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The mixed boundary problems for finite plates with one crack or two collinear cracks are studied. Complex stress functions that
satisfy the equilibrium equations and compatibility conditions in the cracked plate as well as the stress condition on crack surfaces
are presented. Four models, that is, a square plate with one crack or with two collinear cracks and an airfoil-shaped plate with one
crack or with two collinear cracks, are established. The unknown coefficients of the complex stress functions are determined by
using boundary collocation method (BCM). The effects of crack orientation, crack distance, and boundary condition on SIFs are
investigated by combining with BCM, and the corresponding photoelastic experiments are conducted. The test results generally

agree with the BCM calculation results.

1. Introduction

Finite plates with fixed and loaded combination boundary
are frequently encountered in engineering practice, such as
cantilever beams and aircraft airfoils. In both cases, part of the
structures is fixed and the upper face of the cantilever or the
windward side of the airfoil will be subjected to load. If such
structures contain a crack or multicracks, how to evaluate
their stability and strength is a significant subject because
the strength of cracked structures is immensely dependent
on the geometrical configuration, loading condition, and the
crack behavior. In order to precisely predict the stability of
the structures of cracked finite plates with mixed boundary
condition, it is imperative to implement theoretical and
experimental studies so as to obtain the dominative param-
eters that control the structure stability and, furthermore, to
predict engineering disasters.

Varied solutions to stress intensity factors for crack
problems are generally in three different ways, namely,
analytic, numerical, and experimental methods. For many
plane problems, the SIFs can be found in the handbook [1, 2].
Muskhelishvili [3] established the fundamental equations in
terms of complex functions to solve many plane problems.
Jing [4] reviewed the numerical methods in literature and

listed many available numerical methods, outstanding issues
and potential future developments in this field. Marakami
[5] used the finite element method to determine the stress
intensity factors for a plate with single crack. Zhu et al. [6-11]
investigated the effect of crack orientations on SIFs for cracks
subjected to uniform load and proposed a brief formula
of SIF based on BCM calculation results. Yavuz et al. [12]
analyzed the interaction of multiple crack configuration using
integral equations derived from crack opening displacement
and calculated the SIFs of branched crack and kinked
crack. Chen et al. [13] solved a number of multiple crack
problems in integral equation approach. Zhu [14] formulated
the analytic solution for infinite plate with two collinear
cracks and proposed a new fracture criterion for collinear
cracks under compression. Wang et al. [15] used BCM to
investigate the SIFs of finite rectangle plate in bending, and
the results agreed very well with existing literature. Jin et al.
[16] studied the effect of confining stress, friction coefficient,
crack orientation, and crack distance on SIFs in a finite plate
with collinear cracks. Although the crack problem has been
widely studied by the above researchers, the issue of finite
cracked plate with mixed boundary conditions, which is often
encountered in engineering practice, has received limited
attention.
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(a) A single crack model

(b) Two collinear cracks model

FIGURE 1: A square plate with (a) a single crack and (b) two collinear cracks under mixed boundary condition.

The objective of this paper is to present the SIF solutions
to two kinds of finite cracked plates, a square plate and an
airfoil-shaped plate, with mixed boundary conditions and
to investigate the effect of crack orientation, the distance
between two collinear cracks and boundary condition on
SIFs. A set of equations is formulated in terms of complex
functions to describe the stress distribution. These stress
functions automatically satisfy the equilibrium and compat-
ibility requirements, single-valued displacement condition
as well as the stress condition on crack surfaces. Only the
boundary conditions on the outer boundary need to be
satisfied, and this is achieved by using boundary collocation
method (BCM), which is a simple and accurate numerical
method and has been well established by many researchers
[6-9,15,17].

2. Complex Stress Functions

The general solutions to linear elasticity problems, expressed
in terms of complex stress potentials ¢(z) and w(z), were
first presented by Muskhelishvili [3], and the stresses and
displacements of plane problems can be formulated as

ax+ay:2[d>(z)+m],

0, —iT,, = D (2) + Q(2) + (2 -2) D' (2), ¢Y)

2G(u+iv) =k (2) - w (2) - (2 - 2) @ (2),

where z = x +iy,z = x — iy, O(z) = <p'(z), Q(z) = w'(2),
k = (3 —v)/(1 + v) for plane stress problem and x = 1 — 4v
for plane strain problem; G = E/2(1 + v), where v is Poisson’s
ratio and E is Young’s modulus.

Automatically, the equilibrium equations and compat-
ibility conditions are satisfied by these functions. Specific
expressions for each stress and displacement component
can be obtained if the single-valued displacement condition
and boundary conditions (stress and displacement boundary
conditions) are satisfied. The single-valued displacement
condition can be written as

kPD(z)-PQ(z)=0. (2)
poe-¢

In this paper, a part of the boundary is fixed as shown
in Figure 1, so the displacement boundary condition can be
expressed as

kp(2) - w(@) - (z-2)D(2) =0. 3)

The resultant force boundary condition which is more
accurate than stress boundary condition can be written as

0(2)+ (@) +(2-2) D (@) = ir (X, +iv,)ds,  (4)

2o

where z is an randomly selected point on the outer bound-
ary.

The plates as shown in Figure 1 are subjected to both
stress and displacement boundary conditions (i.e., upper edge
loaded with uniform compression and right edge assigned
with zero displacements) with one centrally located crack and
two collinear cracks, respectively. The crack is designed to
coincide with the x-axis, which is at an angle o with respect
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to the horizontal x-axis. According to Zhu [14], the complex
stress functions ¢(z), w(z), and ®(z) can be written as

9(2) = (22~ @) (2~ ?)

M M
-2
X Z EZ"" + Z FZ" - -0z + —itz,
n=1 n=1

M M
X Z Ez" - Z Fz" - -0z + —itz,
n=1 n=1
5
() = 1 ©)
V(2 - a?) (2 - b?)
M
X z E, [nz"Jrl -(n-1) (az + bz) PA
n=1
+(n-2) a2b2z"_3]
M
+ Zanz" ' Co+ —it,
n=1

where ¢ and 7 are normal and shear stresses acting on crack
surface, E, and F, are complex constants in general, and M
is the number of summation term. The resultant force and
displacement boundary can be expressed as

ir (X, +iY,)ds=¢(2) +w(2) +(z-2) @ (2) = Q(2),

20

(6)
2G(u+iv) = kg (2) —w (2) - (2 -2) P (2) o)
= kK+1)9(2)-Q(2) =T (2).
Inserting (5) into (6), one can have
N
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n=1
HWE-@)(F - )z
N
+Y F,(2"-2")+(z-2)
n=1
- conjg !
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Letz =ré¥, z—a=re?, z+a = r)e®, z—b =r,e® z+b =
r,e®*, then
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where r and 0 are the modulus and angle of a complex.
Substituting (9) into (8), the real and imaginary parts of (8)
can be separately expressed as

M

Re[Q(2)] = Z [Sik + Seic] Re (Ey)

k=1
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Following the same procedure, the real and imaginary parts
of (7) can be separately written as

M
Re[T (2)] = ) [Uy = Sy — See] Re (Ey)
k=1
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(11a)
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where
Sik = Zprk_2 cos[(k-2)+«],
Sy = 2r* sin k6,
Sa = 2kr* sin 6 cos (k - 1) 6,
Sa = 2kr* sinsin (k - 1) 6,
Ssi = 2kr™*? sin 6 cos [k+1)6-a
p
2(k-1) (a2 + bz) sinfcos[(k—1)60 — «]
P
. 2 (k - 2)a’b** 2 sinB cos [(k - 3) — «]
P
(12)
Sek = 2kr**2 sin @ sin —[(k +10-al
P
2(k-1)(a’+b*)sin@sin[(k - 1)6 - a]
P
. 2 (k- 2) a*b*r* 2 sinOsin [(k - 3) - a]
P bl

U= (k+ l)prk_2 cos[(k-2)+«],
Uy = (k+1) prk_2 sin[(k—-2) +«],
Uy = (k+ 1) r* cos k6,
Uy = (k+ 1) r* sin k6.

The crack tip SIFs are [13]

K; —iKy = ZlLIl;ﬂZ\/Zne_iﬂ (zFa)®(2), (13)

where f is the crack angle with respect to the positive x-axis,
and for the right crack tip § = 0, whereas for the left one,
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p = m. The dimensionless SIFs Y; and Y, for the right crack
tips are

Y, —iYy = (14a)

>

(K - iKy) _ Yty B2\ + )™
[

KO 1

and for the left crack tips they are

v iy - (K, -iKy) Yoty E2(a+b)(-1)*'a""?
1~ 11— - >

Ky 0
(14b)

where K, = 0,/7(a — b) and the parameters a, b, and o, are
shown in Figure 1(b).

3. Boundary Collocation Procedure

From (14a) and (14b), one can find that dimensionless SIFs
can be obtained once the coefficients of E; are determined.
In this study, boundary collocation method (BCM), which
is a simple and accurate numerical method, is employed to
obtain the coefficients of E;.. In the computational procedure,
boundary conditions on the outer boundary are enforced
at every collocation point. Both stress and displacement
boundary conditions, that is, (6) and (7), are employed
for the mixed boundary problem. BCM is applied to form
simultaneous equations based on (10a) and (10b) and (11a)
and (11b) according to the procedures as follows: first, N
collocation points are distributed on the whole boundary
with equal distance. Secondly, two coefficient equations will
be generated for each point using (10a) and (10b) or (1la)
and (11b) depending on the boundary condition. Thus, 2N
equations can be obtained and expressed in matrix form as

[Alnwanr X anr = {Fhans (15)

where each element of [A], x4/ 1S the summation of S (i =
1,2,...6) and Uy, (i = 1,2,3,4) that are determined by the
coordinates of the collocation points, {X},,, is the unknown
coefficient, that is, the real and imaginary parts of E; and
F, and {F},y is the matrix consisting of the accumulative
external forces and displacements at the collocation points.
Equation (15) can be efliciently solved by means of the least
square method, which is the result of Newman’s experience
[17].

4. Numerical Results for Cracks under Mixed
Boundary Conditions

Using BCM, the SIF values of the four aforementioned
models, that is, a square plate with one crack or with two
collinear cracks and an airfoil-shaped plate with one crack
or with two collinear cracks, are calculated. Based on the
calculation results, the effects of crack orientation, crack
distance, and boundary condition on SIF are investigated.

4.1. Effect of Crack Orientations on SIFs for Plates with
Single Crack. In order to validate the boundary collocation



ISRN Mechanical Engineering

13.83

13

(a) A single crack model

FIGURE 2: An airfoil-shaped plate with a single crack and two collinear cracks with mixed boundary condition.

method and the calculation procedure, the Mode II stress
intensity factors for a square plate with a single crack and an
airfoil-shaped plate with single crack under mixed boundary
condition as shown in Figures 1(a) and 2(a) are calculated.
For each plate, the top boundary is subjected to uniform
compressive stress o;, while the right boundary is fixed
and the others remain stress-free. The collocation points are
distributed on the whole boundary of the plate, and some
parameters pertinent to the calculation are listed in Tables 1
and 2, respectively.

Because of two crack tips, the crack is designed to turn
from 0° to 180" in an anticlockwise sense. As crack tip A
turns from 0° to 180°, tip B will turn from 180" to 360°. The
corresponding Mode II SIFs are calculated and are plotted in
Figures 3 and 4.

From Figure 3, it can be seen that as « = 0°, SIF is
larger than 0. This is because the right edge is fixed and the
left edge is stress-free, and the normal compression from the
top edge creates an anticlockwise moment, which, similar
to the situation in a double cantilever beam subjected to
vertical load, forces the upper horizontal crack surface to slide
towards the right with respect to the lower crack surface,
resulting in a positive shearing SIF value. Both curves first
increase and then decrease, and finally they increase again.
The SIF curves reach their peak values both about at o = 30°
and then decrease to the minimum values about at & = 118°.
The crack orientation at the peak value is called the most
unfavourable orientation. Before the peak values, that is, as
a < 30°, the load-induced moment plays the predominant
role in the determination of crack SIE. As the angles increase
to a certain value, the vertical load compels the upper bulk,
to which the upper surface is attached, to slide downwards,
resulting in a negative SIF value.

The SIF curves for the crack of the airfoil-shaped plate,
shown in Figure 4, possess curvilinear trend analogous to
those in Figure 3. The SIF of tip A acquires its maximum value

5
(b) Two collinear cracks model
TaBLE 1: Calculation parameters for the square plate.
Crack length a-b=025
Crack tip Distance 2b =0.125
Number of summation term M =15
Total number of collocation point N =256
TABLE 2: Calculation parameters for the airfoil-shaped plate.

Crack length a-b=025
Crack tip distance 2b =0.125
Swept back angle a =20
Number of summation term M=15
Total number of collocation point N =384

2.23 at angle 20.8° and minimum value —2.27 at angle 107.6°.
The SIF of tip B reaches its maximum value 2.25 at angle 17.6°
and minimum value —2.20 at angle 107.6".

Evident differences exist if a detailed examination is taken
between the two figures. The amplitude of curves for airfoil-
shaped plate is much larger than that for square plate. Since
the crack in the former plate covers shorter distance to the
loaded boundary, which greatly affects the stress field in the
vicinity of crack tip, the SIFs for airfoil-shaped plate exhibit
higher values. For instance, at angle 45°, the SIF at tip A for
square plate is 0.28, whereas for the airfoil-shaped plate it is
1.25, which represents 3.46 times increase in SIF value. At
both crack tips, the SIF curves for the airfoil-shaped plate
reach their maximum and minimum values prior to those for
the square plate.

4.2. Influence of Crack Orientations on SIF for Plates with Two
Collinear Cracks. Materials usually contain a large number
of cracks or microcracks, and sometimes the cracks are lined
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FIGURE 4: Curves Y};-« for a mixed boundary airfoil-shaped plate with single crack.
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FIGURE 5: Comparison of the Y}; of crack tip C with those of tip D for the square plate.

up, which is called collinear cracks. Figure 1(b) shows a plate
with two collinear cracks under mixed boundary conditions.
Except for the number of cracks, all other parameters are
the same as those shown in Figure 1(a). The corresponding
calculation results of the dimensionless SIF Yy; at crack tip C
and D are plotted in Figure 5. It can be seen that the curve
amplitude of tip D is larger than that of tip C. This is to be
expected, as crack tip D closes to crack tip E, crack tip D is
greatly affected by its adjacent crack.

For the airfoil-shaped plate with two collinear cracks
as shown in Figure 2(b), the calculation result is shown in
Figure 6. Because of the differences in plate shapes and crack
locations, the SIF values for airfoil-shaped plate generally are
much larger than those of the square plate.

The calculation results show that the difference of SIF
values between the two inner crack tips D and E is very small,
and it can be easily understood that the nuance of the SIF
values at the inner crack tips arises from the asymmetry of
stress and displacement boundary conditions.

4.3. Comparison of SIF between One-Crack Model and Two-
Crack Model. Brittle materials usually contain a number
of cracks, and they affect each other. In this section, the
comparison of the SIFs between one-crack model and two-
crack model is implemented. For the two-crack model, the
distance between two crack tips is 0.125, which is half of the
crack length. The corresponding Y}; — « curves are compared

in Figure 7, and it can be found that the Y};—« curve amplitude
for the two-crack model is much larger than that of the
one-crack model, which means the more cracks a material
possesses, the more unstable the material is.

4.4. Effect of Crack Distances on SIFs and Experimental Verifi-
cation. In order to investigate the influence of crack distance
on SIFs, the square plate with two collinear cracks is employed
and the crack orientation is fixed at 30° which is the most
unfavourable orientation shown in Figure 5. The distance 2b,
between the two crack tips, increases from 0.05(a — b) to
3.0(a — b), at an interval of 0.05(a — b), where (a — b) is
half crack length. The corresponding dimensionless SIFs of
crack tips C and D are calculated, and the result is shown
in Figure 8. When the ratio 2b/(a — b) decreases from 3.0
to 0.5, the absolute values of SIFs at both tips increase in a
slow manner, and as the ratio continues to decrease, the SIF
of inner tip D starts to increase rapidly. This means that the
effect between two cracks increases as the distance between
two cracks reduces.

Photoelastic experiment was carried out to show the
characteristics of fringe patterns for varied crack distance and
to validate the numerical method introduced in this paper.
Four polycarbonate plates with two collinear penetrated
cracks were used with the dimension 13cm x 13cm X
0.6 cm. The crack length is 1.0 cm, and the ratio of crack tip
distance versus crack length was set to be 0.0, 1.0, 2.0, and



Dimensionless SIF Yy

ISRN Mechanical Engineering

|
[\S]

78 1 1 1 1 1 1 1
0 50 100 150 200 250 300 350
Crack inclined angle « (°)
—— TipC
—a— TipD

FIGURE 6: Comparison of the Yy, of crack tip C with those of tip D for the airfoil-shaped plate.

Dimensionless SIF Y}y

b f f f I I ) f

|
o
wn

_1.5 1 1 1 1 1 1 1 1

0 20 40 60 80 100 120 140 160

Crack inclined angle « (°)

—A— 1 crack
—m— 2 cracks

F1GURE 7: SIF comparison for a square plate with one crack and two cracks.

180



ISRN Mechanical Engineering

Dimensionless SIF Yy

JVVVVVVVVVVVVVVVVVVVVVVVVVEY

JVVVVVVVVVVVVVVY
0.5 _AAA'AAAAAAA—AAAAAAAA ‘

0 I I
0 0.5 1 1.5 2 2.5 3
The ratio of crack tip distance to crack length [2b/(a — )]
—4— TipC
—a— TipD

FIGURE 8: Calculation results of Y}; — 2b/(a — b) curves from the square plate model.

2b/(a - b) = 2b/(a-Db) =1

2b/(a-b) = 2b/(a-b) =

FIGURE 9: Photoelastic test result of fringe patterns for the mixed boundary square model with different ratios of crack tip distance to crack

length.

3.0, respectively, and the crack orientation was fixed at 45°.
Comparing with the numerical results shown in Figure 8,
one can find that the photoelastic results shown in Figure 9
generally agree with the numerical result.

4.5. Effect of Boundary Condition. In order to investigate the
effect of boundary condition, the corresponding uniaxial
compression model of a square plate with two collinear cracks
is employed. Except for the boundary, the other parameters
are the same as those shown in Figure 1(b). The corresponding
calculation results for the models with two different boundary
conditions are compared in Figure 10. In order to qualitatively
confirm the numerical results, the photoelastic experiment

result for the square model under uniaxial compression is
presented in Figure 11.

Comparing the fringe patterns shown in Figure 11 with
those shown in Figure 9 and combining with the calculation
results shown in Figure 10, one can find that the SIFs for
the square model under uniaxial compression are about two
times larger than those for the square model with mixed
boundary conditions, which means that mixed boundaries
can affect SIFs largely.

5. Conclusions

The stress intensity factors (SIFs) for cracked finite plates with
mixed boundary condition are studied in this paper, and a



10

ISRN Mechanical Engineering

Dimensionless SIF Yy;

The ratio of crack tip distance to crack length [2b/(a - b)]

—A~ Uniaxial compression Tip D —4$— Mixed boundary Tip D
—©~ Uniaxial compression Tip C —— Mixed boundary Tip C

FIGURE 10: Calculation results of Y;; — 2b/(a — b) curves from the square plate model under uniaxial compression and mixed boundary

conditions.
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FIGURE 11: Photoelastic test result of fringe patterns for the square model under uniaxial compression with different ratios of crack tip distance

to crack length.

set of complex stress functions is presented. The unknown
coefficients of the stress functions are determined by using
boundary collocation method (BCM). Four cases, a square
plate containing one-crack or two-cracks and an airfoil-
shaped plate containing one-crack or two-cracks with mixed
boundary condition are investigated, and the corresponding
SIFs are calculated. The effects of crack orientation, crack
distance, and boundary condition on SIFs are investigated
and in order to confirm the calculated results, photoelastic
experiments are conducted. From this study, the following
conclusions can be obtained.

(1) SIF increases as the distance between two cracks
decreases, which means that the effect between cracks
increases as the interval distance reduces; in partic-
ular as the distance between two crack tips is less
than half crack length, the effect between two cracks
is intensified largely.

(2) Boundary condition affects SIF significantly. From
Figure 10, one can find that for a square plate with
two collinear cracks under uniaxial compression, the
SIFs are about twice the amount as compared with the
mixed boundary as shown in Figure 1(b).
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(3) Comparing with finite element method, BCM has
shown its prominent advantages in simplicity of
programming, efficiency in saving computer time,
and adequate accuracy.
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