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This paper deals with the reference flight trajectory generation and planning problems for quadcopter Unmanned Aerial Vehicle
(UAV). The reference flight trajectory is defined as the composition of path and motion functions. Both of them are generated
by using quintic B-spline functions. Based on differential flatness approach, the quadcopter dynamical constraints are satisfied
instantaneously by computing the induced aerodynamical moments and lift force. The optimal reference flight trajectory, with
respect to the mission requirements and imposed constraints, is reached by manipulating the control points’ vectors of B-spline
functions via a nonlinear constrained optimization method. The mission requirements are defined as a set of waypoints with
their respective scheduled flight timetable. A minimum-energy cost function is developed to minimize the consumed energy and
induced efforts by reference flight trajectory. For the need of the optimal overfly-times schedule, the overfly times with respect to
the defined constraints and performance criteria are calculated. Numerical simulation results show the feasibility and effectiveness
of the proposed optimization method.

1. Introduction

With a vast proliferation of Manned Aerial Vehicles (MAVs)
andUnmannedAerial Vehicles (UAVs), world air transporta-
tion traffic has witnessed a continuous increase causing a
saturation in the airspace. The formal approach adopted by
researchers to design the UAVs is to separate the avion-
ics systems into three distinct and independent systems,
which are Guidance, Navigation, and Control (GNC). By
using this structure, UAVs could perform a variety of plan-
ning missions in either military or civilian fields. However,
there are many incidents like a collision with civil avia-
tion aircraft, invasion of privacy, and threats to security
reported by [1] Federal Aviation Administration (FAA).
These incidents are because of the lack of transportation
rules and regulations supporting UAVs and the weakness
current structure UAVs. Therefore, the need to integrate
the UAVs in National Airspace System (NAS) is highly
recommended.

To achieve this challenge, an adequate flight trajectory
planner that could be embedded on quadcopter UAV should
be developed. The flight trajectory planner could reduce
uncertainty and increase predictability for Air Traffic Man-
agement (ATM). Planning missions in terms of waypoints
with overfly times at which the UAV is scheduled to overfly
could be a challenging problem for trajectory generation.
Most of the previous works have focused on 3D trajectory
planning problem and consider only waypoints without any
overfly-times constraints. By contrast, this paper proposes
a new optimization method to generate the reference flight
trajectory that could fulfill some related requirements of
NAS.Theproposed flight trajectory planning should generate
a trajectory that complies with the considered quadcopter
dynamical constraints and meets the assigned missions. The
assigned missions contain a set of waypoints with their
respective scheduled flight timetable. For the necessity of
optimal overfly-times schedule, the overfly times can be
calculated in optimal way while considering the assigned
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constraints and performance criteria. By generating such
reference flight trajectory, different tasks such as delivering
and reconnaissance missions at acceptable overfly times
could be performed. Moreover, the traffic managements for
UAV could be enhanced by managing the scheduled flight
timetable of waypoints.

Several papers of 3D trajectory planning problems while
considering waypoints as physical points in the workspace
have been done. On one hand, the authors in [2–7] pro-
posed an optimization approach to solve Time Optimal
Motion Planning (TOMP) between two configuration points
by using a Nonlinear Programming (NLP) method. On
the other hand, the authors in [8–10] have proposed an
algorithm based on Pontryagin’s minimum principle to
solve TOMP between two states. In [11], the authors pre-
sented an approach that could link separate trajectories
to form smooth analytically defined paths while satisfy-
ing a set of waypoint constraints. Moreover, in [12–14],
a minimum snap cost function was designed to generate
smooth trajectory while satisfying a sequence of consecutive
waypoints. In [15], a quasi-optimal trajectory generation
was developed to satisfy constraints concerning waypoints
and their overfly times while minimizing the trajectory
length.

Moreover, some papers have dealt with the minimum-
energy problem. In [16], a quasi-optimal trajectory planner
was proposed to generate trajectory between two points.
The objective function was defined as a fuel consumption
problem by considering the cost function as an average
velocity. The authors in [17] supposed that the consumed
energy was proportional to the rotors velocities. In [18], the
authors designed a trajectory planning function for a small-
scale helicopter in autorotation which could minimize the
battery power consumption and avoid bang-bang type solu-
tions. Nonlinear Programming problemwas used to compute
the optimal polynomial coefficients of the trajectory while
minimizing the cost function written as the rate of all forces
and moments applied on helicopter. In [19], a minimum-
energy trajectory generation approach was proposed by
defining the cost function as a function of the voltage
and current across the four rotors. The similarity among
these papers was the reference trajectory planning problems,
defined as longitudinal, lateral, and altitude displacements,
as NLP problem between two configuration points, while the
differencewas related to the parameterization of the reference
trajectory.

The objective of this paper is the reference trajectory
generation and planning problems for quadrotor UAV. The
reference flight trajectory is defined as a composition of
path andmonotonically increasingmotion functions. Both of
themare generated by using quintic B-spline functions. Based
on differential flatness approach, the quadcopter dynamical
constraints are checked instantaneously by computing the
induced aerodynamical roll and pitch, headingmoments, and
lift force, respectively.The optimal reference trajectory, which
consists of longitudinal, lateral, and altitude displacements,
in addition to yaw angle, is reached by manipulating the
control points’ vectors of B-spline functions via a nonlinear
constrained optimization method while taking into account

the mission requirements and defined constraints. The mis-
sion requirements are defined as a sequence ofwaypointswith
their respective scheduled flight timetable, and eachwaypoint
could represent a particular posture. A minimum-energy
cost function is designed to enhance the performance cri-
teria regarding trajectory length, induced efforts, consumed
energy, and trajectory smoothness. For the optimal overfly-
times schedule requirement, the overfly times are calculated
by the proposed optimization method with regard to the
interested constraints and performance criteria. Several con-
figurations are studied and numerical simulation results show
the feasibility and effectiveness of the proposed optimization
method.

2. Quadcopter Flight Dynamics

The quadcopter UAV is a vertical take-off and landing
(VTOL) aircraft. Its main characteristics are the ability of
hovering, vertical take-off, and landing in any terrain. The
displacement and rotation motions are achieved by adjusting
the angular speed of each rotor. To design the reference flight
trajectory, a simplified quadcopter flight dynamics are used
to reduce the computation burden and to facilitate the opti-
mization problem implementation. By considering that the
quadcopter UAV performs angular motions of low amplitude
and omitting the drag force, aerodynamical frictions, and
gyroscopic effects moments, the simplified dynamic model
of quadcopter UAV, in contrast to full quadcopter dynamics
presented in [21, 22], is given by

̈𝜙 = 1𝐼𝑥𝑈𝜙 (1a)̈𝜃 = 1𝐼𝑦𝑈𝜃 (1b)

�̈� = 1𝐼𝑧𝑈𝜓 (1c)

�̈� = 𝑈𝑧𝑚 (cos𝜙 sin 𝜃 cos𝜓 + sin𝜙 sin𝜓) (1d)

̈𝑦 = 𝑈𝑧𝑚 (cos𝜙 sin 𝜃 sin𝜓 − sin𝜙 cos𝜓) (1e)

�̈� = −𝑔 + 𝑈𝑧𝑚 (cos𝜙 cos 𝜃) , (1f)

where 𝑥, 𝑦, 𝑧 are longitudinal, lateral, and altitude displace-
ments and𝜙, 𝜃, 𝜓 are roll, pitch, and yaw angles in the Earth-
fixed frame, respectively. 𝑔 is the gravity acceleration and 𝑚
is the mass of quadcopter UAV. 𝐼𝑥, 𝐼𝑦, 𝐼𝑧 are roll, pitch, and
yaw inertia moments, respectively. The lift force 𝑈𝑧 and the
aerodynamical roll 𝑈𝜙, pitch 𝑈𝜃, and heading 𝑈𝜓 moments
developed by the quadcopter UAV are expressed with respect
to the rotors velocities:



Journal of Advanced Transportation 3

(𝑈𝑧𝑈𝜙𝑈𝜃𝑈𝜓)
= ( 𝐶𝐿 𝐶𝐿 𝐶𝐿 𝐶𝐿0 𝑑𝐶𝐿 0 −𝑑𝐶𝐿−𝑑𝐶𝐿 0 𝑑𝐶𝐿 0−𝐶𝐷 𝐶𝐷 −𝐶𝐷 𝐶𝐷 )(𝜔21𝜔22𝜔23𝜔24),

(2)

where 𝐶𝐿 and 𝐶𝐷 are lift and drag force coefficients, respec-
tively. 𝑑 is the distance between the centermass of quadcopter
and the axis of the propeller. 𝜔𝑖 is the rotor 𝑖 velocity, 𝑖 ={1, 2, 3, 4}. From (1d), (1e), and (1f), roll (𝜙) and pitch (𝜃)
angles are expressed as follows:

𝜙 = arcsin( �̈� sin𝜓 − ̈𝑦 cos𝜓√�̈�2 + ̈𝑦2 + (�̈� + 𝑔)2) (3a)

𝜃 = arctan(�̈� cos𝜓 + ̈𝑦 sin𝜓�̈� + 𝑔 ) (3b)

Using (1a)–(1f), the aerodynamical roll, pitch, and head-
ing moments and lift force, which are induced by the
reference flight trajectory, are expressed as follows:𝑈𝜙 = 𝐼𝑥 ̈𝜙 (4a)𝑈𝜃 = 𝐼𝑦 ̈𝜃 (4b)𝑈𝜓 = 𝐼𝑧�̈� (4c)𝑈𝑧 = 𝑚√�̈�2 + ̈𝑦2 + (�̈� + 𝑔)2 (4d)

Based on (3a) and (3b), it can be concluded that the
analytical expressions of ̇𝜙, ̇𝜃, ̈𝜙, and ̈𝜃 are functions of
the first, second, third, and fourth derivatives of the vector
components (𝑥, 𝑦, 𝑧, 𝜓).
3. Optimization Problem Formulation

The optimization problem is concerned with the reference
flight trajectory that satisfies waypoints constraints at specific
schedule flight timetable. Since the quadcopter UAV can
perform six Degrees of Freedom (DOF), the reference flight
trajectory could contain six components:

I (𝑡) = (𝑥𝑑 (𝑡) , 𝑦𝑑 (𝑡) , 𝑧𝑑 (𝑡) , 𝜙𝑑 (𝑡) , 𝜃𝑑 (𝑡) , 𝜓𝑑 (𝑡)) (5)

However, the quadcopter UAV is an underactuated sys-
tem. Only longitudinal, lateral, and altitude displacements(𝑥, 𝑦, 𝑧) and yaw angle (𝜓) can be directly controlled. Roll (𝜙)
and pitch (𝜃) angles are systemically computed with respect
to quadcopter dynamics. Differential flatness approach has
shown interesting performance regarding the trajectory plan-
ning problem as demonstrated in [4, 5, 8, 12–14, 16–18]. Using

the differential flatness method, the state space variables and
control inputs can be defined in terms of flat output vector.
Furthermore, the computation load on optimization could
be reduced considerably. Equations (1a)–(1f) are differentially
flat if there exists a flat output vector 𝜂 ∈ R𝑚 in the following
form [23]:

𝜂 = 𝜁 (x, u, u̇, ü, . . . , u(𝑟)) (6)

such that

x = 𝛼 (𝜂, �̇�, . . . , �̇�(𝑞)) (7a)

u = 𝛽 (𝜂, �̇�, . . . , �̇�(𝑞)) , (7b)

where x and u are state space and control input vectors,
respectively. From (1a)–(1f), (3a)-(3b), and (4a)–(4d), it can
be concluded that the vector (𝑥, 𝑦, 𝑧, 𝜓) represents the flat
output 𝜂(𝑡) vector. Therefore, the optimization problem can
be treated from the flat output 𝜂(𝑡) vector and expressed as
NLP problem in the following form:

min 𝐽 (𝜂 (𝑡)) for 𝑡 ∈ [0, 𝑇] (8a)

such that: ℎ (𝜂 (𝑡)) = 0 (8b)𝑔 (𝜂 (𝑡)) ⩽ 0, (8c)

where (8b) and (8c) denote a set of equality and inequality
constraints, respectively. 𝐽(𝜂(𝑡)) is the objective function.
3.1. Mission Requirements and Constraints. The considered
constraints are classified as follows.

(a) Mission Constraints. The mission constraints are defined
as a set of conditions as follows:

(i) The quadcopter UAV posture:

I (0) = Iinit (9a)

I (𝑡𝑖) = I𝑖, 𝑖 = 1, . . . , 𝑛waypoint (9b)0 < 𝑡1 < 𝑡2 < ⋅ ⋅ ⋅ < 𝑡𝑛waypoint < 𝑇 < 𝑇aut (9c)

I (𝑇) = Ifin, (9d)

where 𝑇aut and 𝑇 are autonomy flight and final times,
respectively. 𝑛waypoint is the number of waypoints.

(ii) The quadcopter UAV scheduled flight timetable:𝑡∗𝑖 − 𝛿𝑡 ⩽ 𝑡𝑖 ⩽ 𝑡∗𝑖 + 𝛿𝑡, (10)

where 𝑡∗𝑖 is the predefined overfly time and 𝛿𝑡 is an
allowed range of overfly time.

(iii) The quadcopter UAV velocity:

İ (0) = →0 , (11a)

İ (𝑇) = →0 (11b)
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(b) Workspace and Flight Envelope Constraints

(i) The workspace limits:𝜙min ⩽ 𝜙𝑑 (𝑡) ⩽ 𝜙max (12a)𝜃min ⩽ 𝜃𝑑 (𝑡) ⩽ 𝜃max (12b)𝜓min ⩽ 𝜓𝑑 (𝑡) ⩽ 𝜓max (12c)𝑥min ⩽ 𝑥𝑑 (𝑡) ⩽ 𝑥max (12d)𝑦min ⩽ 𝑦𝑑 (𝑡) ⩽ 𝑦max (12e)𝑧min ⩽ 𝑧𝑑 (𝑡) ⩽ 𝑧max (12f)

(ii) The flight envelope limits: the flight envelope is a set
of flight conditions defined by the quadcopter height
and airspeed.𝑧min ⩽ 𝑧𝑑 (𝑡) ⩽ 𝑧max (13a)�̇�min ⩽ �̇�𝑑 (𝑡) ⩽ �̇�max (13b)0 ⩽ 𝑉𝑎 ⩽ 𝑉MO, (13c)

where 𝑉MO is the maximum operating speed.

(c) Induced Efforts Constraints. From (2), the induced efforts
can be expressed as follows:0 ⩽ 𝑈𝑧 ⩽ 4𝐶𝐿𝜔2max (14a)−𝑑𝐶𝐿𝜔2max ⩽ 𝑈𝜙 ⩽ 𝑑𝐶𝐿𝜔2max (14b)−𝑑𝐶𝐿𝜔2max ⩽ 𝑈𝜃 ⩽ 𝑑𝐶𝐿𝜔2max (14c)−2𝐶𝐷𝜔2max ⩽ 𝑈𝜓 ⩽ 2𝐶𝐷𝜔2max (14d)

Since the quadcopter rotors are identical, 𝜔max denotes
the maximum rotor velocity.

3.2. Reference Flight Trajectory Parameterization. The refer-
ence trajectory can be defined as a composition [3, 6, 15, 24]
of path and motion functions. Based on this definition, the
velocity, acceleration, jerk, and snap profiles of reference
flight trajectory could be adjusted to make them compliant
with the assigned constraints. The reference flight trajectory
I(𝑡) = (𝑥𝑑(𝑡), 𝑦𝑑(𝑡), 𝑧𝑑(𝑡), 𝜓𝑑(𝑡)) is written as follows:

I (𝑡) = 𝑃 (𝜆) ∘ 𝜆 (𝑡) = 𝑃 (𝜆 (𝑡)) (15a)

İ (𝑡) = �̇� (𝑡) 𝑑𝑃𝑑𝜆 (𝜆 (𝑡)) (15b)

Ï (𝑡) = �̈� (𝑡) 𝑑𝑃𝑑𝜆 (𝜆 (𝑡)) + �̇�2 (𝑡) 𝑑2𝑃𝑑𝜆2 (𝜆 (𝑡)) (15c)

...
I (𝑡) = ...𝜆 (𝑡) 𝑑𝑃𝑑𝜆 (𝜆 (𝑡)) + 3�̇� (𝑡) �̈� (𝑡) 𝑑2𝑃𝑑𝜆2 (𝜆 (𝑡))+ �̇�3 (𝑡) 𝑑3𝑃𝑑𝜆3 (𝜆 (𝑡)) (15d)

I
(4) (𝑡) = 𝜆(4) (𝑡) 𝑑𝑃𝑑𝜆 (𝜆 (𝑡))+ 4�̇� (𝑡) ...𝜆 (𝑡) 𝑑2𝑃𝑑𝜆2 (𝜆 (𝑡))+ 3�̈�2 (𝑡) 𝑑2𝑃𝑑𝜆2 (𝜆 (𝑡))+ 6�̇�2 (𝑡) �̈� (𝑡) 𝑑3𝑃𝑑𝜆3 (𝜆 (𝑡))+ �̇�4 (𝑡) 𝑑4𝑃𝑑𝜆4 (𝜆 (𝑡)) ,

(15e)

where the path 𝑃(𝜆) is a set of time-independent configura-
tions followed by the quadcopter UAV to fly from an initial
configuration 𝑃init to a final one 𝑃fin. The motion 𝜆(𝑡) is a
positive scalar function that defines the way in which the
path is achieved with respect to the time, 𝜆 ∈ [0, 1]. In
order to construct the path 𝑃(𝜆) and motion 𝜆(𝑡) functions,
a parametric function has to be selected. For this purpose,
B-spline function is used for its advantage to support the
manipulation of the reference trajectory as functions of
control points and knot vectors. Basically, B-spline function
is demonstrated as follows [24]:𝑆 (𝑢) = 𝑁∑

𝑖=1

𝑐𝑖𝐵𝑝𝑖 (𝑢) (16)

with 𝑢0 ≤ ⋅ ⋅ ⋅ ≤ 𝑢𝑗−1 ≤ 𝑢𝑗 ≤ 𝑢𝑗+1 ≤ ⋅ ⋅ ⋅ ≤ 𝑢𝑛knot , (17)

where 𝑐𝑖 is a control point and 𝑁 is a control points number.𝑢 is a knot vector and 𝑛knot is the number of knots. 𝐵𝑝𝑖 is a
basis function of degree 𝑝. For this purpose, the knot vectors
are selected as uniform sequences. To construct the path and
motion functions, the following conditions are defined:

(a) Path Function 𝑃(𝜆)
(i) Posture condition: it satisfies the condition indicated

in (9a)–(9d):𝑃 (𝜆 = 0) = 𝑃init (18a)𝑃 (𝜆𝑖) = 𝑃𝑖, 𝑖 = 1, . . . , 𝑛waypoint (18b)𝑃 (𝜆 = 1) = 𝑃fin (18c)

(ii) Velocity condition: it ensures the condition of
(11a) and (11b): �̇� (𝜆 = 0) = →0 , (19a)�̇� (𝜆 = 1) = →0 (19b)

(c) Motion Function 𝜆(𝑡)
(i) The first derivative of 𝜆(𝑡):𝑑𝜆𝑑𝑡 ⩾ 0, ∀𝑡 ∈ [0, 𝑇] (20)
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Figure 1: An illustration example for (a) motion 𝜆(𝑡) and (b) path 𝑃(𝜆) functions, respectively.
(ii) The motion must satisfy the following conditions:𝜆 (0) = 0 (21a)�̇� (0) = 0 (21b)�̈� (0) = 0 (21c)

...𝜆 (0) = 0 (21d)𝜆 (𝑇) = 1 (21e)�̇� (𝑇) = 0 (21f)�̈� (𝑇) = 0 (21g)
...𝜆 (𝑇) = 0 (21h)

(iii) The overfly-time conditions:𝜆 (𝑡𝑖) = 𝜆𝑖, 𝑖 = 1, . . . , 𝑛waypoint (22)

From (3a)-(3b) and (15a)–(15e), the continuity of the
second-order derivatives of the desired roll 𝜙𝑑(𝑡) and pitch𝜃𝑑(𝑡) angles depends on the continuity of the fourth derivative
of the path and motion functions. Therefore, the parametric
function of 𝑃(𝜆) is modeled as a quintic B-spline function
using (𝑁𝑝 + 2) control points number, where 𝑁𝑝 ⩾ 5. The
(𝑁𝑝) control points number represents a set of path control
points that will be manipulated by the proposed optimization
method. The (2) control points number represents the fixed
control points that satisfy the condition expressed in (18a)
and (18c). The parametric function of 𝜆(𝑡) is modeled as
a quintic B-spline function using (𝑁𝑚 + 8) control points
number. The (𝑁𝑚) control points number is a set of motion
control points and the (8) control points number is a set
of fixed control points that meet conditions defined by
(11a)-(11b) and (21a)–(21h). In addition, the motion control

points’ vector is uniformly distributed along the time scale,
guarantying that each motion control point belongs to an
increasing bounded interval to satisfy the condition of (20).
Figure 1 illustrates an example for path and monotonically
increasing motion functions, respectively.

4. Performance Criterion

For rotor-craft systems, the electrical power is converted
to mechanical power in the form of thrust. The developed
mechanical power could be described as the product of
the torque 𝜏𝑖 and angular velocity 𝜔𝑖. Therefore, the power
generated from each rotor 𝑖 could be computed as follows:𝑃𝑖 = 𝜏𝑖𝜔𝑖 = (𝐶𝐷𝜔2𝑖 ) 𝜔𝑖 (23)

By using the first term 𝐶𝐷𝜔2𝑖 in (23), the proposed cost
function is expressed as a function of rotor velocities and yaw
dynamics:

𝐽 = ∫𝑇
0

[[( 4∑
𝑖=1

𝐶𝐷𝜔2𝑖 )2 + �̈�2]]𝑑𝑡 (24a)

= ∫𝑇
0
[𝐶2𝐷 (𝜔21 + 𝜔22 + 𝜔23 + 𝜔24)2 + �̈�2] 𝑑𝑡 (24b)

= ∫𝑇
0
[𝛽 (�̈�2 + ̈𝑦2 + (�̈� + 𝑔)2) + �̈�2] 𝑑𝑡 (24c)

with 𝛽 = (𝐶𝐷 𝑚𝐶𝐿)2 , (25)

where the term �̈�2 is used to minimize the induced aerody-
namical headingmoment and the second term𝛽(�̈�2+ ̈𝑦2+(�̈�+
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Figure 2: Proposed optimization method procedure.

𝑔)2) is introduced in the proposed cost function to minimize
the induced efforts and consumed energy. This yields𝐽 = ∫1

0
[𝛽((𝑑2𝑧1𝑑𝜆2 )2 + (𝑑2𝑧2𝑑𝜆2 )2 + (𝑑2𝑧3𝑑𝜆2 + 𝑔)2)

+ (𝑑2𝑧4𝑑𝜆2 )2]𝑑𝜆 (26)

The synoptic procedure of optimizationmethod is shown
in Figure 2. For fixed scheduled flight timetable problem, only
the positions of the control points’ vectors are manipulated.
The final solution will be the optimal control points’ vectors.
For this problem, the overfly-time constraints defined should
be selected properly. For the requirements of the optimal
overfly-times schedule, the overfly times are calculated by
the proposed optimization problem with respect to the
constraints of interest and performance criteria.

5. Numerical Simulations

5.1. Flight Trajectory 1. Let us consider the following con-
figuration in Table 1. All simulations are done using 𝑁𝑚 =

Table 1: Waypoints configuration with their scheduled flight time-
table.

Waypoint 𝑡 (s) 𝑥 (m) 𝑦 (m) 𝑧 (m) 𝜓 (rad)
Initial 0 5 −5 0 0
1 10 10 0 20 −0.1745
2 25 0 15.708 20 0.3491
3 43 −10 0 20 0.5236
4 68 0 −15.708 20 0.1745
5 80 10 0 20 0
Final 95 5 5 0 0
12 and 𝑁𝑝 = 14. The constraints are listed in Table 3.
The real parameters identified in [20] are used to test the
proposed optimization method (see Table 2). A numerical
solver in Matlab [25] via “fmincon” based upon Sequential
Quadratic Programming (SQP) is used to solve the optimiza-
tion method. To demonstrate the effectiveness of proposed
cost function in (26), different cost functions defined in
[15, 17] are used. Figure 3 displays the 2D and 3D reference
flight trajectory with respect to the requirements of Table 1.
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Figure 3: Optimal 3D and 2D reference flight trajectory.

Table 2: Quadcopter UAV parameters [20].

Parameter Value𝐼𝑥 0.0059 kg⋅m2𝐼𝑦 0.0059 kg⋅m2𝐼𝑧 0.0107 kg⋅m2𝑚 0.694 kg𝐶𝐷 1.18 × 10−7N⋅m/rad/s𝐶𝐿 3.8162 × 10−6 N/rad/s𝑑 0.18m
Table 3: Considered constraints.

Constraint
types Constraints Constraint ranges

Workspace

Longitudinal
displacement (m) −30 ⩽ 𝑥 ⩽ 30

Lateral displacement (m) −40 ⩽ 𝑦 ⩽ 40
Altitude (m) 0 ⩽ 𝑧 ⩽ 120

Roll angle (rad) −0.5236 ⩽ 𝜙 ⩽ 0.5236
Pitch angle (rad) −0.6109 ⩽ 𝜃 ⩽ 0.6109
Yaw angle (rad) −0.7854 ⩽ 𝜓 ⩽ 0.7854

Flight envelope
Height (m) 0 ⩽ 𝑧 ⩽ 120

Yaw rate (rad/s) −1.7454 ⩽ �̇� ⩽ 1.7454
Airspeed (m/s) 0 ⩽ 𝑉𝑎 ⩽ 8

Actuators Maximum rotor
velocity (rad/s) 0 ⩽ 𝜔max ⩽ 1047

It could be noted that the proposed algorithm can deal
with different cost functions. Moreover, the smoothness of
the generated reference flight trajectory depends on the
considered cost functions. Figure 4 shows the generated

Table 4: Comparison results of trajectory length and fitness value.

Cost function type Trajectory length (m) Fitness value
1 Minimum-energy 129.16 1.1174 × 103
2 Minimum-length [15] 117.05 1.3609 × 104
3 Minimum-energy [17] 136.25 1.2241 × 104
longitudinal, lateral, and altitude displacements in addition
to yaw angle. Figures 6 and 7 illustrate the induced efforts
developed by each cost function. It could be seen from the
proposed cost function in (26) that the mean values of the
induced efforts are considerably less than those related to
the cost functions in [15, 17]. Figure 5 displays the results
given by each cost function in regards of trajectory length
and consumed energy. The fitness value developed by the
proposed cost function, which reflects consumed energy,
is less important than other cost functions. The proposed
cost function shows an interesting performance in terms
of trajectory length, induced efforts, consumed energy, and
smoothness, as demonstrated in Tables 4 and 5.

5.2. Flight Trajectory 2. Let us consider the configuration in
Table 6. Simulations are done by considering three scenarios.
In the first one, the waypoints overfly times are fixed. In the
second one, the waypoints overfly times are freely computed
by the proposed optimization method. However, in the last
case, an allowed range of overfly time (𝛿𝑡 = 5 s) is used.

Figure 8 displays the 3D and 2D generated reference
flight trajectory for the three scenarios. Even if the imposed
waypoints overfly times defined in Table 6 are fixed without
any prior knowledge on optimality aspect, the proposed opti-
mizationmethodwill show its ability to generate the reference
trajectory of desired configuration despite its weakness in
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Figure 5: Performance criterion: (a) trajectory length and (b) fitness value, respectively.

terms of induced efforts, length trajectory, and consumed
energy, as demonstrated in Figures 9 and 11. Table 8 shows
the optimal overfly-times schedule computed in the second
and third scenarios.

Figures 10 and 11 illustrate the induced lift force, aerody-
namical moments, and their mean values computations with
respect to each scenario. Based on the proposed optimization
problem, the overfly times are computed optimally and
consequently; the induced efforts, trajectory length, and
consumed energy could be considerably reduced. Tables 7
and 9 show this aspect.

5.3. Flight Trajectory 3. Let us consider the same configura-
tion in Table 6. In this study, different 𝛿𝑡 is used and 𝑇aut =

20min is fixed. Figure 12 displays the 3D and 2D generated
reference flight trajectory and Table 10 shows the optimal
overfly-times schedule computed for each selected 𝛿𝑡. Figures
13, 14, and 15 display the trajectory length, consumed energy,
and induced efforts developed by selecting 𝛿𝑡. Tables 11 and
12 display the performance criteria assessment. It can be
seen that while 𝛿𝑡 increased, the performance criteria showed
enhancing results.

6. Conclusion

An optimizationmethod for reference flight trajectory gener-
ation has been proposed, which allows the generation of feasi-
ble and realistic flight plan for quadcopter UAV and manages
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Figure 7: Mean values of (a) lift force and aerodynamical (b) roll and (c) pitch and (d) heading moments, respectively.
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Table 5: Comparison results of induced efforts.

Cost function type Lift force Roll moment Pitch moment Heading moment
(N) (N⋅m) (N⋅m) (N⋅m)

1 Minimum-energy 6.8092 5.0493 × 10−6 7.4343 × 10−6 2.3455 × 10−5
2 Minimum-length [15] 6.811 2.4896 × 10−5 1.9401 × 10−5 6.9616 × 10−5
3 Minimum-energy [17] 6.8089 4.1299 × 10−6 6.5995 × 10−6 1.0246 × 10−4
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Figure 8: Optimal 3D and 2D reference flight trajectory.
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Figure 9: Performance criterion: (a) trajectory length and (b) fitness value, respectively.

adequately the scheduled flight timetable of waypoints. In this
paper, the flight trajectory generation problem was treated
as NLP problem and solved via a nonlinear constrained
optimization technique. The reference flight trajectory was
defined as a composition of path and motion functions. Both
of themwere generated by using B-spline functions. Based on
differential flatness approach, the quadcopterUAVdynamical
constraints were checked instantaneously by computing the
induced aerodynamical roll, pitch, and headingmoments and
lift force, respectively. The optimal reference trajectory was

reached by manipulating the control points’ vectors of B-
spline functions while taking into account the quadcopter
mission requirements, dynamical constraints, flight envelope,
andworkspace limits.Themission requirementswere defined
as a series of waypoints with their respective scheduled flight
timetable. A minimum-energy cost function has been pro-
posed to minimize the consumed energy and induced efforts
along the path. For requirement of optimal overfly-times
schedule, the overfly times were computed in an optimal way
regarding the defined constraints and performance criteria.
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Figure 11: Mean values of (a) lift force and aerodynamical (b) roll and (c) pitch and (d) heading moments, respectively.
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Figure 12: Optimal 3D and 2D reference flight trajectory.
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Figure 13: Performance criterion: (a) trajectory length and (b) fitness value, respectively.

Table 6: Waypoints configuration with their scheduled flight time-
table.

Waypoint 𝑡 (s) 𝑥 (m) 𝑦 (m) 𝑧 (m) 𝜓 (rad)
Initial 0 5 −5 0 0
1 10 5 0 20 −0.1745
2 25 0 7.854 30 0.3491
3 43 −5 0 40 0.5236
4 68 0 −7.854 50 0.1745
5 80 10 0 60 0
6 95 0 23.5619 70 0.1745
7 118 −10 0 80 0.4363
8 130 0 −23.5619 90 0
Final 140 20 0 100 0
Numerical simulations in this study have shown the feasibility
and effectiveness of the proposed optimization method to

Table 7: Comparison results of trajectory length and fitness value.

Scenario Trajectory length (m) Fitness value
1 247.85 1.8187 × 104
2 203.77 4.7394 × 103
3 203.95 5.1734 × 103
generate an optimal reference flight trajectory in terms of
trajectory length, induced efforts, consumed energy, and
smoothness. Moreover, it shows its ability to manage the
scheduled flight timetable of waypoints.
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Figure 14: Induced efforts: (a) lift force and aerodynamical (b) roll and (c) pitch and (d) heading moments, respectively.
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Figure 15: Mean values of (a) lift force and aerodynamical (b) roll and (c) pitch and (d) heading moments, respectively.
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Table 8: Waypoints configuration with their optimal overfly-times schedule.

Waypoint 𝑡scenario1 (s) 𝑡scenario2 (s) 𝑡scenario3 (s)
Initial 0 0 0
1 10 18.44 15
2 25 34.55 28.46
3 43 47.26 45.42
4 68 60.24 63.21
5 80 71.67 75.37
6 95 89.44 94.81
7 118 105.39 113
8 130 120.76 125
Final 140 140 140

Table 9: Comparison results of induced efforts.

Scenario Lift force Roll moment Pitch moment Heading moment
(N) (N⋅m) (N⋅m) (N⋅m)

1 6.8166 1.5055 × 10−5 1.0145 × 10−5 3.111 × 10−5
2 6.8092 2.5521 × 10−6 1.3739 × 10−6 2.4893 × 10−5
3 6.8101 6.2292 × 10−6 2.631 × 10−6 2.8259 × 10−5

Table 10: Waypoints configuration with their optimal overfly-times schedule.

Waypoint 𝑡𝛿𝑡=0.6 (s) 𝑡𝛿𝑡=2.5 (s) 𝑡𝛿𝑡=4 (s) 𝑡𝛿𝑡=10 (s)
Initial 0 0 0 0
1 10.6 12.5 14 17.87
2 25.6 27.5 27.39 33.67
3 43.22 45.5 47 45.48
4 67.4 65.5 64 63.46
5 79.4 77.77 76 75.48
6 95.6 97.17 95.61 92.11
7 117.4 115.5 114 110.17
8 129.4 130.45 130.22 127.27
Final 144.68 146.22 147.54 149.46

Table 11: Comparison results of trajectory length and fitness value.𝛿𝑡 (s) Trajectory length (m) Fitness value
0.6 216.29 8.1647 × 103
2.5 206.21 5.5334 × 103
4 203.97 4.8964 × 103
10 203.77 4.7394 × 103

Table 12: Comparison results of induced efforts.𝛿𝑡 (s) Lift force Roll moment Pitch moment Heading moment
(N) (N⋅m) (N⋅m) (N⋅m)

0.6 6.8101 6.7975 × 10−6 2.6577 × 10−6 2.9807 × 10−5
2.5 6.8094 4.1188 × 10−6 1.7692 × 10−6 2.5535 × 10−5
4 6.8093 3.6939 × 10−6 1.7541 × 10−6 2.4895 × 10−5
10 6.8089 2.5992 × 10−6 1.5055 × 10−6 2.2336 × 10−5
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