
Hindawi Publishing Corporation
Journal of Applied Mathematics
Volume 2012, Article ID 370502, 19 pages
doi:10.1155/2012/370502

Research Article
Modeling Optimal Scheduling for Pumping
System to Minimize Operation Cost and Enhance
Operation Reliability

Yin Luo, Shouqi Yuan, Yue Tang, Jianping Yuan,
and Jinfeng Zhang

Research Center of Fluid Machinery Engineering and Technology, Jiangsu University,
Zhenjiang 212013, China

Correspondence should be addressed to Yin Luo, luoyin6@gmail.com

Received 20 October 2011; Revised 18 January 2012; Accepted 22 January 2012

Academic Editor: Zhiwei Gao

Copyright q 2012 Yin Luo et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

Traditional pump scheduling models neglect the operation reliability which directly relates with
the unscheduled maintenance cost and the wear cost during the operation. Just for this, based
on the assumption that the vibration directly relates with the operation reliability and the degree
of wear, it could express the operation reliability as the normalization of the vibration level. The
characteristic of the vibration with the operation point was studied, it could be concluded that
idealized flow versus vibration plot should be a distinct bathtub shape. There is a narrow sweet
spot (80 to 100 percent BEP) to obtain low vibration levels in this shape, and the vibration also
follows similar law with the square of the rotation speed without resonance phenomena. Then,
the operation reliability could be modeled as the function of the capacity and rotation speed of
the pump and add this function to the traditional model to form the new. And contrast with
the tradition method, the result shown that the new model could fix the result produced by the
traditional, make the pump operate in low vibration, then the operation reliability could increase
and the maintenance cost could decrease.

1. Introduction

As important aspects in engineering industries, low cost and high reliability are the focus of
the operation control in pumping system [1, 2].

The purpose of pump scheduling function is to schedule the operation of N pumps
over a time period to meet consumer demands, and optimizing this function has been proven
to be a practical and highly effective method in reducing operation costs without altering the
actual infrastructure of the whole system. Thus, this issue naturally draws the attention of
researchers [2].
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Pump system scheduling should be robust with any operation scenarios and should
deal virtually with all operation factors, such as variable speeds, constant speeds, and
switched-off pumps, in relation with operation constraints relative to power, head, flow, and
speed. It is a very complex problem.

Many researchers have developed optimal control concepts to minimize operating
costs associated with water-supply pumping systems. Mays [3] listed and classified various
algorithms that have been developed to solve the associated control problem. In earlier
studies, linear, nonlinear, integer, dynamic, mixed, and other kinds of programming were
used to optimize a single objective: reduction of the electric energy cost. A detailed review
of these works can also be found in [4]. Later, Lansey et al. [5] introduced the number of
pump switches as an alternative to evaluate the pumps’ maintenance costs, which became
the second objective considered until that time. This method also proved that one Gulf Coast
refinery project [6] can save about $2 million per year. In this way, as far as pump operation
is concerned, the basic optimal scheduling model to reduce electrical and maintenance costs
was formulated. The development of the pump scheduling model was later modified by
forming or adding some optimization objectives, such as reservoir level variation and power
peak, according to specific conditions.

However, in contrast to the estimation of electrical cost, where the computation is
straightforward, computing for maintenance costs using the number of pump switches has
some limitations.

According to some researchers [7–10], the cost of unscheduled maintenance which
was not considered in former model may be the largest contributor to operation cost in
process plants, and although with the mainly aspect of the wear and tear in switch course,
the operation course should not been ignored.

At the same time, Bloch and Geitner [7] published three hydraulic factors, namely,
rotation speed, impeller diameter (tip clearance), and operation point that can affect
operation reliability which affects the unscheduled maintenance directly.

Subsequently, further improvements can be realized if these hydraulic factors could
be quantified to develop an objective model in pump scheduling to enable the pump to
operate in a high-reliability mode, then the reliability incidents would be reduced. As a result,
maintenance cost can be reduced [10].

Vibration is one of the most vexing problems of pumping machineries, and it is the
primary cause of considerable altercations and litigations. Excessive vibration of pumps and
piping can destroy parts of the equipment (such as drive shafts, bearings, and seals). It can
affect the reliability and life of the equipment and is often assumed as direct sign of reliability
and health of the machine. One major end user puts a great deal of emphasis in reducing
pump vibration through precise maintenance program, and some researchers adopted this
index to indicate the degree of health and reliability of pumps. For example, Perez proposed
a new method based on vibration called Nelson plot to assess the risk of low-flow operation
in centrifugal pumps [11].

The main purpose of the current study is to set the vibration level as quantification of
the hydraulic factors that influence operation reliability and the wear and tear in operation.
Based on analysis of the vibration characteristics, an objective model is formulated to describe
the relative reliability during operation, which presents a quantitative approach to evaluate
alternative operating conditions. This new objective is added to the traditional model to
form a new scheduling model. Subsequently, the operating conditions of the pump can
be improved by making the pump operate at low vibration, the maintenance cost will be
reduced, and the operation reliability will be enhanced to a certain degree.
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2. Vibration Characteristics of Pumps

For centrifugal pumps, the sources or causes of vibration are mainly composed of two types:
mechanical and hydraulic.

For the mechanical cause, some imbalance and shaft misalignment always exist. This
can cause vibration of the pump, and the intensity of this kind of vibration is related to
the excitation force caused by the imbalance of the load. The load is directly related to the
operation point.

Hydraulic vibration is caused by the reaction of the impeller vane as it passes the
casing cutwater. Pump operation offers the best efficiency point (BEP) and thus creates eddies
within the pump and some flow instabilities, such as cavitation. All these factors directly
correlate with the operation point.

As throttle and speed controls are the most common control methods in centrifugal
pumping system, the vibration characteristics under these two control operating modes were
analyzed.

2.1. Vibration Characteristics of the Pump under Throttle Control

Basically, three types of vibrations should be distinguished: free vibrations, forced vibrations,
and self-excited vibrations. Whereas free vibrations are rarely significant in pump operations,
forced and self-excited vibrations frequently cause problems. For the forced vibrations,
the force is the cause of the vibration, and self-excited vibration occurs when the exciting
frequency is close to the natural frequency; it is an abnormal condition that should be avoided
in system design and installation. Therefore, the vibration characteristics can be obtained by
studying the mechanical and hydraulic force characteristics.

A force curve is shown in Figure 1 [12], summarized by Vorhoeven through test
results from 47 pumps. The horizontal axis represents the BEP multiples, and the vertical axis
represents the dimensionless number of the forces, expressed as

KR =
F

ρgHD2b2
, (2.1)

where F is the force, ρ is the fluid density, H is the pump head, D2 is the outer diameter of
the impeller, and b2 is the outlet width of the blade.

From the curve, the force caused by imbalance has a remarkable characteristic: it does
not become small because of the BEP, and it is related to the load. When the load exceeds the
BEP, the force significantly increases, and this force is relatively stable and small when the
pump operates with partial load.

For the force generated by the flow, some features can be found. The minimum
excitation is in the range of 0.9 BEP to BEP, and the excitation increases with partial load and
at high flow condition. These curves are displayed in distinct bathtub shape. The stronger
excitation caused by the interaction has a large slope at the right of the BEP, whereas the
other has smaller slope at the left of the BEP.

From the above discussion, conclusion can be drawn that the idealized flow versus
vibration plot should have a distinctive bathtub shape. For this bathtub shape, a narrow
sweet spot (80% to 100% BEP) exists that can be used to obtain low vibration levels. The
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Figure 1: Forces in the impeller.

capacities move to the left and right of the low vibration level point, the vibration levels
begin to increase, and the slope at the right area is larger than that at the left.

This bathtub-shaped flow versus vibration plot also can be found in some research
works [9–11].

Figure 2 shows the test result of a well-designed centrifugal pump obtained by Ni et
al. [13]. The pump was precision manufactured and installed. In Figure 2, BX, BY, and BZ
are three direction vibration levels of the bearing house, whereas pc is the vibration level of
the pump cover. The flow versus vibration plot in that test is exactly as the expression, and
similar result can also be found in Perez’s work [11].

2.2. Vibration Characteristics of the Pump under Speed Control

Mechanical and hydraulic excitations are the main causes of vibration.
According to the affinity law in pumps, when a pump is operating at two different

speeds, the flow condition in the pump is homologous. Thus, when the pump operates at
different rotation speeds, the variable tendency of hydraulic excitation versus the flow is
still the same as that at different speeds, but the degree of some flow phenomena, such as
instability interaction, will change under different speeds, especially at low speed.

The mechanical excitation is mostly related to the balance degree and the load. The
load still has some homologous regularities expressed as the variable tendency of hydraulic
excitation versus flow, which is almost the same at different speeds. In addition, once the
speed drops below the nominal motor speed, the mechanical excitation is reduced quite
obviously.



Journal of Applied Mathematics 5

10

8

9

7

5

3

1

6

4

2

0
0 0.5 1 1.5 2

Capacity, Q

R
M

S 
vi

br
at

io
n
(m

2 /
s)

BY
BX

BZ
pc

Figure 2: Vibration level in a well-designed centrifugal pump by Ni.

Based on the above results, the excitation versus flow at different rotor speeds is noted
to have similar varying tendency to a certain extent, but the degree of excitation is different.
Therefore, the vibrations among different rotor speeds from this point have similar varying
tendency to a certain extent.

Figure 3 [10] shows the test vibration level dates of a pump in a chemical process
with model 1.5× 3–13 ANSI B 73.1. The measured point of vibration is at the thrust bearing
horizontal plane, and the date was adopted with root mean square (RMS) expression. The
vibrations among different rotor speeds have similar varying tendency to a certain extent.

However, in centrifugal pumps, the vibration spectrum usually contains only the
fundamental shaft frequency, the blade passage frequency, and one or two harmonics. All
these characteristic frequencies are directly decided by the rotor speed. Therefore, potential
dangers of resonance exist, and when resonance occurs at the characteristic frequency close
to the natural frequency, the similar varying tendencies are gone. Thus, in practice, lockout
speed range is recommended.

As all forces are proportional to the product of pressure × area, F ∼ n2×d4 also applies.
For a given pump, the hydraulic excitation forces increase with the square of the tip

speed and the density, that is, ρ × u2. The bearing housing and shaft vibrations of the pump
would also increase with ρ × u2 if it were not for resonance phenomena.

In Stavale’s work [10], the overall vibration was measured for a variable-speed test and
compared with a constant-speed system with throttle valve, as shown in Figure 4. During the
variable-speed test, the system was fixed, that is, there was no throttling of the control valve
to initiate changes in the flow. Prior to the variable-speed test, the control valve was opened
wide, and the backpressure valve was adjusted to obtain maximum flow at maximum speed;
the backpressure was approximately zero.

Figure 4 shows that in the course of the variable-speed operation, the pump
can operate by following the same operating condition line for the approximately zero
backpressure. The vibration level of the square of the flow under the same operating
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Figure 3: Test vibration level dates in different pump obtained by Stavale.
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Figure 4: Vibration levels for different operating models of the same pump.

condition line can be clearly seen, so the vibration also follows the same law for the resonance
phenomena of a given pump Ve ∼ n2, expressed as

Ve(n1)
Ve(n2)

=
n1

2

n2
2
, (2.2)

where n1 and n2 represent two different operating pump speeds.
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3. Maintenance Cost Model in Pump Operation

Maintenance costs cannot be easily estimated, however, the wear of pumps is mainly caused
by frequent switching them on and off. Formally, a pump switch is defined as turning on a
pump which was previously off. Therefore, minimizing the number of pump switches will
result in minimization of maintenance costs. As a result, the traditional method assumes that
it increases as the number of “pump switched” increases, and its model can be built according
to Lansey and Awumah [5] and Vladimir et al. [14].

In many applications, the cost of unscheduled maintenance which was not considered
in former model may be the largest contributor to operation cost in process plants, and
although with the mainly aspect of the wear in switch course, the operation course should
not been ignored.

The life of the mechanical seal is directly related to shaft movement. Vibration can
cause carbon face chipping and seal face opening. Drive lugs will wear, and metal bellows
seals will fatigue. In some instances, the shaft movement can cause the rotating seal
components to contact the inside of the stuffing box, or some other stationary object, causing
the seal faces to open and allowing solids to penetrate between the lapped faces. Vibration is
also a major cause of set screws becoming loose and slipping on the shaft, causing the lapped
seal faces to open. The vibration would also cause denting of the bearing races for no design
for the bearings to handle both a radial and axial load.

Critical dimensions and tolerances such as wear ring clearance and impeller setting
will be affected by vibration.

Bearing seals are very sensitive to shaft radial movement. Shaft damage will increase
and the seals will fail prematurely. Labyrinth seals operate with a very close tolerance.
Excessive movement can damage these tolerances also.

Vibration can affect the reliability and life of the equipment and is often assumed to be
the direct as direct sign of the reliability and health of the machine.

As vibration can affect the reliability and life of the equipment, indicators must be
set up to consider vibration data. Maintenance cost is further assumed to increase as the
reliability indicators reduce. In addition, maintenance cost can be significantly reduced with
operation in a high-reliability mode, thus reducing wear and reliability incidents.

3.1. Indicators of Operation Reliability

Vibration data can be normalized based on the following equation:

R =
(

1 −
(

V

Vmax

))
+ C, (3.1)

where V is the vibration level at a certain point, Vmax is the maximum date value, C is a
constant added to set the peak value of R (equal to one) equal to Vmin/Vmax, and R is the
relative reliability indicator.

The R value in (3.1) is a relative reliability number between zero and one. A zero value
does not necessarily indicate zero reliability but is rather intended to discourage running the
pump at these conditions. Similarly, a value of one does not indicate infinite reliability but is
intended to be a relative indicator of the best operating conditions for a given pump. As the
mechanical design of a pump can also affect reliability, these values should not be used to
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compare pumps of different designs or manufacturers. It is intended to compare the effect of
alternative operating conditions on reliability.

3.2. Maintenance Cost Model during Operation Based on
Reliability Indicators

3.2.1. Single-Pump Model

For a fixed-speed pump, the mathematical model can be expressed as a set of static rela-
tionships between the vibration level and flow rate. The pump vibration level is referred to
as vibration velocity or vibration displacement, expressed as RMS or peak-to-peak values.
The vibration level data are divided by the lowest of all the flows for simplification and
normalization. The flow rate is also referred to as capability. Then, a single model can be
expressed as a cubic or fourth-order polynomial equation for the bathtub-shaped curve:

V = v0 + v1Q + v2Q
2 + v3Q

3, (3.2)

where V is the normalized vibration level at a certain point, Q is the flow rate, and system
parameters vi are determined by specific pump vibration characteristics and can be identified
by test data.

With regard to the variable-speed pump, the relationship between (3.2) and its param-
eters is motor-speed dependent. The affinity law in pump theory states the following:

Q(n1)
Q(n2)

=
n1

n2
,

H(n1)
H(n2)

=
n1

2

n2
2
,

P(n1)
P(n2)

=
n1

3

n2
3
, (3.3)

where n1 and n2 represent two different operating pump speeds.
Assuming that the pump model (3.2) for a VSD at a special speed n0 is obtained and

its indicators are v0, v1, v2, and v3, the pump model of the considered VSD for a given limited
speed n has the property defined by (2.2) and (3.2), that is,

V (n)
V (n0)

=
V (n)

v0 + v1Q(n0) + v2Q(n0)2 + v3Q(n0)3
=

n2

n0
2
,

V (n) =
n2

n0
2

[
v0 + v1Q(n0) + v2Q(n0)2 + v3Q(n0)3

]
.

(3.4)

Then, according to (3.3), with k = n/n0, this part can be transformed into

V (n) =
n2

n0
2

[
v0 + v1

(
Q(n) ∗ n0

n1

)
+ v2

(
Q(n) ∗ n0

n1

)2

+ v3

(
Q(n) ∗ n0

n1

)3
]

= k2v0 + kv1Q(n) + v2Q
2(n) + k−1v3Q

3(n).

(3.5)



Journal of Applied Mathematics 9

Subsequently, according to (3.1), the operation reliability of the signal pump can be
expressed as

Rsig =
(

1 −
(
V (n,Q)
Vmax

))
+
Vmin

Vmax
. (3.6)

Rsig is a function of Q (flow rate) and n (rotation speed). It is directly related to the
operating conditions and reflects the relationship between the maintenance cost and the
operating conditions. The higher Rsig is, the lower is the maintenance cost in the course of
operation.

3.2.2. MultiPump Model

The general multiple pump systems consist of some special characteristics for operating
maintenance cost analysis.

(1) The model should only reflect the pumps that are in operation. Pumps that are not
running should not be considered.

(2) As maintenance cost is not the same for different pumps, the model should consider
the difference.

(3) The relative normalization number is also between zero and one, similar to the
single-pump model.

Considering the above-mentioned factors, the following methods are adopted.

(a) A swift variable vector is added to represent the operating condition of the pump
group. Then, only the pump in operation is considered; hence, the program (2.1)
can be solved.

(b) As the cost of pump is usually related to the installed capacity, assumption is made
that the bigger the installed capacity is, the higher is the maintenance cost. Thus,
a weight constructed with the ratio of single installed capacity to total installed
capacity is adopted to represent the different maintenance costs.

From the above discussion, conclusion is made that the maintenance cost model for
multipump system with k pumps can be expressed as follows:

R =
k∑
i=1

wiϕiRsigi

wiϕi
, (3.7)

where

wi ∈ {0, 1}, i = 1, 2 . . . k. (3.8)

This equation is the swift variable vector. “1” shows that the pump is working, and
“0” indicates that the pump is off:

ϕi =
Ndi

NdT
, i = 1, 2 . . . k. (3.9)
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Figure 5: Idealized flow versus vibration plot recommended by API 610.

NdT is the total installed capacity of the multipump system, and Ndi is single installed
capacity of the ith pump.

3.2.3. Modeling Method of the Maintenance Cost without Test Data

As environment and reliability requirements increase, the pumps are built and tested
to standards and specifications that define the maximum allowable vibration amplitudes
(process pumps and almost all large pumps) in many applications. However, unlike the
pump characteristics, some installations still do not have such vibration data because no
mandatory standard is required. Thus, the maintenance cost model may not work. Hence,
other modeling methods must be developed to deal with this situation.

Fortunately, although specific vibration data may not be known, the allowable
vibration amplitudes defined in standards, such as API 610 [15], are clear. The standards
define different vibration limits for a “preferred operation range” and an “allowed operation
range.” In the preferred operation range, the maximum increment of vibration is less than
10%. On the other hand, the maximum increment of vibration is less than 30% for the allowed
operation range. In a certain pumping system, if the preferred and the allowed operation
ranges are known, assumption can be made that all systems meet the standard. Therefore, a
maintenance cost model can be developed.

Even if the preferred and allowed operation ranges are unknown, API 610 still
provides an idealized flow versus vibration plot [11], as shown in Figure 5. Maintenance
cost model can also be developed based on the assumption that the pump follows this
law.

4. Optimization Model

Generally, the optimal policy should result in the lowest total operating cost for a given set
of boundary and system constraints. Thus, objective function and constraints are needed for
optimal scheduling model.
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4.1. Objective Function

In a typical pumping system, the operation cost mostly comprises energy-consumption cost
and maintenance cost. Thus, the objective function also comprises these two factors [16–19].

4.1.1. Energy Cost

Pump scheduling is used for dealing with the following two situations.
One is the selection process on which available pumps are to be used and for what

period of time (e.g., a day) the pumps should operate.
The other is referred to as (real-time) control problem. The optimal strategy is

concerned with which available pumps must be operated and when they should be operated
according to fluctuations in demands and/or operating conditions.

For the first situation [14], the objective is the determination of energy consumption
of all pumps in the pumping station during the optimization period. The charging structure
used by the electric utility is the factor that must be considered in analyzing electric energy
cost. Then, the objective function is mathematically expressed as

E =
I∑
i=1

T∑
t=1

(ERit)CQit(HSit), (4.1)

where E is the total energy cost to be minimized, I is number of pump systems, and T is
number of time intervals that constitute the operating horizon. ERit is the electrical rating
of pump i during time period t, C is the conversion coefficient, and Qit and HSit are the
discharge and pressure head, respectively, of pump i during time period t.

For the second situation [16], the real scheme is to consider the total input electrical
power as the objective function. This method is much closer to the real situation. However,
the calculation time will be long, which may not be suitable for real-time control. Thus, the
modeling method commonly used is by considering the shaft horsepower of the pumps as
objective function because the energy consumption of the motor and the inverter is very much
less than that of the pump. Then, the objective function can be mathematically expressed as

f1 =
I∑
i=1

wiPi(Qi, ki), (4.2)

where f1 is the total shaft horsepower to be minimized, I is number of pumps, and Qi

and ki are the discharge and pressure head, respectively, of pump i under certain operating
conditions. Pi is the shaft horsepower of pump i under this condition, which can be expressed
as (3.9) according to the characteristic of the pump and the affinity law, and pi is the
conversion coefficient:

P(Q, k) = p0k
3 + p1k

2Q + p2kQ
2 + p3Q

3. (4.3)
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4.1.2. Pump Maintenance Cost

The pump maintenance cost can be as important as the electric energy cost or even more
relevant; however, this cost cannot be quantified easily, but it can be described through
other correlative factors indirectly. Thus, the number of “pump switched” and the operation
relative reliability indicators are chosen to describe this factor.

(1) The Number of “Pump Switched”

Due to the difficulty in starting-up the pumps and the significant increase in frequency during
their switching, the maintenance cost increases as the number of “pump switches” increases,
which can be expressed as follows when real control is used for the pump schedule:

dH

(
w,w′) =

n∑
i=1

∣∣wi −w′
i

∣∣, (4.4)

where I is the number of pumps, wi is the operating status of pump i for the next step, w′
i is

the present operating status, wi and w′
i are both switch variables, 1 indicates that the pump

is in operation, and 0 shows that the pump is off.When the pump schedule is used for this
scheme for a period of time, the objective function becomes the total switch number at this
time, expressed as

Ns =
T∑
t=1

n∑
i=1

∣∣∣wi
t −wi

t−1
∣∣∣. (4.5)

(2) Operation Relative Reliability Indicators

R in (3.6) and (3.7) is a relative reliability number between zero and one. As R approaches
one, the higher the reliability is, the lower is the pump wear and the longer is the MTBR;
subsequently, maintenance cost will be reduced.For the real-time control, (3.7) can be used
directly to express the scheme in a period of time. The summation of the time periods can be
used as the objective function.

4.2. Constraints

4.2.1. Water-Supply Demand Constraints

For the pump system to meet some of the water-supply requirements [17], the desired water-
supply index, which is known for the pump system, can be expressed as (HST, Qe), expressed
in a mathematic model.

For parallel-connected pump systems,

Qe =
n∑
i=1
Qi,

HST = Hi.

(4.6)
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For series-connected pump systems,

Qe = Qi, (4.7)

HST =
n∑
i=1

Hi. (4.8)

4.2.2. Operation Constraints

Obviously, a pump should be selected so that it operates predominantly close to the BEP
in the so-called “preferred operation range.” This mode of operation is apt to produce the
lowest energy and maintenance costs and minimize the risk of system problems. However,
off-design operation for limited periods cannot be avoided. Rules are needed to define the
allowable ranges and modes of operation to reduce the risk of damage and excessive wear. To
this effect, limits must be defined for continuous and for short-term operations at maximum
and minimum flow [16].

The range of preferred continuous operation can be defined, for instance, by the
requirement that the efficiency must not fall below 80% to 85% of the maximum efficiency
of the pump, and allowable ranges can be defined so that the efficiency must not fall below
70%.

This constraint can be expressed as

min(QPOPi) ≤ Qi ≤ max(QPOPi), (4.9)

min(QAOPi) ≤ Qi ≤ max(QAOPi). (4.10)

For optimal operation, the constraint should be in POP, as shown in (4.9). However,
for some situations, the optimization model may have no solution. In this case, the constraint
is adjusted to AOP; then, (4.10) can be applied.

At the same time, when the pump is operated by VSD, the speed regulation range
should also be constrained. The operation efficiency will decrease because of a very wide
speed range, and reliability will reduce. Therefore, the factors for operation should be
considered. The speed regulation range is constrained as [kmin 1] · kmin is determined by
several factors, such as the rotation speed at which the pump is no longer able to maintain
discharge against the static head from the demand side, the rotation speed to avoid system
resonance, and the rotation speed to ensure that the pump operating economically.

As the pump operates under speed-control model, the range of the continuous and
short-term operations will constantly change.

According to the affinity law in pump theory, l1 and l2 (Figure 6) are set as similar lines,
and A, B, C, and D are the boundaries of the operation zone; then, l1 and l2 can be expressed
as

Hl1 =
HA

QA
Ql1

2, Hl2 =
HB

QB
Ql2

2. (4.11)



14 Journal of Applied Mathematics

Q

H

A

B

C

D

l1
l2

n0

nmin

Figure 6: Efficient operation area for the variable-speed pump.

If head He is needed for this water supply system, then the boundary could be
changed:

Qmin =

⎧⎪⎨
⎪⎩
QA

√
He

HA
He ≥ HC,

Qc He < HC,

Qmax =

⎧⎪⎨
⎪⎩
QB

√
He

HB
He < HB,

QB He ≥ HB.

(4.12)

5. Application

5.1. Profiles of the Pump Station

A sample model is a circulating water pumping station, one of the most important facilities
in an alumina plant used for the mother liquor evaporation process. It uses almost 17% of the
electricity consumption in the plant, and the reliability of this system is very important for
the whole plant.

There are five pumps of single- and double-stage suction in the pumping system, and
the pump model is shown in Table 1.

Variable-speed control is adopted for 1# and 2#, and the minimum speed regulation
ranges (kmin) are 0.7 and 0.75 in this system.

The operation characteristics of these pumps are shown in Table 2.
For this pumping system, the basic demand characteristic obeys (4.10) and can be

calculated based on process requirements and pipeline characteristics.

Hdem = 42 + 3.51 × 10−7Q2. (5.1)
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Table 1: The configuration and the parameters of the pump.

Serial number Pump model Qden(m3/h) Hden (m) Qmin (m3/h) Qmax (m3/h) N (RPM)

1# 14SH-9B 1425 58 855 1853 1450
2# 20SA-10 2850 58 1710 3848 960
3# 20SA-10 2850 58 1710 3848 960
4# 20SA-10 2850 58 1710 3848 960
5# 20SA-10 2850 58 1710 3848 960

Table 2: The model parameters of the pump.

H = Hx − SQ2

Serial number Hxi Si

1# 71.17 k2
1 7.488e − 6

2# 70.39 k2
2 1.780e − 6

3# 70.39 1.780e − 6
4# 70.39 1.780e − 6
5# 70.39 1.780e − 6

P = P0 + P1Q + P2Q
2 + P3Q

3

Serial number P0 P1 P2 P3

1# 146.4 k3
1 0.05 k2

1 4.4e − 5 k1 −1.44e − 8
2# 230.5 k3

2 0.1025 k2
2 5.826e − 6 k2 −2.1e − 9

3# 230.5 0.1025 5.826e − 6 −2.1e − 9
4# 230.5 0.1025 5.826e − 6 −2.1e − 9
5# 230.5 0.1025 5.826e − 6 −2.1e − 9

V = V0 + V1Q + V2Q
2 + V3Q

3

Serial number V0 V1 V2 V3

1# 7.696e − 10k2
1 −1.57e − 6 k1 3.84e − 4 1.483 k−1

1

2# 9.62e − 11 k2
2 −3.936e − 7k2 1.92e − 4 1.483 k−1

2

3# 9.62e − 11 −3.936e − 7 1.92e − 4 1.483
4# 9.62e − 11 −3.936e − 7 1.92e − 4 1.483
5# 9.62e − 11 −3.936e − 7 1.92e − 4 1.483

The whole flow date is shown in Figure 7, and these values are obtained from the water
demand curve based on historical data.

5.2. Optimization Pump Scheduling and the Result

A one-day optimization result was made. Assumption was made that the shortest period for
each combination of pumps is 1 h, that is, a pump can be switched off/on after having been
active or inactive for at least 1 h.

Based on the flow demand in Figure 7 and the head demand in (4.10), the desired
objective value is shown in Figure 8.

Genetic algorithm was selected as the optimization method because of its suitable
characteristics for adaptability to complex optimization problem [18, 19].
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Figure 7: Daily variation curve of the entire flow demand.
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Figure 8: Daily supply index.

In this optimization problem, the single objective approach developed by Mackle was
adopted because of its simplicity. The fitness function consists of the energy consumption
cost and penalties for violation of the constraints of the system. All these factors were linearly
weighted.

Then, the optimal result is shown in Figures 9, 10, and 11. A represents the result
when only the minimum energy cost is considered, and B represents the result when both
maintenance and energy costs are considered.

Figure 9 shows the result of the shaft power in the two different optimization
objectives under the same water supply index. The result considered that the energy
consumption was smaller, and the multiobjects are almost equal to the whole, whereas in
some cases, they were smaller. This condition might be because the high efficiency point is
the most reliable operation point in most situations; however, in some cases, the general shaft
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Figure 9: Input power of the different models.
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Figure 10: (a) Operation state of the form model. (b) Operation state of the new improved model.

power may be lower. For a single pump, operating in the high vibration point can cause the
whole system to operate in unreliable conditions.

Thus, from energy-saving perspective, considering only energy cost as the main
objective may be even better. However, when the switch number and reliability factor are
considered in the optimization course, pump control are easy and simple using the least
number of switches, and reliability will be enhanced when the operation point is close to the
low vibration point as much as possible. Then, the pump system will be operating under
high reliability condition, the maintenance cost will be reduced, and the service life will
be extended. Subsequently, the whole LCC will be decreased by this kind of optimization
scheduling model.
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Figure 11: Reliability factor number of the different models.

6. Conclusions

In the present work, a new multiobjective approach, which takes into account operation
reliability and maintenance cost incurred in operation, is presented.

The main conclusions from the current study are the following.
(1) Operation cost reduction and operation reliability enhancement are the focus of

operation control for pump systems. Operation reliability for running pumps, which is a key
to decrease unscheduled maintenance costs caused by the reliability incidents, and the wear
cost during the operation should be considered.

(2) Vibration can affect the reliability and life of the equipment. An index reflecting
the operation reliability and the wear degree in operation course could be considered as the
normalization of vibration level.

(3) The idealized flow versus vibration plot should take a distinct bathtub shape.
For this bathtub shape, a narrow sweet spot (80% to 100% BEP) exists that can be used to
obtain low vibration levels, and the vibration also follows a similar law with the square of the
rotation speed if it were not for resonance phenomena with a given pump.

(4) The maintenance cost which is not considered by traditional model concluding the
unscheduled maintenance cost and the wear cost during the operation can be modeled as a
function of the pump capacity and rotation speed based on the vibration characteristics. This
function is then added to the traditional optimal scheduling model to create a new optimal
scheduling model.

(5) Compared with the traditional method, the result of the new optimal model
changes the result produced by the traditional one. It improves the operating conditions of
the pump and enables the pump to run operate low vibration level. Therefore, maintenance
cost can be reduced and the operation reliability can be enhanced to a certain degree.
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