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Combinatorial optimization has been used in different research areas. It has been employed successfully in software testing fields
to construct minimum set of combinations (i.e., in terms of size) which in turn represents the minimum number of test cases. It
was also found to be a successful approach that can be applied to solve other similar problems in different fields of research. In line
with this approach, this paper presents a new application of the combinational optimization in the design of PID controller for DC
servomotor. The design of PID controller involves the determination of three parameters. To find optimal initial PID parameters,
different tuning methods have been proposed and designed in the literature. The combinatorial design is concerned with the
arrangement of finite set of elements into combinatorial set that satisfies some given constraints. Consequently, the proposed
method takes the interaction of the input parameters as a constraint for constructing this combinatorial set. The generated sets
are then used in the proposed tuning method. The method proved its effectiveness within a set of experiments in a simulated
environment.

1. Introduction

Direct current (DC) motors have been used intensively
in various industrial applications. The significance of DC
motors is related to their efficient characteristics such as pre-
ciseness, fast adaptation, smooth operation, and high torque
capabilities. From the control point of view, DC motors
exhibit linear speed-torque characteristics; therefore, profi-
cient control aspects can be achieved [1]. During the recent
decades, various controller structures have been proposed
for controlling the DC motor. The most common controller
used is the proportional plus integral plus derivative (PID)
due to its simple structure and robust performance [2]. The
design of the PID controller involves the determination of
three parameters which are the proportional, integral, and
derivative gains. Over the years, various tuning methods
have been proposed to determine the PID gains. The first
classical tuning rule method was proposed by Ziegler and
Nichols [3] and also it is proposed by Cohen and Coon [4].
The advantage of these classical tuning methods is that the
model of the system is not required to be known. However,
the controller designed with these experimental methods can

have an acceptable but not optimum system response.There-
fore, recently, many artificial intelligence (AI) techniques
have been employed to determine the optimal parameters
and hence improve the controller performances. Such AI
techniques include differential evolution (DE) algorithm [5],
multiobjective optimization [6], evolutionary algorithm [7],
simulated annealing (SA) [8], artificial bee colony (ABC) [9],
fuzzy systems [10], genetic algorithm (GA) [11], and many
optimizing liaisons (MOL) [12].

In this paper, combinatorial design is used as a new
approach to determine the optimal PID parameters. In com-
binatorial design, the finite set of elements is arranged into
patterns (subsets, words, and arrays) according to specified
rules [13]. As a part of this theory, the arrangement could
be represented in the covering array (CA) form, which
represents all the interaction combinations in one array.Thus,
combination number can be reduced dramatically, and at the
same time all of them are covered by the optimized set which
is represented in the CA.

CAs have been used widely in different applications in
the literature.They have been used mainly in software testing
applications (e.g., [14–16]). They have also been used in other
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applications such as hardware testing [17], gene expression
regulation [18], advance material testing [19], performance
evaluation of communication systems [20], and optimization
of dynamic voltage scaling (DVS) in high performance
processors [21]. However, CAs have not been used yet for PID
controller design; thereby, it is proposed here to determine
the optimal PID parameters.

The rest of this paper is organized as follows. Section 2
gives an overview of the combinatorial design and its nota-
tions. Section 3 describes the PID controller design. Section 4
gives the details of the combinatorial set construction and the
procedure of its application on the system. Section 5 presents
and discusses the evaluation results of the proposed approach
followed by concluding remarks in Section 6.

2. Combinatorial Optimization Background

Combinatorial design is used to effectively search for the best
solution among a finite set of feasible solutions based on the
interactions. It is essential in this method to cover all of the
combinations at least once. CA has been introduced as a
mathematical object to represent all those combinations. A
CA𝜆(𝑁; 𝑡, 𝑘, V) represents an 𝑁 × 𝑘 array with V values such
that every𝑁× 𝑡 subarray contains all ordered subsets from V
values of size 𝑡 at least 𝜆 times [22], where 𝑘 is the number
of components (parameters). When the target is optimal
combination-set, it is essential that all 𝑡-combinations occur
at least once. In this case, the value of 𝜆 = 1 and the notation
becomes CA (𝑁; 𝑡, 𝑘, V) [23]. As the target is the optimal set,
the size of𝑁, which is the size of the combination-set, has to
be as minimum as possible.
𝑇-way testing strategies have been used widely to con-

struct CA and its variations such as mixed covering array
(MCA) or variable strength covering array (VSCA) [24] for
the purpose of software interaction testing.There are different
mechanisms in the literature used with 𝑡-way strategies for
generating the combinations. These methods are lying under
the field of search based software engineering (SBSE) [25].

From the literature, there are two methods for generating
the combinations in general: (1) algebraically, which is based
on the generation of the combinations mathematically; (2)
computationally, which is based on the generation of the
combinations using computational and iterative methods. In
practice, the second method is mostly used because of the
flexibility since the former method is more restrictive for the
combinations.

There are different tools and strategies in the literature
for generating the combinations of different inputs. Each
tool uses a special algorithm for generation. Among those
implemented algorithms, the use of AI theories with the
random generation proves the generation of optimal combi-
nation sizes. This approach has been used for combinatorial
optimization in different researches (e.g., [14, 26]).

3. PID Controller Design

The objective of designing a controller for a DC servomotor
is to make the system respond efficiently to the new desired
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Figure 1: DC servomotor with PID controller tuned by combinato-
rial set constructor.

angular position. This can be achieved by comparing the
output angular position with the desired (reference) posi-
tion to calculate an error (actuating) signal. The controller
manipulates the error signal and generates an appropriate
DC voltage that will cause the motor to respond to the new
position. Proportional-integral-derivative (PID) controller
has been widely used for such application because of its
simple structure and robust performance. Figure 1 shows a
block diagram representation of a DC servomotor with PID
controller.

The design of PID controller involves the computation
of three parameters: proportional (𝐾𝑝), integral (𝐾𝑖), and
derivative (𝐾𝑑) constants.The general transfer function of the
PID controller is given by

𝐶 (𝑠) = 𝐾𝑝 +
𝐾𝑖

𝑠
+ 𝑠𝐾𝑑. (1)

The conventionalmethod of determining the PID parameters
is a heuristic method called the Ziegler-Nichols method
[27]. This method is based on calculating the system critical
gain at which the output of the control loop oscillates along
with the corresponding period of osculation. The critical
gain and period of oscillation are used to set the P, I,
and D gains. Later, methods based on several optimization
techniques have been introduced, such as genetic algorithm
[28], neural network [29], fuzzy based approach [30], and
particle swarm optimization techniques [31]. Most systems
arising in practice have time varying parameters which will
affect the performance of the designed PID controller. In
such cases a supervisory system can be used such that,
when the performance of the controller drops below a pre-
scribed level of acceptable performance index, the proposed
optimization procedure must be reengaged. Therefore, the
tuning process has to be sufficiently satisfactory in terms of
convergence speed and this can be achieved when reducing
the optimization searching space. This work proposes a new
method for determining the PID controller parameters using
covering array arrangement based on combinatorial design
approach. As shown in the block diagram of Figure 1, the
“combinatorial set constructor” feeds the PID controller with
sets of parameters instead of the conventional techniques.
This will reduce the amount of the search space which in
turn reduces the required time for the system to reach the
optimal value. The following section illustrates how this
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combinatorial set is generated and how it has been applied
to the model.

4. Applying the Generated Combinatorial Set

Figure 3 summarizes the process of constructing the com-
binatorial set and its application on the system. For the
purpose of constructing the combinatorial set, we have used
our previously developed strategy named PSTG [14, 16].
The strategy uses the particle swarm optimization (PSO) for
constructing and optimizing the combinatorial set.

First of all, the strategy takes the factors involved in PID
tuning process and then generates all the combinations of the
input parameters (i.e., exhaustive set). During this process, an
individual random set is generated initially and involved into
an iterative path. The combinations are optimized during the
iterative path of selection using the PSO strategy. Each row in
the random generated set is compared with the complete set
of combinations iteratively to know how many combinations
it covers. Then, using the PSO mechanism for optimiza-
tion, the strategy updates the random set of combinations
according to an update rule. The strategy continues to iterate
until it finds one combination in the random set that could
cover more than one in the original set, which optimizes the
original set to a smaller set of combinations. The strategy
collects all the optimized combinations in one set and it stops
until all the combinations are covered in the exhaustive set
of combinations.Then, it applies the generated set to the PID
controller (see Figure 1). Hence, this set will be the source of
the PID parameters instead of using other sources which are
coming by conventional techniques. As a result, the search
spacewill beminimized and the systemwill reach the optimal
value in a satisfactory time.

5. Simulation Results and Discussion

In this section, the performance of the proposed PID tuning
method is evaluated in MATLAB and applied to control a
DC servomotor. The DC motor system can be considered as
a SISO system in which the input is the DC source voltage
𝐸𝑎(𝑠) and the output is the shaft angular position 𝜃𝑎(𝑠).
The dynamical behavior of the DC motor as a relationship
between the applied DC voltage source and the angular
position of the shaft can be described by the following transfer
function [32]:

𝐺 (𝑠) =
𝜃𝑎 (𝑠)

𝐸𝑎 (𝑠)

=
𝐾𝑡

𝐽𝑚𝐿𝑎𝑠
3 + (𝑅𝑎𝐽𝑚 + 𝐷𝑚𝐿𝑎) 𝑠

2 + (𝐷𝑚𝑅𝑎 + 𝐾𝑡𝐾𝑏) 𝑠
.

(2)

The parameters in (2) are defined in Table 1 [32, 33].

Table 1: DC servomotor parameters.

Parameter Value Unit
Torque constant (𝐾𝑡) 0.01 N∗m/amp
Equivalent inertia (𝐽𝑚) 0.01 Kg∗m2

Armature inductance (𝐿𝑎) 0.5 H
Armature resistance (𝑅𝑎) 1 Ohm
Viscose damping (𝐷𝑚) 0.1 N∗m∗sec/rad
Back emf constant (𝐾𝑏) 0.01 Volt∗sec/rad

With the parameters listed in Table 1, the DC servomotor
transfer function will be

𝐺 (𝑠) =
𝜃𝑎 (𝑠)

𝐸𝑎 (𝑠)

=
0.01

𝑠 (0.005𝑠2 + 0.06 + 0.1001)
.

(3)

The unit step response of the DC motor without PID
controller is shown in Figure 3.

It can be observed from Figure 3 that the DC motor
system is overdampedwith a settling time equal to 37.33 sec at
which the response has settled to 98%of the steady state value.
In the design of PID controller with combinatorial approach,
𝐾𝑝 values are selected in the range of 45.2 to 55, 𝐾𝑖 in the
range of 0.01 to 0.5, and 𝐾𝑑 in the range of 13.5 to 38 with
step sizes equal to 0.2, 0.01, and 0.5, respectively. Accordingly,
the table of all combinations is produced to have a total of
50
3
= 125000 possible combinations. It is observed that,

within this range, tuning is done effectively, as can be shown
later. Each PID parameter combination is evaluated using a
fitness function given by

𝐽 = 𝛼1

𝑡𝑟 − 𝑡
∗

𝑟



𝑡∗
𝑟

+ 𝛼2

𝑡𝑠 − 𝑡
∗

𝑠



𝑡∗
𝑠
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𝑡𝑝 − 𝑡
∗
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𝑀∗
𝑝

+ 𝛼5𝐸𝑠𝑠,

(4)

where 𝑡𝑟, 𝑡𝑠, 𝑡𝑝, and𝑀𝑝 are the rise time, settling time, peak
time, and maximum overshoot variables which are used to
specify the system’s response, respectively.The same variables
assignedwith asterisk (∗) are used in (4) to denote the desired
response specifications. 𝐸𝑠𝑠 is the steady state error. (𝛼1 − 𝛼5)
are weighting factors used to adjust the importance of the
response specification variables and it is up to the designer to
choose the values of these weights. In the simulation, 𝑡∗

𝑟
, 𝑡∗
𝑠
,

𝑡
∗

𝑝
, and𝑀∗

𝑝
are selected to be 0.475, 0.879, 0.64, and 0.0455,

respectively. The weighting factors (𝛼1 − 𝛼5) are all chosen to
be 1 and the unit step response is calculated between 0 and 8
sec with a sampling time of 0.01 sec. Thus, (4) becomes

𝐽 =

𝑡𝑟 − 0.475


0.475
+

𝑡𝑠 − 0.879


0.879

+


𝑡𝑝 − 0.64



0.64
+


𝑀𝑝 − 0.0455



0.0455
+ 𝐸𝑠𝑠.

(5)
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Figure 2: Process of combinatorial set construction.
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Figure 3: Step response of the DC motor without PID controller.

For this objective function, the value of 𝐽 has a unique
minimum value equal to zero only when 𝑡𝑟, 𝑡𝑠, 𝑡𝑝, and𝑀𝑝 are
equal to 0.475, 0.879, 0.64, and 0.0455, respectively.Therefore,
the optimization problem is to design a PID controller which
has optimum gains such that when this PID is used to control
the DCmotor, the overall system step response will exhibit 𝑡𝑟,
𝑡𝑠, 𝑡𝑝, and𝑀𝑝 values equal to 0.475, 0.879, 0.64, and 0.0455,
respectively.

Among all combinations, 𝐾𝑝 = 50, 𝐾𝑖 = 0.18, and 𝐾𝑑 =
24.5 are found to be the global optimum PID parameters
which can satisfy the desired response. The step response of
theDCmotor controlled by the PID controller with optimum
parameters is shown in Figure 4.

From the unit step response shown in Figure 4, it can
be observed that 𝑡𝑟 = 0.4755, 𝑡𝑠 = 0.8784, 𝑡𝑝 = 0.6437,
and𝑀𝑝 = 4.5%. The optimal PID parameters are optimized
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Figure 4: Step response of the DC motor with optimum PID
controller parameters.

to achieve minimum fitness value according to the desired
response specifications. The minimum fitness value (𝐽min)
achieved by the optimum PID parameters is 0.009413.

In conventional PID optimizationmethods, such as ABC,
MOL, or GA, the optimization search is performed within an
open space of parameters set. For each parameter, a real range
of values is defined such as the ranges selected in this section.
The open space search delays the optimization process, con-
sumes its effort, and may lead to local minimum problems.
Therefore, combinatorial interaction design reduces the space
of search and thus achieves effective optimization process.

The table of all PID parameters combinations is sup-
plied to the process of combinatorial set construction
explained in Figure 2 to produce 15 constructed sets of PID
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Figure 5: Optimal fitness function values of each optimal PID
parameter combination corresponding to each constructed set.
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Figure 6: Step response of the optimal and worst combination PID
parameters.

combinations. Each constructed set consists of 2571 PID
parameters combinations which equals 2% of all PID param-
eters combinations table size. The parameters combinations
of each constructed set are tested in the control system using
the objective function defined in (4).The optimal parameters
combination of each constructed set is the onewithminimum
fitness value. Therefore, from the 15 constructed sets, 15
optimal combinations of PID parameters are determined.
Figure 5 depicts the optimal fitness function values of each
optimal PID parameter combination corresponding to each
constructed set.

The two indicated horizontal levels shown in Figure 5,
that is, 0.009413 and 4.653, are the fitness function values
of the global optimal combination parameters (𝐾𝑝 = 50,
𝐾𝑖 = 0.18, and 𝐾𝑑 = 24.5) and the worst combination
parameters (𝐾𝑝 = 55,𝐾𝑖 = 0.25, and𝐾𝑑 = 13.5), respectively.
Figure 6 shows the step response of the optimal and worst
combination PID parameters as well as the step response of
the DC motor without PID.

It can be observed from Figure 6 that the fitness function
values of all the optimal PID parameters combinations
corresponding to each constructed set are close to the global
optimal value.This indicates that the combinatorial approach
used to construct the subsets succeeded in reducing the

Table 2: Simulation results summary.

𝐾𝑝 𝐾𝑖 𝐾𝑑 𝑡𝑟 𝑡𝑠 𝑡𝑝 𝑀𝑝 𝐽

Global
optimal 50 0.18 24.5 0.4755 0.8784 0.6437 4.55% 0.0094

C
om

bi
na
to
ria

lc
on

str
uc
te
d
se
ts

1 50 0.10 24.5 0.4756 0.8766 0.6438 4.53% 0.0137
2 50 0.21 24.5 0.4755 0.8791 0.6437 4.56% 0.0102
3 50 0.15 24.5 0.4756 0.8777 0.6438 4.55% 0.0105
4 50 0.02 24.5 0.4758 0.8747 0.6438 4.52% 0.0187
5 50 0.25 24.5 0.4754 0.8801 0.6437 4.56% 0.0131
6 50 0.31 24.5 0.4753 0.8815 0.6437 4.58% 0.0173
7 50 0.08 24.5 0.4757 0.8761 0.6438 4.53% 0.0150
8 50 0.35 24.5 0.4753 0.8824 0.6436 4.58% 0.0201
9 50 0.05 24.5 0.4757 0.8754 0.6438 4.53% 0.0168
10 50 0.02 24.5 0.4758 0.8747 0.6438 4.52% 0.0187
11 50 0.22 24.5 0.4755 0.8794 0.6437 4.56% 0.0109
12 50 0.18 24.5 0.4755 0.8784 0.6437 4.55% 0.0094
13 50 0.23 24.5 0.4754 0.8796 0.6437 4.56% 0.0116
14 50 0.30 24.5 0.4753 0.8812 0.6437 4.57% 0.0166
15 50 0.32 24.5 0.4753 0.8817 0.6436 4.58% 0.0180

searching space by producing subset that assures the presence
of an optimal candidate to the optimization problem. Table 2
summarizes the simulation results for all the combinatorial
constructed sets.

It can be observed from Table 2 that the timing param-
eters observed from the step response of each optimal PID
parameter combination are almost equal to the correspond-
ing desired values. In addition, the fitness values listed in the
rightmost column are close to the global optimal fitness value.

6. Conclusion

In this paper, the combinatorial optimization has been
employed in the application of PID controller design for
DC servomotor. The objective of using the combinatorial
design approach is to improve the PID tuning algorithm by
reducing the search space of the optimization process. With
different constructed combinatorial sets, simulation results
have shown that in each constructed set there exists a com-
bination of PID parameters with a fitness value close to the
global optimal value. In this way, the proposed combination
optimization method will ensure an optimal value finding
by generating an effective reduced searching space. Thus,
the proposed optimization based on combinatorial approach
can be recommended to be adopted in conventional AI
algorithms such as ABC, MOL, and GA.
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