular pseudodifferential operators on the
super circle S'"". Then we present the classification of the
irreducible quasifinite highest weight modules over the Lie
subalgebras minus fixed by these anti-involutions.

Table 1 describes the map on the classification of irre-
ducible quasifinite highest weight modules over W, ., the
matrix version, super analog and g-analog, and for the
subalgebras constructed from the anti-involutions, showing
the place of the present results in this long-term program.

The work is organized as follows. In Section 2, we classify
the anti-involutions of g-8§< that preserve the gradation,
where g-8'D is the superalgebra of regular pseudodifferential
operators on the super circle S In Section 3, we recall
the general results on quasifinite modules over a graded
Lie superalgebra and we present the classification of the
irreducible quasifinite highest weight modules over the Lie
subalgebras minus fixed by the anti-involutions obtained in
Section 2.

2. Anti-Involution of S&7° Preserving Its
Principal Gradation

Let ¢ € C* with |g|#1. Now, T, denotes the following
operator on Clz™% z]:

T,(f ) = f (q2).- 1)

We denote by &’ the associative algebra of all pseudodiffer-

ential operators, that is, the operators on C[z™', z] of the form

E= Zek (2) TZ;, where e; (z) € C [z_l,z] (sum is finite).

kezZ
2
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Any pseudodifferential operator can be written as linear
combinations of elements of the form 2" f(T,), where f €

Clw™,w] and n € Z. The product in @, is given by

Z'f (Tq) -2"g (Tq) =" f (quq) 9 (Tq) : (3)

Letting wtz" f(T,) = n, we define the principal Z-gradation
of &,

Moreover, we denote by M(1]1) the set of 2 x 2 super-
matrices with coefficients in C, viewed as the associative
superalgebra of linear transformations of the complex (1]1)-
dimensional superspace C'". And we denote by E;the2x2
matrix with 1 in the ij-place and 0 everywhere else. Declaring
E,;, E,, even and E,,, E,; odd elements, we endow M(1]1)
with a Z,-gradation where |M| denotes the parity of the
homogeneous element M € M(1[1).

We denote by &’ the associative superalgebra of 2 x 2

supermatrices with entries in €}, namely,
$&F =X QM ), (4)

and the product is given by the usual matrix multiplication.
Let S&, denote the Lie superalgebra obtained from S&;’ by

taking the usual bracket.
Now, we introduce the linear map Str, : &, — Cas

s $0,0)8, ) (1), - () ©

where (f(T,))y = fo if f(T,) = Y4z fiTy> and we define the
2-cocycle y in §&, by

v (2'f (T,) By =9 (T,) Eu)

n-1
—(—1)’Z(f (q_”+'Tq) g (quq))o(Sjk(Sﬂ, ifn=-m>0,
r=0

0, otherwise.

(6)

Then we denote by S&, the one-dimensional central exten-
sion of &, with central charge C corresponding to the 2-

cocycle y, namely, g’—@q = 8@, (D CC, where the bracket is
given by

[an (Tq) E;2"g (Tq) Ekl]
=" (f (quq) g (Tq) 8By - (-1)/FllEw!
x f (Tq) 9 (anq) 511'Ekj)
+y (z"f (Tq) E;z"g (Tq) Ekl) C.

Letting wt(2" f(T,)E,, + z”+1g(Tq)E21) =n+1/2, wt"
f(T)E; = nandwt C = 0, wherei = 1,2, n € Z, defines

the principal (1/2)Z-gradation of S&F, S&, and g@q.

7)
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This equips S&’, §&,, and g@q with (1/2)Z-gradations
compatible with their Z,-gradation; thus,

@q = (E@q)a @ (g@q)?

F2)s- D), () - D), e
(8)
where
(5€,),
= {11 (T,) By + 2" £ (T,) Ezz
fieClwwl],i=12}+6,.CC,
(5€4) 11
={"fi (T,) B + 2" o (T,) By« fy € C[w ™ ],
i=1,2}.
)

An anti-involution o of S@ZS is an involutive anti-
automorphism of S@ZS; that is, o : é’@;s — é’@;s
with 0> = Id, o(bA + B) = ba(A) + o(B) and 6(AB) =
(-5 (B)a(A), where A, B € S&,and b € C.

The main result of this section is the following theorem
with the classification of all anti-involutions of & @ZS that

preserve the principal (1/2)Z-gradation.

Theorem1. Any anti-involution o of § @ZS which preserves the

principal gradation is one of the following (f € Clw ™", w], n €
Z):

(a)

abck(zf( )Ell)

_ anq(n—l)nkznf (bq—nT—l) T2nkE11)

q q
Oabck (an (Tq) E22)
_ n (n—2)nk nf( n+1Tq—1) qunkEzb
(10)
Ga,b,c,k (an (Tq) EIZ)

—a an an+1f (bq—an—l) T(2n+1)kE21,

ubck(z f( )Ez1)

61 c lq((n 1)? n>an_1f(bq_n+1Tq_1)Tq(2n_l)kE12,

with a,b,c € C*, k € Z such that —ab* = ¢*;

3
(b)
ubckl(znf( )Eu)
anq(nn 1)/2)k nf (bq—nT—l)Tnk .
ubckl(z f( )Ezz)
_ nq(n(n—l)/Z)k+nl nf( —an—l)T;kEll)
(11)

abckl(z f( )En)
=a Cq(n(n 1)/2)k+nl nf (bq—nT )TnkJrlElz’

Oabckl (an ( )E21)
_ _anc—lq (n(n-1)/2)k nf (bq T )T;k_lEzp

with a,b,c € C*, k,1 € Z such that a’b* = ¢ and
v =1

We divide the proof of Theorem 1 into several results.
Let o be an anti-involution of S&’ which preserves the

principal gradation; then, o defines lmear maps o ; @as
& o Preserving the principal gradation

0 (" (Ty) Bi) = 01 (2" £ (T,)) Eny + 032 (2" (T,)) B
(12)

Lemma 2. Let o be an anti-involution of S&° preserving

the principal gradation. Then o satisfies one of the following
conditions:

(a)
o (21 (Ty) Bu) = 01, (21 (T,)) Eur
o (2"f (Ty) Bxa) = 02 (2"f (Ty)) Baas (13)
0 (Eyp) = 2fy (Tq) Ey),
o (Ey) = 2_1912 (Tq) 1PN
(b)
o (2"f (T,) E) = 01, (2" f (T,)) Ean
R,
= fi2 (T )EIZ’
0 (Ey) = g ( )E21-
For some f;, g;; € Clw ', w], where 1 <i, j <2 andi# j.

Proof. Since o preserves the principal gradation, we have that

o (Ey,) = flz( )E12+Zf21( )EZI’

0(Ey)=2z 912( )E12+g21( )Ezp

(15)

for some f;;, g;; € Clw™, w], with 1 <i, j<2andi#j.



Then, since 0 = o(2" f(T,)Ey; -2" g(T,)E,,)
Ey)o(Z"f (T,)E1;), we have two possibilities

o ('f (Ty) Bu) = 011 (2" (T,)) Env

= a(zmg(Tq)

oS () -0 () B
or
o (2"f(T,) En) = 015 (2" f (1,)) B W)
o (2"f(T,) Ey) = 03, (2" (T,)) Evy.-
Moreover, since 0 = a(EZ) ~0(E;)’, for 1 <, j < 2,i#},

from (15) we have that
o (Ep) = fi (Tq) Ey, oro(Ep)=2fy (Tq) Ey)s

0 (Ey) = g (Tq) E, oro(Ey)= 2_1912 (Tq) E,.

(18)

Finally, since
0 (Eyy) = -0 (Ey) o (Ep), (19)
the result follows from (16), (17), (18), and (19). O

Corollary 3. Let o be an anti-involution of S@g° which
preserves the principal gradation. Then one has the following.

(a) If o satisfies Lemma 2(a), then 0;;(1) = ,J,for all1 <
i, j < 2.

(b) If o satisfies Lemma 2(b), then cri,j(l) =1- l],for all
1<i, j<2

Proof. Tt is clear that 0(Id) = Id; then the result follows from
Lemma 2. 0

Proposition 4. Let o be an anti-involution of S©° which
preserves the principal gradation and let one assume that

it satisfies Lemma 2(a). Then o is one of the 0, ., from
Theorem 1(a).

In order to prove Proposition 4 we will need the following
result.

Lemma 5. Let o be as in Proposition 4; then,

o (27 (T,) By) = alq "™ D27 £ (g T ) T E,,
o (<'f (T,) Er)
_ g DR (o) prkitkg
o ("f (T,) Ex)
e g R () o) gk

(20)

where a;,b,c € C, k;,k € Z such that afbik" = g~ withi =
1,2.
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Proof. It is easy to check that o;; is a anti-involution of &’
with i = 1, 2; then, from Section 3 in [9] and hypothesis, we
obtain that

o(2"f (Tq)

ii>

(1)

) _ anq(n(n 1)/2)k,znf (b q—nT—l) T ’E

with k; € Z, a;,b; € C* such that aizbik" =g, i =1,2. Besides,
from Corollary 3(a) and hypothesis, we have that

Ey =-0(Ey)o(Ep) = -gp (qT )f21 ( )Eu (22)

Therefore f,,(T,) = CT;‘ and g,,(T,) = —c"lqkTq_ with ¢ €
C*, k € Z; then,

k
0 (Ep) = czT By,
; ) (23)
o(E,)=-qg zfquf Ep,.

Moreover,
o (2" f(T,) By) =0 (By)o (2" F(T,) B),  (24)

with i,j = 1,2, i# j. The proof follows from (21) and by
replacing (21) and (23) in (24). L]

Proof of Proposition 4. From Lemma 5, we have that

Ep, = o’ (Epy) = co(Ey)o (ZTgEzz)

k kr-2k 25
=-abq T * TE,
E, =0 (Eyp) = co (ZT:;EII) o (Ey)
(26)
—albk k- le‘I;I—zkEw

Then from (25)-(26), we obtain that

ky =k, = 2k, (27)
and also from (26)-(27) we obtain

_albf = qk- (28)

Then, from (27) and again using Lemma 5, we have that
] I (nk-1 1(2n+1)k—1
o (z”Tquz) = alblcq" Té O (29)

( nTl 12)

(Z Tl 22)0(E12)

nk —1)(n+1) n+1T 2n+1)k— IE

l (30)
=a,b, "byc 21
for all n,I € Z. Comparing (29) with (30), we obtain that

| nk-1

alb = azbzq , VnleZ; (31)
in particular,
ifn=0, I=1, b =bg
(32)
ifn=1, 1=0, ay=aq

From (28) and replacing (27) and (32) in (20), we obtain
that o = g, 4, . finishing the proof. O



ISRN Mathematical Physics

Proposition 6. Let o be an anti-involution of S&_° which

preserves the principal graduation, and let one assume that
it satisfies Lemma 2(b). Then o is one of the 0, ;; from
Theorem 1(b).

In order to prove Proposition 6 we will need the following
result.

Lemma 7. Let o be as in Proposition 6, then
o ("f(T,)
o (2 (T,) Ex) = alg ™ /P2 f (g T TR E,,

o (2"f (T,) Evn)
gD (4 ) okl

o (<" (Ty) Ex)

_ —QQC_ q (n(n—-1)/2)ky—nl nf (b anTmz) Tnk2 21,
(33)

Eu) = a?q(n(nil)mklznf (blqnmlTénl) T:;klEzz’

where a;,b,c € C*, k;,m;,1 € Z, and i = 1,2.
Proof. From hypothesis and Corollary 3(b), we have that

E, = U(T E22T71E22) =021 (T;) 02,1 (Tq) Ey,

Ezz—U(TEuT E11)—012(Tql 012( )Ezz’

. (34)

-1
Ey, =‘7(ZE222 Ezz) 21 (2 )0y (2) Eyys

)
(=)

E, = U(ZEIIZ_IEII) 012(2 1)(712(2)1522)
)

Eyy =-0(Ep)o(Ey) =~fi (Tq 921 ( )Eu- (35)

Then, using (34), we have that
+1 +1 ckm;
0, (1) =67 13",
_ k;
0;;(2) = a;zT,, (36)

0 (z_l) = ai_lqk"z_qu_k",
and by induction we obtain that
o (T'E;) =" T"™E;;, Vme Z,
o (Z"E;) = a"q(”(" D/2)k; z”T"k’E VneZ, &
where a;,b, € C*, k;,m; € Z,i, j = 1,2, i # j. Then, from (37)
we have that

o (an (Tq) Eii) =0 (f (Tq) Eii) o (2"E;)

= g2k ¢ (b,-q”m"T,T") T" ‘Eﬂ,

(38)

withi, j= 1,2,i# .

On the other hand, from (35) we have that fu(Tq) = cT(l]
and g,,(T,) = —c_qu_l with ¢ € C* and ! € Z; therefore,

0(Ey) =cT,Ey,  o(Ey)=—c"T,'Ey.  (39)
Moreover,

o ("f (T,) By) = o (Ey)o (=" f (Tg) Ba).  (40)
with i,j = 1,2, i# j. The proof follows from (38) and by
replacing (38) and (39) in (40). O

Proof of Proposition 6. By Lemma 7, we have that

T,E), = 0” (T,E,) = bib,"T,"™E,,,

k; k
zE; = 0" (zE;) = alajbjk q'”fk Tm) "NE, (41)
2 12
Ey, =07 (Epp) = bc’Ey,
o (zEy,) = alcqlzTglJrlElz, (42)

0 (2Ey,) = 0 (zEy,) 0 (Eyy) = azcsz;”lElz. (43)

Then, using (41), we have that

m =m,=1 orm =m,=-1, (44)
b =b", (45)

3, bk qm/k’ =1, (46)

mik; = -k;, (47)

bl =1, (48)

where i,j = 1,2, i# j. Suppose that m;, = m, = 1; then,
from (45) and (47) we have that b, = bl k, = —k,, and by
replacing them in (46), we obtain that g**' = 1, but since g
is not a root of unity, we necessarily have that k; = k, = 0.
Then, using Lemma 7 we get

o (2T,Ey) = a,byqzT,E,y; (49)
moreover,

o (quEH) =q 'o(zE,)o (TqEH) = albqulquEzz.
(50)

Comparing (49) with (50), we obtain that g* = 1 which is
a contradiction. Therefore, by (44) and the aforementioned
result, we get that

m; =m, = —1. (51)
Then replacing (51) in (45) and (47) we obtain that

by=b, k =k (52)



On the other hand, comparing (42) with (43), we have that
a = alql’ (53)
and by replacing (51), (52), and (53) in (46), we obtain that
20k k-l
ab' =q . (54)

Using (48) and (54) and by replacing (51), (52), and (53) in
(33), we obtain that o = 0, 4, .k > finishing the proof. O

Proof of Theorem 1. It is straightforward to check that the two
cases are anti-involutions. Reciprocally, from Lemma 2 and
Propositions 4 and 6, it is clear that any anti-involution of
& which preserves the principal gradation satisfies (a) or
(b), finishing the proof. [

Now, given an anti-involution o of &, one can check
that the set of points minus o-fixed is a subalgebra of S&,.
Moreover, if o preserves the principal (1/2)Z-graduation, this
subalgebra inherits the (1/2)Z-graduation. These subalgebras
are described in the last part of this section.

We define the following automorphisms of S&’ by

O, (M) = (z°Id)- M- (Z'Id), VM € S,

q)sl(é’@;s)a = id,

(55)
@, (" (T,) Eyy + 2" g (T,) Exy)

(1) B e 2 (1) B,
with s € C*. On the other hand, given n,m € Z, we denote
C —1, (n,m)
[w w] ”
={f ecww]: f @) =-1"f (w)w"}.

Remark 8. We see that f(w) € Clw™, w]™™ with fw) =
Y fiw’ ifand onlyif f; = —(-1)"f,,_;, forall j € Z.

The Case o, .. Leta,b,c € C*,k € Z,besuch that —ab* =4~
We denote by & @Z;Z’C the Lie subalgebra of &, consisting
of -0, x-fixed points; then, it inherits a (1/2)Z-gradation
from §&_; therefore, & @Z:Z’C = Djca/pz(S @Z:i’c)j, where

(5507), = (M € (58,), : Oupes M) =-M}|. (57)

k
.11
Moreover, we denote S&,_ ;. := é’@qi and oy == 0_gy 1k
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The following lemma gives a description of & @Zfr’f.

Lemma9. Leta, b, ¢, k be as aforementioned; then, é’@;’i’c =
§G, and

(qu,k)n
= {z"f (q"/ZTq) E,+Z"g (q("fl)/qu) E,,
f,g¢€ C[w_l, w](n’znk)} >

((S@q’k)n+1/2

— {an (Tq) E12 _ (_l)nq(n+l)nkzn+1f (q—an—l) ,1—<‘;2n+1)kE21

feC [w_l,w]},
(58)

foralln e Z.

Proof. First, it is easy to check that

@_So-a’b’c’k®s = Uuq_st,qus,cq_ks,k’
(59)
q)—taa,b,c,kq)t = Oabct® k+

Then if we take s,t € C* such that b™! = g* and t* = ¢ "'¢*,

from (59) and the relation between a, b, c, k, we obtain that
SV = S .

On the other hand, by Theorem 1(a) and linearity of Ogk
we obtain that (for n € Z) z"f(ch)E11 + z”g(Tq)E22 €
(8§@,1), if and only if 2" f(T,)Eyy, 2" g(T,)E,, € (qu,k)n.
Now, let z"h(Tq)E11 € (§G,x), be with h(w) = D hjwf; then,

-Z"h (Tq) E, =0, (z”h (Tq) EH)

_ (_l)nqn kznh (q—an—l) T;nkE11

ifand only if qf(”/z)jhj = —(—1)”q(7"/2)(2”k7j)h2nk_j, forall j €

Z,which is equivalent to f(w) = h(qg "*w) € Clw™, w] ™™
(see Remark 8). Therefore,

Z"h (Tq) E,=Z"f (q"/qu) Eiy,
(61)
(n,2nk)

with f(w) € C[w_l,w]
Similarly, we prove that z"h(T,)E,, € (§©,), if and only if

Z"h (Tq) E,, =Z"g (q("fl)/qu) E,,,
(n,2nk) (62)
where g (w) € C[w_l,w] T
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Now, we suppose that z"f(T,)E;, + z"Jrlg(Tq)E21 €
(§@q,k)n+l/2; then,

~2"f(T,) B 2" g (T,) Ex
= Ogk (an (Tq) Ep+2"g (Tq) E21)

63
_ n n’k (_n —nT—l T(2n+1)k ( )
= (1'q" " (2"g (q"T;") T Ey,

+ anzn+1f (q—an—l) Tq(2n+1)kE21) ,

if and only if g(T,) = —(=1)"q"* V"™ f(q"T,;)T* ¥, fin-
ishing the proof. O

The Case 0, 1. Leta,b,c € C*, k,1 € Z, be such that PRAE
g""and b'c* = 1. We denote by & @;’Z’f the Lie subalgebra of
§©, consisting of —0,, . ;-fixed; then, it inherits a (1/2)Z-
gradation from $&; thus S@ZZ; = @je(l/z)z(éj@;ﬁf)f

where

(s@555), = (M € (5,), : Oupesa WD) = -M}. (69)

+x

++ ,1,£1 -
Moreover, we denote S| = S&2), 045, = 0g1 414

-t -a, 1,1 _—+ : k-1)/2
and @3, := S 1), 05 1= 0g e Witha = q“ 2.

The following lemma gives a description of & @;zf We will
need the following notation:

0, : ( o )
in (5’@‘1,(’1 w12
1 in (5@77))
J kol
8, = e\ (65)
" n ( q’k’l>n+1/2’
o (se)
n in ( @q’k’l 12

Lemma 10. Let a, b, ¢, k, | be as aforementioned; then,
S @Z’Z’f is isomorphic to some of the following algebras: S&.7,

- -t -
éj@q,k,l’ S@q)k,l, or S@q’kl. And

(s@5%1), = {2'f (T,) Eyy - (21)'q" PP
xZ'f (q*an*l) T";"E22 :feClwwl},
(s @‘;»il)rﬁl/z = {Z”f (4"°T,) B\, + 2" g (" VT,)
X Ey : f € Clw™, w]<6mnk+z>)

- (8, +1,(n+ 1)k-1)
ge€ C[w l,w] ! }

>

(5)@;«,1),1 = {an (Tq) E, - (il)ﬂqn(nk—l)/z

inf (q_an_l)T;lkEzz : f eC [w_l,w]} >

(S@;,i,z)nﬂ/z = {Z"f (qn/qu) E,+2™g (q(n+1)/2Tq)

XEy :fe€ C[wil,w](smnkm,

e Clw, w]wn,(nﬂ)k—l)} ’
(66)
foralln e Z.
Proof. 1t is easy to check that,
O_ 00, k1Os = Oagst pgs g k15 (67)

then; if we take s such that ¢ = b, we obtain the first
assertion using (67) and the relations between a, b, ¢, k, I.
On the other hand, we suppose that z"f(T,)E; +

2"g(T,)E,, € (5@;’21),1; then,
~2"f(T,) En - "9 (T,) Ex
=041 (2'F (T,) B+ 2"9 (T,) Bxp)

(68)
— (il)nqn(nkfl)/Zznf (q,an,l) T;lkEzz

+ (il)nqn(nk+l)/22ng (q—an—l) T;kEll

if and only if g(T,) = —(x1)"q"" ™" f(q—"Tq—l)Tgk. The
proof for (& @;il)n is similar.

Now, by Theorem 1(b) and linearity of oy} ), we obtain
that 2" f(T,)E,, + Z"J“Ig(Tq)E21 € (§@ 1)1z if and only
if 2" f(T,)E,, and 2" g(T,)E,, are elements in (§©&,} ),,1/2-
We suppose that Z"Hh(Tq)E21 € (G} D12 With h(w) =

Y hjwj; then,
-Z"'h(T,) Ey
=0 ("'h(T,) Ey) (69)

_ _q(n+1)((n+1)k—l)/2zn+1h (q—(n+l)Tq—1) rl—v‘§n+1)k—11_—521

if and only if hjq—((n+1)/2)j _ q_((n+1)/2)((n+1)k_l_j)h(n+1)k—l—j>
for all j € Z, which is equivalent to g(w) = h(qf((nﬂ)/z)w) €

Clw™, w](l’("“)k_l) (see Remark 8). Therefore,

Zn+1h (Tq) E21 _ zn+1g (q(n+1)/2Tq) Ezlx
(70)

with g (w) € C[w—l,w](l,(nﬂ)k—l)‘

Similarly, we prove that 2"h(T)E;, € (S©} )y if

and only if Z"W(T,)E,, = z”f(q"/qu)Elz, with f €
C [w—l , w] (0,nk+l) .
The other proofs are similar. O

Remark 11. From Lemma9 (resp., Lemma 10), it is clear
that an element in (S@q,k)nn/z (resp., (S@;’il)n) is totally



determined by its value in the position E,, (resp., E,;), where
nez.

— et
Finally, we denote by §&,; and &, the central
extensions of & and @;jd corresponding to the restric-

tions of the 2-cocycle v, respectively. It is clear that these
subalgebras admit a (1/2)Z-graduation compatible with their
Z,-graduation; that is,

o o B (71)
5810 = (5801 )y D (58u0)
where
(5,0 - D),
n
(g@q,k)T = @(%%k)nu/z’
S it (72)
(‘S@%k’l)a - i@(&@%k’l)n’
(E@;’;‘”)T - n@%(@;’;"’)nﬂ/z’

with (E@q’k)n = (S@q»k)n + Sn,OCC and (3—@;;‘1)” -
(€55, + 000, forall e 11212

3. Quasifinite Highest Weight Modules over
E@q)k and 3@;,2,1

The goal of this section is to characterize the quasifinite
—t+

irreducible highest weight modules over E@q,k and G ;
for this we will apply the general results on quasifinite rep-
resentations of (1/2)Z-graded Lie superalgebras developed
in Section 2 in [6]. Let us recall some general definition and
results from [6].

In this section, g denote a consistent (1/2)Z-graded Lie
superalgebra over C; namely,

|
g= @ gj where [gi,gj] Cgiyj Vije EZ’ (73)
je(1/2)z

and also
65 =Dsy  ar=Dajup- (74)

j€Z Jj€Z

We denote g, = D c(1/2)7, 8+, A subalgebra p of g is called
parabolic if

p= @ pj, wherep;=g; Vj=0,
je@/2)z (75)

p_;#0, for some j € N.
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We assume the following properties on g:

(SP1) g, is commutative,
(SP2) ifa € g_; (j € (1/2)N) and [a, g,/,] = 0, thena = 0.

Given thata € g_,, is nonzero, we define p* = B (152 ¥},
where

¥i=g; Vjix0,
O X B (T N I D R
‘pc—lk—l/2 = [p‘il/p P‘ik] .

It was proved in [6] that p” is the minimal parabolic subalge-
bra containing a and also that [p®, p?] N g, = [a, g, ,].

Definition 12. (a) A parabolic subalgebra p is called nonde-
generate if p_; has finite codimension in g_;, for all j €
(1/2)N.

(b) An element a € g_,, is called nondegenerate if p* is
nondegenerate.

We will also require the following condition on g.

(SP3) If p is a nondegenerate parabolic subalgebra of g, then
there exists a nondegenerate element a € p_; .

A g-module V. = Pc1/y7V; is called quasifinite if
dimV; < co forall j. Given A € g, a highest weight module is
a (1/2)Z-graded g-module V(g, 1) = ®j€(1/2)2+v_j, defined
by the following properties:

(a) V, = Cv,, where v, is a nonzero vector;
(b) hvy = Ah)v,, for all h € g,;

(c) g,v, =0;

(d) %(g_)vy = V(g M)

A nonzero vector v € V(g, A) is called singular if g, v = 0.
The Verma module over g is defined as usual:

M@)=%@ & Ch 77)
%(go®g+)

where C, := Cc, is the one-dimensional (g,Dg,)-module
given by hc, = A(h)c if h € g, and g,c; = 0 and the action
of g on M(g, A) is induced by the left multiplication in %(g).
Any highest weight module V' (g, 1) is a quotient module of
M(g, A). The irreducible module L(g, A) is the quotient of
M(g, A) by the maximal proper graded submodule.

Now, let p = P ¢(1/2)7P; be a parabolic subalgebra of g
and let A € gy be such that A, 1, = 0. Then the (go(Dg. )-
module C, extends to a p-module by letting p ¢, = 0 for all
j < 0, and we may construct the highest weight module

M (p,g,A) =% (g) ®CA> (78)
%(p)

called the generalized Verma module. Clearly all these highest
weight modules are graded. The following result gives the
characterization of all irreducible quasifinite highest-weight
modules.
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Theorem 13. Let ¢ = D c(1/2)78; be a consistent (1/2)Z-
graded Lie superalgebra over C that satisfies conditions (SPI1),
(SP2), and (SP3). The following conditions on A € g, are
equivalent.

(a) M(g, A) contains a singular vector a-v) in M(g, 1)_y 5,
where a is nondegenerate.

(b) There exists a nondegenerate element a € g_,,, such
that A([g,,,a]) = 0.

(c) L(g, A) is quasifinite.

(d) There exists a nondegenerate element a € g_,,, such
that L(g, A) is the irreducible quotient of the generalized
Verma module M(g, p°, A).

Proof. See [6]. ]

Moreover, we will need the following result. Recall that
a quasipolynomial is a combination of functions of the form
p(x)g™, where p(x) is a polynomial and « € C. That is, it
satisfies a nontrivial linear differential equation with constant
coefficients.

Proposition 14. Given a quasipolynomial P and a polynomial
B(x) = [[;(x—A;), take b(x) = [[;(x—q;) wherea; = exp(A;);
then, b(x)(},,c; P)x™") = 0 if and only if B(d/dx)P(x) = 0.

Below, we prove that %q,k and g’@ﬁ’l satisfy the
properties (SP1), (SP2), and (SP3), which is equivalent to
study of its parabolic subalgebras. Then using Theorem 13 and
Proposition 14, we obtain two equivalent characterizations
of the quasifinite highest weight modules of these algebras.
Before studying each particular case, we will consider the
following useful result.

Lemma 15. Let A = Z"f{(T))E,, + 2"f,(T,)E,, and
2" g(T,)E;; be nonzero elements in E@q, where n#0, i,j =

1,2 and let h € Clw™!, w] be nonconstant. Then one has the
following.

(a) [A, 2" g(TE;1 #0 or [A, 2" g(T)W(T,)E;] #0, with
i#].

(b) If fi#0, then
[A, 2" g(T)h(T)E;;] #0.

[A,z"g(T)E;]#0 or

Proof. (a) We suppose that [A,zmg(Tq)Elz] = 0 and

[A, 2" g(T,)h(T,)E,,] = 0; then,

hi (quq) 9 (Tq) =h (Tq) 9 (anq)’ (79)
hi (quq) 9 (Tq) h (Tq) =12 (Tq) 9 (anq) h (anq)' (80)

Using (79) and the hypothesis, we have that f, and f, are
nonzero. Then, if we replace (79) with (80), we obtain h(Tq) =
h(q"Tq) which is a contradiction since ki is not constant, n # 0,
and g is not unity root. The other case is similar.

The proof of (b) is similar to the proof of (a). O

3.1 The Case g = g’@q,k. It is clear that E@q’k satisfies (SP1).
Now, we suppose that A = 27" f(T,)E;; + z "g(T,)Ey, €

(E@q,k)_n (with n € N) satisfies [A, (X’@q)k)l/z] = 0; in
particular for alli € Z

[ATLE,, - 2T} 'E,, | = 0. (81)

Then using (81), we obtain that f (Tq) = q_”i g(Tq) for all
i € Z. Hence, f = g = 0 (since n#0 and g is not
a root of unity); therefore, A = 0. Now, we suppose that
A= Z_nf(Tq)Elz _ (_1)—nq(n—l)nkz—n+1f(anq—1)T;—2n+1)kE21

in ($S,4) 11705 (with n € N) satisfies [4,(§S,),,,] = 0
then, for all i € Z we have that

[AT/E,, - 2T, B, | = 0, (82)

which is equivalent to f(T,) = qrf (qT,) for alli € Z.

Hence f = 0; therefore, A = 0. Thus, we prove that E@q,k
satisfies the property (SP2).
Finally, using the following lemma, we will prove that

@q,k satisfies the property (SP3).

Lemma 16. Let p = (Dicaynzp; be a (1/2)Z-graded
subalgebra ofg@q‘k, where p, = (%q,k)o. Then one has the
following.
(a) For each n € Z, P41, has finite codimension in
(§@q,k)n+1/2 if and only if 9,1/, #0.
(b) For each n € Z, p, has finite codimension in
(§@ k) if and only if there exists z”f(q"/qu)E11 +

Z"g(q("_l)/qu)E22 € p,, such that f and g are
nonzero.

(c) p_, has finite codimension in (g@q,k)_n, foralln €
(1/2)Nif and only if p_, ;, #0.
Proof. (a) We suppose that there exists
A= an (Tq) E12 _ (_l)nq(n+1)nkzn+1
. (83)
=1 2n+1
Xf(q T, )Té "URE,, € Put1/2>

with f#0; then M] = [A,(T] - T,))E,,] and M) =
[A, (qil/zTé - qJ/ZT;J)EZZ] belong to p,,,,/,, for all j € Z.
Moreover, Al = (q—(n+1)j_qnj)—1(M{+q—(n+1/2)ng) € P12
and

Aj _ an (Tq) T;Elz _ (_1)nq(n+1)nk—njzn+1

—_— (84)
—np—1 n+1)k—j
Ty ) T s
for all j € Z*. Therefore, using (84), we have that
an (Tq) Elz _ (_1)nq(n+1)nkzn+l
(85)

“np1) n Dk
X 9(‘1 T, )Té "R, € Pur1/2>
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for all g(w) € (f(w)), where { f(w)) is the ideal of C[w ™", w]
generated by f(w). Using that ( f (w)) has finite codimension
in C[w™',w], we obtain that p,,, /> has finite codimension

in (E—@q,k)n +1/2 (see Remark 11). The proof of the converse is
trivial.
(b) We suppose that A = z"f(q”/qu)E11 + z”g(q(”’l)/2

T,)E,, € p,, with nonzero f and g in Clw™, w]™*™; then
similar to the aforementioned argument

(7= ) [ (- 8]
=2"f (q"°T,) (47T} + g ""°T) E,, € p,,
b [A, (q—j/ZT;' _ qj/qu_j) Ezz] (86)
_ an (q(n—l)/qu)
X(q(n—l)j/ZTj +q’(”’1)j/2T;j) Eyy€ P,

where b = (q -n/2)j "/2)]')_1

Therefore

, and this is true for all j € Z*.

Z"hy (qn/qu) 11 €Pp Vhy € f(w)C[wfl w](lo)

Z"h, (q("_l)/qu) E,, €y, Vhy,egw) C[w_l, w](l’o).

(87)

Since f(w)C[ufl,w](l’O) and g(w)C[wil,w](l’O) have finite
codimension in C[w™", w]™*™ | we obtain that p,, has finite

codimension in (g-@q,k)n' The proof of the converse is trivial.
(c) We suppose that p_; , # 0; then, in order to prove that

p_,, has finite codimension in (S’@q,k)_n, foralln € (1/2)N,
we only need to see that this is true for alln € N, since by using
(SP2), we obtain that p_,,,;/, #0 for all n € N; then, from (a)

we have that p_,,,,/, has finite codimension in (E@q,k),n +1/2
for all n € N. By hypothesis, there exists A = zflf(Tq)E12 +
f(qTq_l)Tq_kE21 € p_y, with f #0; then, using (84), we have
that B = z_lf(Tq)TqE12 + qf(qTq_l)Tq_k_lE21 € p_y/p> and

[A,B] = Zilf1 (qil/qu) Ep + 27191 (qiqu) Ey epy
(88)

where f; and g, are nonzero. Hence, by (b), p_; has finite
codimension in (§&,)_;. Moreover, by (87) we obtain that

i (qa PT) (g PT)Ey e vy, (89)

27191 (qiqu) h (qiqu) Eyep_ s (90)

for all h(w) € Clw™, w](l’o). Now, by induction we suppose
that p_, has finite codimension in (§&;)_,; then, there
exists A = z_”f(q_”/qu)E11 + z_"g(q_('“l)/zTq)E22 €y,
where f and g are nonzero, and by (89) and Lemma 15(b),

(4,27 £ (a77T,)

or [A’ ' f, (q_l/qu)h(q_l/qu)Ell] #0,

Ey] #0
(91
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for some no constant hA(w) i 1n C[w ! w] ); therefore, there

exists a nonzero element z ™ f| (T,)Ey; in p_,_;. Similarly,
using (90) and Lemma15(b), we see that there exists a
nonzero element z7"*' g(TEy, in p_, ;; then, using (b),

P_,_; has finite codimension in (g’@q’k)_n_l, finishing the
induction. The proof of the converse is trivial. O

Corollary 17. (a) Any parabolic subalgebra of E@q,k is non-
degenerate.

(b)irgf nonzero element of (E@q,k)—l/Z is nondegenerate.
(c) G4 satisfies (SP3).

Proof. Let p be a parabolic subalgebra of g@q’k; by definition
there exists j € (1/2)N such that p_j#0, and then by (SP2)
P_1/2 # 0; the proof of (a) follows from Lemma 16(c). Finally,
(b) follows from (a), and (c) follows from (b). O

A functional A € (E_@q)k)g is described by its labels

Ay ==A(Ty =T, MEN), A, = —A(q Ty - T,")E,,) with

n € Z,and the central charge A(C) = c. We will consider the
generating series

Ay (x)= Y A, a7, withi=1,2 92)

nez

Theorem 18. An irreducible highest weight g@q,k-module

L(g@q’k,)t) is quasifinite if and only if one of the following
equivalent conditions holds.

(a) There exists a Laurent polynomial b(x) such that

b (qx) (A a1 (%) + A, (%) + C) =0. (93)

(b) There exists a quasipolynomial P(x) such that

P(n)=A,; +A,,+6,,0 (94)

foralln e Z.

Proof. By Theorem 13, L(g@q,k,)t) is quasifinite if and only
if there exist a nondegenerate element a in (§§q)k)_1 /2> such
that M([(SS ), 2-al) = 0.

Now, let a/z\z_lb(Tq)E12 + b(qTq_l)Tq_kE21 bea nonzero
element of (09@q,k)-1/2 (with b(w) = Zj bjwf); then,
by Corollary 17(b), a is a nondegenerate element. Then, A
([(S@q,k)uzﬂ]) = 0ifand only if, foralli € Z,

0=A([(T}E\, - 2T} 'Eyy,a)])

= qubj (Ak—i+j,1 + Ak—i+j,2) + q_k+ib—k+ic-
j
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Multiplying (95) by x** and adding over i € Z, we obtain
that

0= Zq]bj (Ak—i+j,1 + Ak—i+j,2) x—k+i
i

+ Zq—kﬂbik”x—kﬂc (96)
i

=b (qx) (A a1 (%) + A, (x) + C) .

The equivalence between (a) and (b) follows from
Proposition 14. O

3.2. The Case gz@@:;)l. It is clear that %i,l satisfies
(SP1). Now, we prove that g@:ﬁ,z satisfies (SP2). We suppose
that A = z7f(q"*T)E,, + 2" g(@ """ T)E,, in

(E@;,l)—nﬂ/z (with n € N) satisfies [A, (E@;,I)I/Z] = 0;
in particular if we take nonzero elements hy,(T,)E;, and

h 1/2 L%t
zhy (@ "TY)E;; in (§G, ), /2, we have that
(A s (1) Es] =0 o

that is, g(q(_”“)/qu)hlz(Tq) = 0; therefore, g(w) = 0.
Similarly,

[A,zhy, (q'°T,) By ] =0, (98)

which is equivalent to f (q_”/ 2+1Tq)h21(q1/ qu) = 0; therefore,
f(w) =0, and then A = 0.

Remark 19. Given B = z”f(q"/qu)E12 + Z”*lg(q(”ﬂ)/qu)
Ey € (5€, ) piz and A = W(T)E; — h(T,)E,, €
(8§, )y with h € Clw ', w], then M = [AB] «
(E@;J)nﬂ/z, where M;; =0 (i = 1,2) and

My, = =2"f (q"7°T,) (h(4'T) +h(17")), ©9)
My, =2 (40T, (h(T,) + 1 (47T ).

-n -n < =*t
Now, let A = z fl(Tq)E11 +z fZ(Tq)EZZ € (S@q)k)l)_n
(with n € N) be such that A is nonzero; then, if we
take nonzero B = f(T,)E,, in (3@;,;,1)1 /2 by Remark 19,
there exists f(T,)h(T,)E,, € (g@:i’l)l /2 such that h is not

constant; then by Lemma 15(a), we have that

(A, f(T,) E,] #0 o [A £(T,)h(T,)Ep,] #0. (101)

(100)

Therefore %i,l satisfies (SP2).

In order to prove that g@;,z satisfies (SP3), we will need
the following result. We denote

. o
MESCEIN (5@520).,.00 w0
" s in (5.7

" Bkl )12’

1

Lemma 20. Let p = Djcuzp; be a (1/2)Z-graded

subalgebra of g@:il with p, = (E@‘il)o. Then one has the
following:

(a) foreachn € Z, p,, has finite codimension in (E@i)l)n
if and only if p,, # 0;

(b) for each n € Z, p,.,), has finite codimension in
(3@;;)1),”1/2 ifand only if there exists 2" f(q"T,)Ey, +
z"Jrlg(q(”J’l)/qu)E21 € Py41/p Such that f and g are
nonzero;

(c) p_, has finite codimension in (@@i)l)_n foralln €
(1/2)N, if and only if p_, , has finite codimension in
—*t
(&@q,k,l)—l/Z'

Proof. (a) Let A = z'”f(Tq)E11
(+1)"q" kD2 n f(q‘"Tq‘l)Tngzz € p,, with f#0; then,
B;:=(1-4")'[ATJE, - T,'Ey] € p, and

n j n _(n(nk-1)/2)-nj
B;=z f(Tq) T;E11 —(x1) q( (nk=1)/2)=nj
. (103)
n =1 nk—j
Xz f(q T, )Tq 'Ey,

for all j € Z*; therefore, by (103) we have that

an (Tq) E11 _ (il)nqn(nkfl)/Zzng (q,an,l) T;kEzz €p,,
(104)

for all g(w) € (f(w)), and since { f(w)) has finite codimen-

sion in C[w™!, w], we have that p,, has finite codimension in

(E@Zi,l)n (see Remark 11). The proof of the converse is trivial.
(b) We suppose that there exist nonzero elements

2" fi (Tq) Eys Zanz (Tq) Ey in P05

then, using Remark 19, we obtain that 2" g,(T)E1, € P11/
forall g (q_”/zw) € fi W)Clw™, w]™? (see (99)) and z”“gz
(T)Ey € Py forall g,(q " w) € fow)Clw™, w]™”
(see (100)). Then using that fl(w)C[wfl,w](l’O) has finite
codimension in C[w™, w](a”’”k”) and fz(w)C[w_l, w](l’o) has

!
finite codimension in C[w ™", w]©®» kD

(105)

, we obtain that
—t*

P,i1/2 has finite codimension in (& )),1/,- Therefore

in order to prove that p,,,/, has finite codimension in

—tt

(@, 1)ns1/2> we only need to see that there exist nonzero

elements as aforementioned in p,,,,,. Let B = 2"f ("

T, )E, + z"“g(q(”J'”/qu)E21 € P,.1/, with nonzero f and
g»> and let A and M be as in Remark 19. Then, taking h(w) =
w— q"w™" (observe that h(Tq_l) = —h(q"Tq)), we obtain that

M = Zn+1g (q(n+1)/2Tq)

% (1 (1) +h(a"V17"))

with M #0.

(106)

X Ey € Pry1js
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Similarly, taking h(w) = w — q*”*lwf1 (observe that h(Tq) =
~h(q "' T, ")), we obtain

M= -Z'f (qn/qu)

x (h(q"T,) +h(T;")) Erz € Prarjs with M#0,
(107)
proving the existence of nonzero elements of those forms. The

proof of the converse is trivial.
(c) We suppose that p_;,, has finite codimension in

(E@Z‘i,l),l /25 then, in order to prove that p_, has finite
codimension in (3@;{,[)_” for all n € (1/2)N, we only need

to see that this is true for all —-n+ 1/2 with n € N, since in this
case by using (SP2), we obtain that p_,, # 0 for all n € N; then,

by (a), we have that p_, has finite codimension in (E@i,l)_n,
foralln e N.

By hypothesis, there exist nonzero elements A = z~' f
(q_qu)E12 and B = g(T,)E,, in p_, ; therefore, [A, B] € p_,
is nonzero. By induction, we suppose that p_,,,/, has finite

—t*
codimension in (@) 1/, then, there exist nonzero
elements z 7" f,,(¢"T,)Ey, and 27" £, (g7 T )E,; in
—*t
(8©,k1)-ns1/2> and by Remark 19, we also have z™" f1,(¢"T,)

912(Tq)E12> Z_n+1f21(q(_nﬂ)/qu)gn(Tq)Ezl in (E@;,;,l)—nﬂﬂ
with no constant g;; for all i # j. Then by Lemma 15(a), we
have that

|7 £, (4"T,) E1o [A, B]] #0

or [ZianZ (anq) 912 (Tq) Elz’ [A) B]] #0.

Therefore from (108), there exists a nonzero element
~ i+t
z_"_lflz(Tq)E12 in (§G,)_n1/2- Similarly, we prove that

(108)

there exists nonzero z™" f~21(Tq)E21 in (E@:,il)_n_l /25 finally
the proof follows from (b). The proof of the converse is
trivial. O

Corollary 21. (a) a = zflf(qfl/qu)E12 + g(TyE, €

(@Zil)—lﬂ is nondegenerate if and only if f and g are
nonzero.
(b) 56;,k,1 satisfies (SP3).

Proof. (a) Let a = zflf(q’l/qu)E12 + g(T)E;, €
(E@ZL{J)_I s2- Then, if f and g are nonzero by Lemma 20(b)
and p?, , has finite codimension in (%:L),l j2» then by
Lemma 20(c), a is a nondegenerate element. Reciprocally, if
f =0or g =0, then by definition p?, = 0.

(b) Let p be a nondegenerate parabolic subalgebra of
g@i)l; then there exists a = zflf(qfqu)E12 + g(TE,; €

p_1/, where f and g are nonzero. Then the proof follows from
(a). O

Afunctional A € (&, ); is described byts labels, A , =
MTZE,~T,"Ey,) withn € Z and the central charge A(C) = c.
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Moreover, we define A?l =(A,-A_) = /\((T;’ - Tq’")E11 +
(T;‘ - Tq_n)Ezz)- We consider the generating series

A, (x) = ZAnx_",

nez

A (x) =Dy ()=, (x7) = Y Al

nez

(109)

Theorem 22. An irreducible highest weight E@;il—module
L(E@;’L,A) is quasifinite if and only if one of the following

equivalent conditions holds.

(a) There exist Laurent polynomials f(w) and g(w) such
that

g(x) A% (x) =0,

(110)
f(x) A(i\ (qil/zx) =0.

(b) There exist quasipolynomials Py,(x) and P,,(x) such
that

—n/ZAO

n

P, (n)=q )
Py (n) = A°,

foralln e Z.
Proof. By Theorem 13, L(?@:L, A)is quasiﬁniti if and only if
there exists a nondegenerate element a in (§ @;,;,1)—1 /2> such
that A([(?@;;,l)l 1al) = 0.
_ _ et
Now, leta =z} fq V2T )E, +g(T)Ey, € (S@ ohD-1/25
with fw) = ¥, fw e Clw ", w®"™* and gw) =

2 gjwj € C[w_l,w](sil’fl) such that f and g are nonzero.
Then by Corollary 21(a), a is a nondegenerate element. Then,
/\([(c?@q,k)l/z, a]) = 0 ifand only if, for alli € Z,

A([(T] = 1)1 Eypsal) = 0, (112)
A ( [z (qi/zT; - (—1)53q("‘l‘i)/2T§‘l"’) EZl,a]) 0. (113)
From (112), we obtain that
0=2(g(7,) (T, - 11,7 1d)

(114)
= Zng2+j-
j

Multiplying (114) by x and adding over i € Z, we obtain that

0= Zng?H.x_i
b (115)
=g(x) A% (x).
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Then, by (113) and using Remark 8, we obtain that

i)/ 2t j Y —
0=21 ijq( +5)/ Tq+] _ Zf]q (i+/)/ Tq J E,
j j
) <Zf R PR WIT B l]> E22>
j j

—(i+)/2 it (i+)/2rp—i=j
+ Zf]-q T, —ijq T, > c
j j

0
i+)/2 —(i+j)/2
= ijq(ﬂ/ Ai+j_ijq G/ A—i—j'
j j
(116)

Multiplying (116) by x ™ and adding over i € Z, we obtain that

0= ijq(ﬂj)/zAi*jxiiijxj - ijqi(ﬁj)/zA-i—jxfifjxj
i,j i
- ijA/\ (q—l/Zx) - ijA/\ (ql/zx—l) o
J j

= f(x) A(; (q_l/zx) .

17)
The equivalence between (a) and (b) follows from
Proposition 14. O
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