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Abstract. 
Theoretical and numerical analysis of the transmission function of the focusing system with high numerical aperture was conducted. The purpose of the study was to form a thin light tube in a focal area using the azimuthally polarized radiation. It was analytically shown that, due to destructive interference of two beams formed by two narrow rings, it is possible to overcome not only the full aperture diffraction limit but also the circular aperture limit. In this case, however, the intensity at the center of the focal plane is significantly reduced, which practically leads to the tube rupture. It was numerically shown that long thin one-piece tubes may be formed through the aperture apodization with diffractive axicon phase function or with complex transmission function of Laguerre-Gaussian or Airy-Gaussian beams.


1. Introduction
Introducing a narrow annular aperture to the tightly focused cylindrical beams with radial or azimuthal polarization, the blocking light in almost all central parts of the lens [1–3] is a simple but energetically expensive way of forming long narrow beams in the focal region. In the case of radial polarization a thin thread of light is formed, while in the azimuthal polarization a light tube is formed. Moreover, the transverse dimension corresponds to the scalar diffraction limit. In other types of polarization the focal spot (or ring) is larger because of the contribution of the various components of the electromagnetic field to the focal region.
To increase the efficiency and overcome the diffraction limit more sophisticated ways of full aperture apodization of function are used. It can be either a pure phase or an amplitude-phase distribution [4–9]. Thus, as a rule, reducing the focal spot size is accompanied by the redistribution of energy from the central part to the sidelobes. This situation is consistent with the Toraldo di Francia theory [10], according to which possible to obtain infinitely narrow central spot due to the growth of sidelobes. But this growth is sometimes several times [8, 9] or even orders [11] higher than the reducing of central light spot.
The presence of significant sidelobes limits the use of “super-resolution” elements in representing systems and optical data recording, when the acceptable intensity level in the sidelobes is less than 30% with respect to the central peak [12].
However, the optimization procedures controlling the growth of the sidelobes lead to the inevitable broadening of the central spot size [12, 13].
It was shown in [14] that the introduction of the radial phase jump on 
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 for the radial polarization, which is less than a simple circular aperture result (FWHM = 
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). In this case, the intensity level of the sidelobes is less than 30% of the main peak, and they can be filtered out [15] or neutralized by the nonlinear interaction of light and the record medium [16].
Reducing the focal spot size without a significant increase of sidelobes is achieved by introduction of the radial phase jump due to destructive interference of two beams, formed by each of the rings in the aperture [14, 17].
Theoretical and numerical analysis of the transmission function of the focusing system with high numerical aperture was conducted in this paper in order to form a thin light tube in the focal area using azimuthal polarization. This distribution is used in optical trapping and manipulation of solid microparticles and cold atoms [18, 19], in shadow microscopy, as well as in microscopy based on stimulated emission depletion: STED [20, 21].
2. Theoretical Analysis
Azimuthally polarized vector electric field of high-aperture focusing optical system in a homogeneous dielectric medium near the focus can be described by the following expression:
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, NA is numerical aperture of lens, 
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 is Bessel function of the first kind and the first order, and 
	
		
			
				𝐷
				(
				𝜃
				)
			

		
	
 is any univariate function.
It can be seen from expression (1) that the light ring is formed in the focal plane in scalar mode; all the components except the azimuth one are zero. This fact makes it easy to implement various optimization procedures to correct distribution in the focal plane, in particular to reduce the size of the light ring.
 The introduction of a narrow annular aperture that transmits light only in the peripheral part of the lens can reduce the inner ring to the scalar limit that corresponds to the first-order Bessel function:
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					The focal distribution along the optical axis elongates simultaneously. A thin light tube is a result of this process. The radius of such tube is determined by the maximum value of the Bessel function:
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					and approximately equals the full width at half-maximum (FWHM). 
Note that the narrowest transverse dimension of the light tube is achieved by annular aperture width tends to zero. In this case, the intensity of expression (2) also tends to zero. This fact is the main disadvantage of such approach.
Also there are some full-aperture distributions that allow more efficient forming of thin light tubes in azimuthal polarization-Zernike polynomials [9], axicon-like structures [8], and Laguerre-Gaussian (LG) modes [22, 23], as well as binary phase elements [24, 25].
To reduce the diameter of the light tube the optimization [13] of function 
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 can be performed, but in this case a good length of the tube is not guaranteed. To comply with both conditions it is easier to combine the optimization procedure with the central locking of the lens.
We should also keep in mind the complexity of the manufacturing of optical elements for apodization pupil of the focusing system. A binary structure is the most suitable for it, that is, when the function 
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The following function can be used to decrease the focal ring radius:
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					Function (4) allows us to achieve the beams interference formed by separate rings in the focus (2): 
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					Using the approximation of Bessel function [26], 
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					The following approximation can be obtained from expression (5):
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 providing the minimum light ring size in the focal plane can be found analytically. The maximum of expression (7) is achieved when
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					It can be seen from expression (8) that the minimum focal ring radius is provided by 
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Because of the Bessel function (6) approximation the estimate (9) is understated by about 6%, that is, 
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. But even in this case the corresponding scalar limit is overcome.
3. Numerical Simulation
The results of numerical simulation for the expression (1) for the different transmission functions 
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The results of the simulation for a narrow annular aperture width 
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 (first line) are listed in Figure 1. In this case according to approximation (3) the radius of the light ring 
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Figure 1: Thin light tube formation.


 To increase efficiency, you can use modes of laser radiation. The results for the mode LG (1,1) are shown in the second row of Figure 1. However in this case the radius of the light tube increases 
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. The structure of the illuminating field is practically repeated in the focal plane. It has the appropriate number of rings. With the increase of the radial mode number the efficiency in the tube center falls and the diameter reduces.
Significant reduction of the tube diameter can be achieved through an iterative calculation [13]. The results of this calculation with the controlled growth of sidelobes are shown in the third row of Figure 1. In this case the diffraction limit (
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) was overcome, but the light tube has a lower intensity in the center part. 
Zernike polynomial of the second order allows you to create a similar light tube [9], its radius 
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Approach (4) allows further tube diameter reduce in the focal plane (
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), but the intensity also further reduces. In this case, the picture in the focal area looks almost like a tube with a gap. 
To get very long light tubes diffractive axicon can be used as a transmission phase function 
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. This system works as high-aperture lensacon [27]. The first line of Figure 2 shows the formation of a narrow cone, which begins a little further from focal plane and extends to a distance of more than 60 wavelengths. The radius of the cone is small: in the beginning (at a distance 
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Figure 2: Long light tube formation.


If the superposition of two axicons-divergence and convergence is used: 
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, it is possible to form two symmetrical cones at the same time (see the second line of Figure 2). However, in this case there is an open loop of right and left light beams.
As it was mentioned earlier, LG modes of high order can be used to form thin solid light tubes. In the third row of Figure 2 the result for the mode of LG (18,1) is shown. In this case, a long one-piece light tube is formed, its radius in the center of tube is 
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. Thus, the divergence of such tube is greater than that for the axicon and corresponds to a Gaussian beam. Due to the high divergence the intensity of tube decreases rapidly with increasing distance from the focal plane. Longitudinal intensity of the tube can be made more uniform if the Gaussian parameter 
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 is reduced. In this case illuminating radiation is concentrated in the central part of the lens, the numerical aperture is reduced, and the divergence of the Gaussian beam is reduced by the focal radius increasing.
Another result is obtained if the transmission function is a radial Airy-Gaussian function (AG). This distribution was considered in [28] as close to Gaussian modes, and it was shown that more compact light beam is formed in the focal plane. Indeed, the light tube is a little more narrow: 
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 (the last row in Figure 2). Moreover, the uniformity of the longitudinal intensity can be varied by means of a Gaussian parameter 
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 without the tube radius increasing.
4. Conclusion
The formation of thin light tube by tightly focused azimuthally polarized light beams was investigated in the paper. 
It was theoretically shown that for the polar components the problem can be converted to a scalar one, and it can be solved by partitioning an aperture into narrow rings. It was shown in the analytical expression for a separate ring that due to the superposition of beams arriving to the focal region from different rings not only the full-aperture diffraction limit but also the limit corresponding to the Bessel function of the first order can be overcome. In this case, however, the intensity in the central part of the focal plane is significantly reduced, which practically leads to the tube rupture. 
Various types of aperture apodization that allow forming of long thin light tubes were examined numerically. It was shown that using the diffraction axicon phase function slightly divergent light cone which is longer than 
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 can be formed. The radius of the cone increases from 
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. Light cone is displaced to the right or left from the focal plane depending on the axicon type (divergent or convergent).
To form the one-piece light tube that is symmetric with respect to the focal plane the Laguerre-Gaussian modes of higher order can be used. As the mode radial order decreases, the radius of the light tube and the energy falls. The divergence of this tube is in an agreement with the Gaussian beam and divergence in this case is more than that of axicon. In the center the radius was at the minimum 
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 but at 60 wavelengths, it increased approximately from 4-fold to 
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. Because of the substantial divergence the tube intensity decreases rapidly when the distance from the focal plane grows. Longitudinal intensity of the tube can be made more uniform if the beam illuminating the lens is reduced in scale. Nevertheless the thickness of the formed tube increases.
To solve this problem it was proposed to use radial Airy-Gaussian functions. Divergence of the beam is almost the same but the uniformity of the longitudinal intensity can be varied by means of the Gaussian parameter without increasing the thickness of the tube. 
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