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Recent development of autonomous vehicle (AV) provides new travel opportunities for citizens, and traditional vehicles (TVs)
will still be used for a long time. Therefore, it is highly possible that both AVs and TVs will be used as travel modes in a
city. In a transportation system with both AVs and TVs, the traffic pattern is worthy of studying. This paper investigates user
equilibrium traffic pattern based on the traditional bottleneck model considering AVs and TVs. For both TVs and AVs, travel costs
include queuing delay and schedule delay. However, they also have different components of travel costs; more specifically, for AVs,
passengers have to pay a riding fare, and, for TVs, travelers encounter a walking time cost after parking their cars. For different
combinations of travel demands and riding fare of AVs, analytical solutions of three different user equilibrium traffic patterns are
obtained. Finally, numerical examples are provided to demonstrate the usefulness of the analytical models. Sensitivity analyses are
examined to show the impacts of AV’s time-dependent fee and trip-based fixed fee on the traffic pattern and travel costs.

1. Introduction

Recent technical progress suggests that autonomous vehicles
(AVs) have attracted increasing attention owing to their
potential benefits of improving traffic safety, expanding road
capacity, saving energy consumption, and reducing vehicular
emission [1–3]. With the future deployment of AVs, there
would be a stage with heterogeneous traffic streams con-
sisting of both traditional vehicles (TVs) and AVs in road
networks. The joint implementation of AV technology and
taxi service would bring about a remarkable improvement
in travel service. For a taxi company, a taxi fleet with AVs
can be more easily operated and its operational efficiency
can be substantially enhanced due to the application of
information technology in AVs. In turn, travelers can enjoy
comfortable AV services and reduction of travel time due
to the improvement of traffic flow by reducing random
delays [4]. With the implementation of AV-type taxi service,
the ownership of private cars would decrease and less land
demand would be required for car parking. Researchers also

found that AVs can improve freeway traffic flow; for example,
Zhou et al. [5] investigated the impact of cooperative AVs in
improving freewaymerging based on themodified intelligent
driver model.

Based on the classical bottleneckmodel [6–8], we investi-
gate the user equilibrium traffic patterns for a mixed network
with both AVs and TVs. Every commuter is assumed to
minimize his/her travel cost, including travel time cost,
schedule delay penalty, walking time cost for TV drivers,
and riding cost for AV passengers, while making decisions
on departure time and travel mode. At the equilibrium, no
individual can reduce his/her trip travel cost by unilaterally
changing his/her departure time and switching travel mode.
The first seminal research that characterized the bottleneck
congestion effect and departure time choice behavior can
be traced back to the 1960s. Vickrey [6] built a single
bottleneck rush-hour congestion model for a home-to-work
single road network, where all commuters drive to work.
Analytical results were derived for the equilibrium traffic
pattern. The model proposed by Vickrey [6] is also called
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the bottleneck model, and more detailed extensions can be
found in Hendrickson and Kocur [9], Smith [10], Daganzo
[11], Cohen [12], Arnott et al. [7, 8], Braid [13], and Zhang et
al. [14], to name a few.

The peak-load congestion of multiple routes (modes)
with one alternative road bottleneck was also investigated by
many researchers, such as Tabuchi [15], Braid [16], Verhoef et
al. [17], Yang andHuang [18], Danielis andMarcucci [19], and
Huang [20]. Yang andMeng [21] further considered travelers’
departure time and route choice behaviors, taking into
account the effects of congestion tolls and elastic demand.

One important work considering bottleneck congestion
and parking space in a line city is the work of Arnott et al.
[7]. They examined the effects of parking on morning rush-
hour congestion by assuming on-street parking spots spread
outside from the CBD (Central Business District). Road tolls
and parking fees are used as tools for congestion relief. They
found that a spatial parking fee can be used to reverse the
parking order and reduce schedule delay cost. Furthermore,
the joint implementation of parking fees and road tolls can
achieve a system optimum traffic pattern.

In this study, we investigate a user equilibrium traffic
pattern based on the traditional bottleneck model consid-
ering two travel modes: AVs and TVs. For both TVs and
AVs, travelers have to encounter travel costs of queuing delay
and schedule delay. However, TVs and AVs have different
components of travel costs. Specifically, AV passengers have
to pay a riding fare, which comprises a trip-based fixed fee
plus a time-dependent variable fee. On the other hand, TV
travelers encounter a walking time cost after parking their
cars, which is dependent on the parking location.

Arnott et al. [7] showed that TV travelers will depart
earlier to compete for a convenient parking spot in order
to save walking time. In accordance with this theory, all the
TV travelers depart earlier than the AV travelers for the
sake of competing for a parking spot that is closer to the
workplace. However, a specific TV or AV traveler can be
either early or late for work, depending on the demands of
TV and AV travelers. Therefore, traffic patterns, or departure
rates, highly depend on the traffic demands of TV and AV
travelers, as well as themodel parameters, including schedule
delay penalties and fee rates. To analytically investigate the
equilibrium traffic pattern, we have to examine the problem
in three different scenarios. In the first scenario (scenario A),
all AV travelers are assumed to arrive late to work, while TV
travelers can arrive either early or late. In the second scenario,
all TV travelers are assumed to arrive early to work, while
AV travelers can arrive either early or late (scenario B). In
the third scenario, both TV and AV travelers can arrive either
early or late to work (scenario C).

In the following sections, for different combinations of
travel demands and riding fare of AVs, analytical solutions of
three different user equilibrium traffic patterns are obtained.
Furthermore, numerical examples are provided to demon-
strate the usefulness of the analytical models. Sensitivity
analyses are also conducted to show the impacts of AV’s time-
dependent fee and trip-based fixed fee on the traffic pattern
and travel costs.

Home Bottleneck Work Parking lots

Figure 1: An illustrative trip based on the bottleneck model.

2. The User Equilibrium Traffic Pattern on
a Bottleneck Constrained Road

Figure 1 shows a trip in the morning commuting period,
where a traveler departs from home and passes the bottle-
neck-constrained road by taking either AV or TV and even-
tually arrives at the workplace, which has a parking pool
that includes several parking spots offered at the destination.
Suppose that there are N commuters during the morning
commuting period and the travel demand can be further
divided between AV users and TV users. It is assumed that
the commuters have the same preferred arrival time 𝑡∗ at the
workplace, and the fixed service capacity of the bottleneck is
set as 𝑠. Without loss of generality, the free flow travel time on
the road is set to zero to facilitate the model analysis.

All TV users have to park their vehicles before they
walk to the workplace. Parking spots, which are treated as
a continuous variable, are indexed by 𝑛 in the order of
increasing distance outward from the office. Hence, walking
time to the office from location 𝑛 is taken to be 𝜔𝑛, where𝜔 is the value of unit walking time and it depends on the
spatial concentration of parking, walking speed, and so on.
Thus, TV users’ total travel cost includes the queuing time
cost, schedule delay cost, and walking time cost.

Let 𝛼 be the value of time for TV travelers, and let 𝛽 and𝛾 be the penalty costs of early and late arrivals, respectively
(empirically 𝛾 > 𝛼 > 𝛽).

Then, TV users’ travel cost is represented by the following
function:

𝐶1 = 𝛼 (travel time) + 𝛽 (time early) + 𝛾 (time late)
+ 𝜆 ⋅ (walking time) . (1)

Meanwhile, the travel cost of AV users consists of three
parts: a queuing delay cost, a nonpunctual schedule delay
cost, and the riding fare, which comprises a trip-based fixed
cost 𝜏 plus a time-dependent variable cost. For a unit time
of riding in an AV vehicle, passengers have to pay a time-
dependent fee 𝜂. Therefore, the cost of AV users is expressed
as follows:

𝐶2 = (𝛼 + 𝜂) (travel time) + 𝛽 (time early)
+ 𝛾 (time late) + 𝜏. (2)

We set 𝑡∗ as the preferred arrival time, 𝑡0 as the first
user’s departure time, and 𝑡2 as the last user’s departure time.
In the equilibrium condition, each commuter will face the
same travel cost in choosing the departure time; that is, no
individual can reduce his/her travel cost by changing his/her
departure time. The user equilibrium traffic patterns in the
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Figure 2: User equilibrium traffic pattern for both TVs and AVs in
scenario A.

three different scenarios will be discussed in the following
section.

2.1. Scenario A: All AV Users Arrive Late. In this scenario,
we assume that TV users can arrive early or late, while all
AV users will arrive late. Based on the above assumption, the
distribution of users’ departure and arrival times is depicted
in Figure 2. The first TV user departs at time 𝑡0. The last TV
user departs at time 𝑡𝑑1 and arrives at a parking lot at time 𝑡1.
He/she then walks to the office and arrives at office at time 𝑡𝑝.
The one who arrives at office on time leaves at �̂� and arrives
at 𝑡∗, without encountering schedule delay. The last AV user
will leave and arrive at time 𝑡2.Thedeparture rate for TVusers
who arrive at office early is 𝑟1, while that for those who arrive
late is 𝑟2. The departure rate for all AV users who arrive late
is 𝑟3. The total number of TV commuters is 𝑛0. There are 𝑛∗
commuters who arrive for work before 𝑡∗.

According to the user equilibrium condition, the travel
costs of the first and last users should be equal. That is,

𝛽 (𝑡∗ − 𝑡0) = 𝛾 (𝑡2 − 𝑡∗) + 𝜏. (3)

All users pass through the bottleneck with full capacity 𝑠
during the period from 𝑡0 to 𝑡2; namely,

𝑡2 − 𝑡0 = 𝑁
𝑠 . (4)

Simultaneously solving (3) and (4), the times of the first
and last users can be calculated, respectively, as

𝑡0 = 𝑡∗ − 𝛾
𝛽 + 𝛾

𝑁
𝑠 − 𝜏

𝛽 + 𝛾 , (5)

𝑡2 = 𝑡∗ + 𝛽
𝛽 + 𝛾

𝑁
𝑠 − 𝜏

𝛽 + 𝛾 . (6)

The number of cumulative arrivals 𝑛∗ at 𝑡∗ can be
expressed as follows:

𝑛∗ = 𝑠 (𝑡∗ − 𝜔𝑛∗ − 𝑡0) = (𝑡∗ − 𝑡0) 𝑠1 + 𝜔𝑠 . (7)

The user who arrives on time has no schedule delay cost;
thus, his/her total travel cost is denoted as (𝑡∗ − 𝜔𝑛∗ − �̂�)𝛼 +𝜆𝜔𝑛∗, in which 𝜆 indicates the unit cost for walking time,
equaling the first user’s total travel cost.

(𝑡∗ − 𝑡0) 𝛽 = (𝑡∗ − 𝜔𝑛∗ − �̂�) 𝛼 + 𝜆𝜔𝑛∗. (8)

The departure time �̂� of the user who arrives on time is

�̂� = 𝑡∗ − (𝛽 + (𝛽 + 𝛼 − 𝜆) 𝜔𝑠
(1 + 𝜔𝑠) 𝛼 )( 𝛾

𝛽 + 𝛾
𝑁
𝑠 + 𝜏

𝛽 + 𝛾) . (9)

In equilibrium, �̂� is definitely later than 𝑡0; we have
�̂� > 𝑡0. (10)

Combining (5), (9), and (10), we obtain

𝜔 < 𝛼 − 𝛽
(𝛽 − 𝜆) 𝑠 . (11)

Similarly, the first AV user and the last AV user have the
same travel cost; namely,

(𝛼 + 𝜂) (𝑡1 − 𝑡𝑑1) + 𝜏 + 𝛾 (𝑡1 − 𝑡∗) = 𝛾 (𝑡2 − 𝑡∗) + 𝜏. (12)

We can obtain

(𝛼 + 𝛾 + 𝜂) 𝑡1 = 𝛾𝑡2 + (𝛼 + 𝜂) 𝑡𝑑1. (13)

Equating the travel costs of the last TV user and the last
AV user, the following equation is obtained:

𝛼 (𝑡1 − 𝑡𝑑1) + 𝜆𝜔𝑛0 + 𝛾 (𝑡1 + 𝜔𝑛0 − 𝑡∗)
= (𝛼 + 𝜂) (𝑡1 − 𝑡𝑑1) + 𝜏 + 𝛾 (𝑡1 − 𝑡∗) . (14)

Therefore, we have

[(𝛾 + 𝜆) 𝜔𝑠 − 𝜂] 𝑡1 + 𝜂𝑡𝑑1 = (𝜆 + 𝛾) 𝜔𝑠𝑡0 + 𝜏. (15)

Simultaneously treating (13) and (15), 𝑡1 and 𝑡𝑑1 can be
obtained as follows:

𝑡1 = 𝑡∗ − 𝜏
𝛽 + 𝛾 − 𝑟

𝛽 + 𝑟
𝑁
𝑆

+ 𝑟𝜂 (𝑁/𝑠) + 𝜏 (𝛼 + 𝜂)
𝑟𝜂 + (𝜆 + 𝛾) (𝛼 + 𝜂) 𝜔𝑠 ,

(16)

𝑡𝑑1 = 𝑡∗ − 𝜏
𝛽 + 𝛾 − 𝑟

𝛽 + 𝑟
𝑁
𝑆

+ 𝑟𝜂 (𝑁/𝑠) + 𝜏 (𝛼 + 𝜂)
𝑟𝜂 + (𝜆 + 𝛾) (𝛼 + 𝜂) 𝜔𝑠

𝛼 + 𝜂 + 𝛾
𝛼 + 𝜂

− 𝛾
𝛼 + 𝜂

𝑁
𝑆 .

(17)
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The 𝑛0-th user can choose AV or TV, because both AV
and TV have the same travel cost when departing at time 𝑡𝑑1,
and the slope of arrival curve AG in Figure 2 is 𝑠. Then,

𝑛0 = 𝑠 (𝑡𝑝 − 𝑡0 − 𝜔𝑛0) . (18)

It is easy to derive

𝑛0 = 𝑠 (𝑡𝑝 − 𝑡0)
1 + 𝑠𝜔 . (19)

With 𝑛0 = 𝑠 ⋅ 𝑡1, 𝑡𝑝 can be expressed by 𝑡1and 𝑡0 as follows:
𝑡𝑝 = (1 + 𝑠𝜔) 𝑡1 − 𝜔𝑠𝑡0. (20)

In this scenario, all the AV users will arrive late, and the
arrival time 𝑡1 of the first AV user should be later than the
official arrival time 𝑡∗.

𝑡1 ≥ 𝑡∗. (21)

Combining (16) and (21), we obtain

(𝛾𝑁𝑠 + 𝜏) [𝛽 − 𝜔𝑠 (𝜆 + 𝛾)] 𝜂
≥ 𝛼 [(𝛾𝑁𝑠 + 𝜏) (𝜆 + 𝛾) 𝜔𝑠 − 𝜏 (𝛽 + 𝛾)] .

(22)

The solutions can be obtained for the following situations:

𝑁
𝑠 < 𝜏 (𝛽 + 𝛾)

𝛾𝛼 (𝛾 + 𝜆) 𝜔𝑠 −
𝜏
𝛾 ,

If 𝜔 > 𝛽

s (𝜆 + 𝛾) , 0 < 𝜂 ≤ 1
(𝛾 (𝑁/𝑠) + 𝜏) [𝛽 − 𝜔𝑠 (𝜆 + 𝛾)] [𝛼 [(𝛾

𝑁
𝑠 + 𝜏) (𝜆 + 𝛾) 𝜔𝑠 − 𝜏 (𝛽 + 𝛾)]] .

𝑁
𝑠 > 𝜏 (𝛽 + 𝛾)

𝛾𝛼 (𝛾 + 𝜆) 𝜔𝑠 −
𝜏
𝛾 ,

If 𝜔 < 𝛽

s (𝜆 + 𝛾) , 𝜂 ≥ 1
(𝛾 (𝑁/𝑠) + 𝜏) [𝛽 − 𝜔𝑠 (𝜆 + 𝛾)] [𝛼 [(𝛾

𝑁
𝑠 + 𝜏) (𝜆 + 𝛾) 𝜔𝑠 − 𝜏 (𝛽 + 𝛾)]] .

𝑁
𝑠 ≤ 𝜏 (𝛽 + 𝛾)

𝜔𝑠𝛾 − 𝜏
𝛾 , If 𝜔 = 𝛽

s (𝜆 + 𝛾) , 𝜂 > 0, 𝛼 [(𝛾𝑁𝑠 + 𝜏) (𝜆 + 𝛾) 𝜔𝑠 − 𝜏 (𝛽 + 𝛾)] ≥ 0.

(23)

The arrival time 𝑡𝑝 of the last TV user will not be later
than the last AV user’s arrival time 𝑡2.

𝑡𝑝 ≤ 𝑡2. (24)

Combining (6) and (20), (24) can be simplified as

[(𝑠𝜔 + 1) 𝜏 − 𝜔𝜆𝑁] 𝜂 ≤ 𝜔𝑁 (𝜆 + 𝛾) 𝛼 − (𝜔𝑠 + 1) 𝜏𝛼. (25)

Because (𝑠𝜔 + 1)𝜏 − 𝜔𝜆𝑁 < 0, the range of value 𝜂 that
supports the above traffic pattern is given in the following:

If 𝜏 < 𝜔𝜆𝑁
𝑠𝜔 + 1 ,

then 𝜂 > 𝜔𝑁 (𝜆 + 𝛾) 𝛼 − (𝜔 + 1) 𝜏𝛼
(𝑠𝜔 + 1) 𝜏 − 𝜔𝜆𝑁 ,

if 𝜏 > 𝜔𝜆𝑁
𝑠𝜔 + 1 ,

then 𝜂 < 𝜔𝑁 (𝜆 + 𝛾) 𝛼 − (𝜔 + 1) 𝜏𝛼
(𝑠𝜔 + 1) 𝜏 − 𝜔𝜆𝑁 .

(26)

Due to user equilibrium, each traveler travel cost is equal,
and the total travel cost (TTC) is represented by

TTC = (𝑡∗ − 𝑡0) 𝛽𝑁 = ( 𝛽𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝛽𝜏

𝛽 + 𝛾)𝑁. (27)

Furthermore, the total AV company’s profit (TAP1) in this
scenario is

TAP1 = (𝑁 − 𝑛0) 𝜏 − (𝑁 − 𝑛0)2 (𝑡1 − 𝑡𝑑1) 𝜂. (28)

We can obtain the total system cost (TSC1) by subtracting
TTC from TAP1:

TSC1 = TTC − TAP1 = ( 𝛽𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝛽𝜏

𝛽 + 𝛾)𝑁

− (𝑁𝜆 + 𝑁𝛾 − 𝜏) 𝜏𝑠 (𝛼 + 𝜂)
𝑟𝜂 + (𝜆 + 𝛾) (𝛼 + 𝜂)𝑤𝑠 𝜏 − 𝜂

2
⋅ (𝑁𝜆 + 𝑁𝛾 − 𝜏) 𝜏𝑠 (𝛼 + 𝜂)

𝑟𝜂 + (𝜆 + 𝛾) (𝛼 + 𝜂)𝑤𝑠
⋅ 𝛾
𝛼 + 𝜂 (𝑁

𝑠 − 𝑟𝜂 (𝑁/𝑠) + 𝜏 (𝛼 + 𝜂)
(𝛼 + 𝜂) (𝜆 + 𝛾)𝑤𝑠 + 𝜂𝛾) .

(29)

2.2. Scenario B: All TV Users Arrive Early at the Destination.
Now we turn to the second user equilibrium traffic pattern:
all TV users will arrive early, while AV users can arrive
either early or late, as shown in Figure 3. In the figure, the
parameters, 𝑡0, 𝑡𝑑1, 𝑡1, 𝑡𝑝, �̂�, 𝑡∗, 𝑛0, 𝑛∗, and 𝑡2 are the same as
in Figure 2. The departure rate for those who use TVs and
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Figure 3: User equilibrium traffic pattern for both TVs and AVs in
scenario B.

arrive at office early is 𝑟1, while that for those who arrive early
and take AVs is 𝑟2.The departure rate for AV users who arrive
late is 𝑟3.

Similar to Section 2.1, by equating the schedule delay costs
of the first and last arrivals, we can obtain 𝑡0 and 𝑡2, which are
identical to (5) and (6) in Section 2.1.

In the user equilibrium, equating the travel cost of the first
and the last TV users, we have

𝛼 (𝑡1 − 𝑡𝑑1) + 𝜆𝜔𝑛0 + 𝛽 (𝑡∗ − 𝑡𝑝) = 𝛽 (𝑡∗ − 𝑡0) . (30)

Similarly, the travel cost of the last TV user equals that of
the first AV user; namely,

𝛼 (𝑡1 − 𝑡𝑑1) + 𝜆𝜔𝑛0 + 𝛽 (𝑡∗ − 𝑡𝑝)
= (𝛼 + 𝜂) (𝑡1 − 𝑡𝑑1) + 𝜏 + 𝛽 (𝑡∗ − 𝑡1) .

(31)

Simultaneously solving (30) and (31), we obtain the
departure time of the last TV user as

𝑡𝑑1 = 𝑡∗ − 𝛾
𝛽 + 𝛾

𝑁
𝑠 − 𝜏

𝛽 + 𝛾 + 𝜏
𝜂

− 𝛼𝜏
𝜂

𝜔𝑠 (𝜆 − 𝛽) − 𝜂
(𝛼 + 𝜂) (𝜆 − 𝛽) 𝜔𝑠 − 𝛽𝜂

(32)

and his/her arrival time as

𝑡1 = 𝑡∗ − 𝛾
𝛽 + 𝛾

𝑁
𝑠 − 𝜏

𝛽 + 𝛾
+ 𝛼𝜏
(𝛼 + 𝜂) (𝜆 − 𝛽) 𝜔𝑠 − 𝛽𝜂 .

(33)

Similar to Section 2.1, 𝑡𝑝 can also be expressed by 𝑡1 and𝑡0:
𝑡𝑝 = 𝑡1 + 𝜔𝑛0 = (1 + 𝑠𝜔) 𝑡1 − 𝜔𝑠𝑡0. (34)

The first TV user’s travel cost equals that of the AV user
who arrives at office on time.

𝛽 (𝑡∗ − 𝑡0) = (𝛼 + 𝜂) (𝑡∗ − �̂�) + 𝜏. (35)

Then,

�̂� = 𝑡∗ + 1
𝛼 + 𝜂 (𝜏 − 𝛽𝛾

𝛽 + 𝛾
𝑁
𝑆 − 𝜏𝛽

𝛽 + 𝛾) . (36)

To support the user equilibrium traffic pattern, the
following conditions have to bemaintained.The last TVuser’s
arrival time 𝑡𝑝 should be less than the official work start time
𝑡∗; that is, 𝑡𝑝 < 𝑡∗, which, together with (34), yields

𝛼𝜏 (1 + 𝜔𝑠)
(𝛼 + 𝜂) (𝜆 − 𝛽) 𝜔𝑠 − 𝛽𝜂 < 𝛾

𝛽 + 𝛾
𝑁
𝑠 + 𝜏

𝛽 + 𝛾 ,

If 𝜔 > 𝛽𝜂
𝑠 (𝛼 + 𝜂) (𝜆 − 𝛽) ,

then 𝜂
> 𝛼𝜏 (1 + 𝜔𝑠) (𝛽 + 𝛾)

𝛾𝑁/𝑆 + 𝜏 [(𝜆 − 𝛽) 𝜔𝑠 − 𝛽]
− 𝛼𝜔𝑠 (𝜆 − 𝛽)
𝜔𝑠 (𝜆 − 𝛽) − 𝛽 > 0;

If 𝜔 < 𝛽𝜂
𝑠 (𝛼 + 𝜂) (𝜆 − 𝛽) ,

then 0 < 𝜂
< 𝛼𝜏 (1 + 𝜔𝑠) (𝛽 + 𝛾)

𝛾𝑁/𝑆 + 𝜏 [(𝜆 − 𝛽) 𝜔𝑠 − 𝛽]
− 𝛼𝜔𝑠 (𝜆 − 𝛽)
𝜔𝑠 (𝜆 − 𝛽) − 𝛽 .

(37)

The TTC at the equilibrium in this scenario is the same
as that in scenario A, as shown in (27). However, the total
AV company’s profit in this scenario is different from that in
scenario A. We can obtain TAP2 as follows:

TAP2 = (𝑁 − 𝑛∗) 𝜏 + 𝑁 − 𝑛∗
2 (𝑡∗ − �̂�) 𝜂. (38)

The total system cost (TSC2) is given by

TSC2 = TTC − TAP2 = ( 𝛽𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝛽𝜏

𝛽 + 𝛾)𝑁

− ( 𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝜏

𝛽 + 𝛾) 𝑠𝜏

− 𝜂
𝛼 + 𝜂 ( 𝛽𝛾

𝛽 + 𝛾
𝑁
𝑆 + 𝜏𝛽

𝛽 + 𝛾 − 𝜏)

⋅ ( 𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝜏

𝛽 + 𝛾)
𝑠𝜏
2 .

(39)

2.3. Scenario C: Both TV and AV Users Can Arrive Early or
Late. In this scenario, both TV andAVusers can arrive either
early or late, where departure rate changes from early arrival
to late arrival for both TV and AV travelers, as shown in
Figure 4. The departure rate for TV users who arrive at office
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Figure 4: User equilibrium traffic pattern for both TVs and AVs in
scenario C.

early is 𝑟1, while the departure rate for TV users who arrive
late is 𝑟2. In the figure, the parameters, 𝑡0, 𝑡𝑑1, 𝑡1, 𝑡𝑝, 𝑡∗, 𝑛0, and

𝑡2 are the same as in Figure 2. Suppose that �̂� is the departure
time of the TV traveler who arrives on time and �̂�𝑎 is the
departure time of the AV traveler who arrives on time. The
departure rate for AV users who arrive early is 𝑟3, while that
for AV users who arrive late is 𝑟4.

In the user equilibrium, the travel cost of the last TV user
equals that of the first AV user:

𝛼 (𝑡1 − 𝑡𝑑1) + 𝜆𝜔𝑛0 + 𝛾 (𝑡1 + 𝜔𝑛0 − 𝑡∗)
= (𝛼 + 𝜂) (𝑡1 − 𝑡𝑑1) + 𝜏 + 𝛽 (𝑡∗ − 𝑡1) . (40)

Furthermore, the travel cost of the last AVuser equals that
of the first AV user:

𝜏 + 𝛾 (𝑡2 − 𝑡∗) = (𝛼 + 𝜂) (𝑡1 − 𝑡𝑑1) + 𝜏 + 𝛽 (𝑡∗ − 𝑡1) . (41)

Simultaneously solving (40) and (41), we obtain the
departure time and arrival time of the last TV user as follows:

𝑡1 = 𝑡∗ + 𝜏 (𝛼 + 𝜂) + 𝛾𝜂 (𝑁/𝑆) − ((𝛾/ (𝛽 + 𝛾)) (𝑁/𝑠) + 𝜏/ (𝛽 + 𝛾)) [(𝛼 + 𝜂) (𝜆 + 𝛾) 𝜔𝑠 + 𝜂𝛾]
(𝛼 + 𝜂) (𝜆 + 𝛾) 𝜔𝑠 + 𝛼𝛽 + (𝛼 + 𝜂) 𝛾 , (42)

𝑡𝑑1 = 𝑡∗

+ 𝜏 (𝛼 + 𝜂 − 𝛽) − [(𝜆 + 𝛾) 𝜔𝑠 (𝛼 + 𝜂 − 𝛽 − 𝛾) + 𝛾𝜂 − 𝛾 (𝛽 + 𝛾)] ((𝛾/ (𝛽 + 𝛾)) (𝑁/𝑠) + 𝜏/ (𝛽 + 𝛾)) − 𝛾 [(𝛾 + 𝜆) 𝜔𝑠 + 𝛽 + 𝛾 − 𝜂] (𝑁/𝑠)
(𝛼 + 𝜂) (𝜆 + 𝛾) 𝜔𝑠 + 𝛼𝛽 + (𝛼 + 𝜂) 𝛾 . (43)

Because the travel cost of the AV user who arrives on time
equals that of the last AV user, we have

(𝛼 + 𝜂) (𝑡∗ − �̂�𝑎) + 𝜏 = 𝛾 (𝑡2 − 𝑡∗) + 𝜏. (44)

Then the departure time �̂�𝑎 for the AV user who can arrive
at the office on time can be obtained as follows:

�̂�𝑎 = 𝑡∗ − ((𝛾𝛽/ (𝛽 + 𝛾)) (𝑁/𝑠) − 𝜏𝛾/ (𝛽 + 𝛾))
(𝛼 + 𝜂) . (45)

Moreover, similar to Section 2.1, the arrival time of the last
TV user is

𝑡𝑝 = 𝑡1 + 𝜔𝑛0 = (1 + 𝑠𝜔) 𝑡1 − 𝜔𝑠𝑡0. (46)

The user equilibrium traffic pattern requires that the first
AV user arrive early for work; that is,

𝑡1 < 𝑡∗. (47)

Together with (42), we obtain the following:

𝜏 (𝛼 + 𝜂) + 𝛾𝜂 (𝑁/𝑆) − ((𝛾/ (𝛽 + 𝛾)) (𝑁/𝑠) + 𝜏/ (𝛽 + 𝛾)) [(𝛼 + 𝜂) (𝜆 + 𝛾) 𝜔𝑠 + 𝜂𝛾]
(𝛼 + 𝜂) (𝜆 + 𝛾) 𝜔𝑠 + 𝛼𝛽 + (𝛼 + 𝜂) 𝛾 < 0. (48)

Therefore, the following inequality about 𝜂 holds:

0 < 𝜂 < 𝛼 [𝜏 (𝛽 + 𝛾) − 𝜔 (𝜆 + 𝛾) (𝛾𝑁 + 𝑠𝜏)]
[𝜔 (𝜆 + 𝛾) (𝛾𝑁 + 𝑠𝜏) − 𝛽𝛾𝑁/𝑠 − 𝜏 (𝛽 + 𝛾)] . (49)

It is also required that the arrival time of the last TV user𝑡𝑝 should not be later than the last user’s arrival time 𝑡2 and
not be earlier than the punctual arrival time 𝑡∗.

𝑡∗ < 𝑡𝑝 < 𝑡2. (50)

Combining (46) and (50), we obtain

[ 𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝜏

𝛽 + 𝛾] (𝛾 + 𝜆) 𝜔𝑠𝛼 − (1 + 𝜔𝑠) 𝜏𝛼 − (𝛽 + 𝛾) 𝜔𝑠𝛼 < [(1 + 𝜔𝑠) (𝜏 + 𝛾𝑁𝑠 ) − ( 𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝜏

𝛽 + 𝛾) (𝜆 + 𝛾) 𝜔𝑠 − ( 𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝜏

𝛽 + 𝛾) 𝛾] 𝜂;
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if 𝜔 > (𝛽 + 𝛾) 𝜏
(𝛾 + 𝜆) 𝛾𝑁 + (𝜆 − 𝛽) 𝜏𝑠 − (𝛽 + 𝛾)2 𝑠 ,

then 𝜂 > (1 + 𝜔𝑠) (𝜏 + 𝛾 (𝑁/𝑠)) − ((𝛾/ (𝛽 + 𝛾)) (𝑁/𝑠) + 𝜏/ (𝛽 + 𝛾)) (𝜆 + 𝛾) 𝜔𝑠 − ((𝛾/ (𝛽 + 𝛾)) (𝑁/𝑠) + 𝜏/ (𝛽 + 𝛾)) 𝛾
[(𝛾/ (𝛽 + 𝛾)) (𝑁/𝑠) + 𝜏/ (𝛽 + 𝛾)] (𝛾 + 𝜆) 𝜔𝑠𝛼 − (1 + 𝜔𝑠) 𝜏𝛼 − (𝛽 + 𝛾) 𝜔𝑠𝛼

> 0;
if 𝜔 < (𝛽 + 𝛾) 𝜏

(𝛾 + 𝜆) 𝛾𝑁 + (𝜆 − 𝛽) 𝜏𝑠 − (𝛽 + 𝛾)2 𝑠 ,
then 0 < 𝜂

< (1 + 𝜔𝑠) (𝜏 + 𝛾 (𝑁/𝑠)) − ((𝛾/ (𝛽 + 𝛾)) (𝑁/𝑠) + 𝜏/ (𝛽 + 𝛾)) (𝜆 + 𝛾) 𝜔𝑠 − ((𝛾/ (𝛽 + 𝛾)) (𝑁/𝑠) + 𝜏/ (𝛽 + 𝛾)) 𝛾
[(𝛾/ (𝛽 + 𝛾)) (𝑁/𝑠) + 𝜏/ (𝛽 + 𝛾)] (𝛾 + 𝜆) 𝜔𝑠𝛼 − (1 + 𝜔𝑠) 𝜏𝛼 − (𝛽 + 𝛾) 𝜔𝑠𝛼 .

(51)

Together with (46) and (6), we have

0 < 𝜂 < 𝛼 + 1
(1 + 𝜔𝑠) (𝜏 + 𝛾 (𝑁/𝑠))

𝑁
𝑠 . (52)

Considering the inequalities in (49) and (52), it is easy to
verify that the following condition is required for supporting
the traffic pattern in this scenario.

𝛼 [𝜏 (𝛽 + 𝛾) − 𝜔 (𝜆 + 𝛾) (𝛾𝑁 + 𝑠𝜏)]
[𝜔 (𝜆 + 𝛾) (𝛾𝑁 + 𝑠𝜏) − 𝛽𝛾𝑁/𝑠 − 𝜏 (𝛽 + 𝛾)]

< 𝛼 + 1
(1 + 𝜔𝑠) (𝜏 + 𝛾 (𝑁/𝑠))

𝑁
𝑠 .

(53)

Hence, we obtain the reasonable range of 𝜂 in this
scenario as follows:

0 < 𝜂 < 𝛼 [𝜏 (𝛽 + 𝛾) − 𝜔 (𝜆 + 𝛾) (𝛾𝑁 + 𝑠𝜏)]
[𝜔 (𝜆 + 𝛾) (𝛾𝑁 + 𝑠𝜏) − 𝛽𝛾𝑁/𝑠 − 𝜏 (𝛽 + 𝛾)] . (54)

In this scenario, the total AV company’s profit is given by

TAP3 = (𝑁 − 𝑛∗𝑎 ) 𝜏 − 𝑁 − 𝑛∗𝑎2 (𝑡∗ − �̂�𝑎) 𝜂. (55)

Furthermore, the total system cost is the total travel cost
minus the profit of the AV company:

TSC3 = TTC − TAP3 = ( 𝛽𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝛽𝜏

𝛽 + 𝛾)𝑁

− ( 𝛾
𝛽 + 𝛾

𝑁
𝑠 + 𝜏

𝛽 + 𝛾) 𝑠𝜏

− (𝛾𝛽/ (𝛽 + 𝛾)) (𝑁/𝑠) − 𝜏𝛾/ (𝛽 + 𝛾)
𝛼 + 𝜂 ( 𝛾

𝛽 + 𝛾
𝑁
𝑠

+ 𝜏
𝛽 + 𝛾)

𝑠𝜂
2 .

(56)

3. Numerical Examples

In this section, three numerical examples are carried out
to demonstrate and validate the derivations of the model

formulation. We also conduct some numerical analyses to
measure the impacts of AVs’ trip-based charge and time-
dependent charge onTSCandTAPand expect to obtain some
meaningful insights for traffic management.

3.1. Case I for Scenario A. In this case, all AV commuters
arrive late for work, and TV travelers can arrive either early
or late at the destination. The home-to-work place network
with the following particular conditions is considered: (a)
travel demand is set to be 2,000; (b) all the commuters
have identical preferred arrival time of 8:00 AM; (c) the
bottleneck-constrained road has a service capacity of 500
vehicles per hour and its free flow travel time is set to
zero; and (d) other parameters are set as 𝛼 = 1.0 Chinese
Yuan (CNY)/min, 𝛽 = 0.8 CNY/min, 𝛾 = 1.0 CNY/min, 𝜆 =
1.0 CNY/min, and 𝜔 = 1.0 CNY/min. To arrive at the first-
type user equilibrium state (scenario A), according to the
derivations in Section 2.1, the parameter settings of trip-based
charge 𝜏 and time-dependent charge 𝜂 for AV users are listed
in Table 1.

The computed results in terms of total system cost (TSC)
varying with different charge settings are plotted in Figure 5.
It can be observed that the TSC increases with the trip-based
charge 𝜏, as well as the time-dependent charge. Moreover, it
can be found that, given a trip-based charging level, the TSC
increases quickly at the beginning and then slows down as
the time-dependent charge increases. Normally, when 𝜂 > 5,
TSC remains unchanged. This implies that it would be more
effective and sensitive to adjust the trip-based charge rather
than the time-dependent charge to pursue a low TSC.That is,
under the first-type user equilibrium (scenario A), we suggest
setting both trip-based charge and time-dependent charge as
low as possible to minimize the TSC.

3.2. Case II for Scenario B. In this case, all TV users arrive
early for work, and AV travelers can be either early or
late. Here, we set the travel demand as 10,000 and all
commuters have the same preferred arrival time of 8:00
AM. The free flow travel time of the bottleneck-constrained
road is set to zero and the capacity of the bottleneck is set
to be 5,000 vehicles/hour. Other parameters are given as 𝛼
= 1.0 CNY/min, 𝛽 = 0.8 CNY/min, 𝛾 = 1.2 CNY/min, 𝜆 =
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Table 1: The setting of trip-based charge 𝜏 and time-dependent
charge 𝜂 in Scenario A.

Number 𝜏 𝜂
(1) 0 [0.65, 20]
(2) 0.1 [0.57, 20]
(3) 0.2 [0.49, 20]
(4) 0.3 [0.41, 20]
(5) 0.4 [0.34, 20]
(6) 0.5 [0.27, 19]
(7) 0.6 [0.20, 3.3]
(8) 0.7 [0.13, 1.7]
(9) 0.8 [0.07, 0.89]
(10) 1 [0.00, 0.18]
Table 2: The setting of trip-based charge 𝜏 and time-dependent
charge 𝜂 in Scenario B.

Number 𝜏 𝜂
(1) 0.01 [0, 0.89]
(2) 0.02 [0, 0.87]
(3) 0.04 [0, 0.75]
(4) 0.06 [0, 0.63]
(5) 0.08 [0, 0.51]
(6) 0.1 [0, 0.40]

1.0 CNY/min, and 𝜔 = 4 × 10−4 CNY/min. To arrive at the
second-type user equilibrium state (scenario B), according
to the derived condition (36), we list the parameter setting
of trip-based charge 𝜏 and time-dependent charge 𝜂 for AV
users in Table 2.

The results in terms of TSC, TAP, and TAN varying
with different charges of 𝜏 and 𝜂 are plotted in Figures 6–8,
respectively. Let us first look at the TSC under the second-
type user equilibrium. As shown in Figure 6, we can see some
different trends from that appearing in case I. In scenario B,
it is shown that TSC increases with the decrease of trip-based
charge 𝜏 and decreases with the increase of time-dependent
charge 𝜂.

We then look at the variation of total AV profit (TAP).
As the trip-based charge 𝜏 increases from 0.01 to 0.1, the
TAP increases steadily. In addition, TAP also increases
with the increase of time-dependent charge 𝜂. In this case,
increasing either trip-based charge or time-dependent charge
is beneficial to the profit of the AV company.

We also analyze the modal split between the two travel
alternatives, TV and AV. We here use the total AV numbers
(TAN) to characterize the variation of modal split with
variable charge levels. Similar to the TSC, the TAN goes
down with the increase of the trip-based charge 𝜏 and time-
dependent charge 𝜂.

In addition, we could determine the optimal charging
levels to minimize the TSC and simultaneously maintain a
certain level of AV market share. For example, as shown in
Table 3, with a market of 9,000AVs, we can set the trip-
based charge of 0.06CNY and time-dependent charge of
0.25 CNY/min to obtain the minimal TSC of 9,210 CNY.

0 2 4 6 8 10 12 14 16 18 20
3500

3600

3700

3800

3900

4000

4100

4200

4300

4400

 (time-varying charge of AV)

 = 1

 = 0.8

 = 0.6

 = 0.5

 = 0.4

 = 0.3
 = 0.2

 = 0.1

 = 0

To
ta

l s
ys

te
m

 co
st

Figure 5: TSCs under different levels of trip-based charge 𝜏 and
time-dependent charge 𝜂 (case I).
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Figure 6: TSCs under different levels of trip-based charge 𝜏 and
time-dependent charge 𝜂 (case II).

Moreover, when maintaining a market with 8,300AVs, the
minimal TSC of 9011 CNY can be obtained by setting the trip-
based charge as 0.02 CNY and the time-dependent charge as
0.86CNY/min. The optimal charging level for the profit of
AV company is different from that of the system optimum in
scenario B.

3.3. Case III for Scenario C. Recall that, under scenario C,
both TV and AV travelers can be early or late for work. The
network parameters used in case III are set to be the same as
those in case II, expect the parameter 𝜔 = 4 × 10−5 CNY/min.
It follows from (51) that if the parameter settings of trip-based
charge 𝜏 and time-dependent charge 𝜂 for AV users fall into
the ranges given in Table 4, the third-type user equilibrium
(scenario C) is obtained.

The TSCs with different charges of 𝜏 and 𝜂 are shown
in Figure 9. It can be seen that the TSC increases with
the increase of trip-based charge 𝜏 and decreases with the
increase of time-dependent charge 𝜂. More specifically, the
decreasing rate of theTSCwith respect to the time-dependent
charge level decreases gradually. Therefore, the network
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Figure 7: TAPs under different levels of trip-based charge 𝜏 and
time-dependent charge 𝜂 (case II).

Table 3:The outcomes of TAN and corresponding pricing solutions
for case II.

TAN (Vehs) 𝜏 (CNY) 𝜂 (CNY/min) TSC (CNY)
9000 0.01 0.88 9221.9
9000 0.02 0.75 9230
9000 0.04 0.5 9220
9000 0.06 0.25 9210
8300 0.02 0.86 9011.1
8300 0.04 0.71 9023.7
8300 0.06 0.56 9025.5
8300 0.08 0.41 9024.7
8300 0.1 0.26 9022.9

Table 4: The setting of trip-based charge 𝜏 and time-dependent
charge 𝜂 in Scenario C.

Number 𝜏 𝜂
(1) 0 [0.13, 1.22]
(2) 0.1 [0.01, 0.99]
(3) 0.2 [0.01, 0.79]
(4) 0.3 [0.01, 0.60]
(5) 0.4 [0.01, 0.42]
(6) 0.5 [0.01, 0.24]

authority can set a pricing scheme with low trip-based charge
and high time-dependent charge to minimize the TSC as
much as possible.

Figure 10 shows the TANs varying with different charges
of 𝜏 and 𝜂. Obviously, given a trip-based charging level, the
TAN decreases with the increase of time-dependent charge𝜂. For example, when 𝜏 = 0.1, the TAN is 4695 when 𝜂 is
set to zero and the TAN turns to be 3800 when 𝜂 increases
to 0.91 CNY/min. The TAN also decreases with the increase
of trip-based charge 𝜏. In this scenario, increasing trip-based
charge or time-dependent charge will result in the decrease
of the TAN in the network.
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Figure 8: TANs under different levels of trip-based charge 𝜏 and
time-dependent charge 𝜂 (case II).
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Figure 9: TSCs under different levels of trip-based charge 𝜏 and
time-dependent charge 𝜂 (case III).

4. Conclusion

In this study, the user equilibrium traffic patterns were inves-
tigated based on the traditional bottleneckmodel considering
both automatic vehicles (AV) and traditional vehicles (TV).
For both TVs and AVs, travelers consider queuing delay and
schedule delay as important parts of individual travel cost.
On the other hand, they also have different components of
travel costs. AV passengers have to pay a riding fare, that is, a
trip-based charge plus a riding time-dependent charge; TV
travelers encounter a walking time cost after parking their
cars at the destination. For different combinations of travel
demands and riding fare of AVs, analytical solutions of three
different user equilibrium traffic patterns are obtained.

The usefulness of the analytical models is demonstrated
in three numerical examples. We investigated the impacts of
AV’s time-dependent charge rate and the trip-based fixed fee
on the TSC, TAP, and TAN. We found that the developed
model is helpful in setting a reasonable price for AVs to raise
TAP and reduce the TSC. Apart from the above analysis, the
model derived in the study can also be further improved for
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Figure 10: TANs under different levels of trip-based charge 𝜏 and
time-dependent charge 𝜂 (case III).

application in other related issues, such as setting parking
pricing and parking location numbers.
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