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This paper investigates the attitude stabilization problem of rigid spacecraft subject to actuator constraints, external disturbances,
and attitude measurements only. An output feedback control framework with input saturation is proposed to solve this problem.
The general saturation function is utilized in the proposed controller design and a unified control method is developed for the
asymptotic stabilization of rigid spacecraft without velocity measurements. Asymptotic stability is proven by Lyapunov stability
theory. Moreover, a new nonlinear disturbance observer is designed to compensate for external disturbances. Then, a composite
controller is presented by combining a unified saturated output feedback control with a nonlinear disturbance observer. Desirable
features of the proposed control scheme include the intuitive structure, robustness against external disturbances, avoidance ofmodel
information and velocity measurements, and ability to ensure that the actuator constraints are not violated. Finally, numerical
simulations have been carried out to verify the effectiveness of the proposed control method.

1. Introduction

The stabilization of spacecraft has been studied intensively in
the last few decades. Several control results that stabilize the
attitude of the spacecraft have been proposed in the literature.
For example, Egeland and Godhavn [1] presented a passivity-
based adaptive control method for rigid spacecraft. In [2], a
velocity-free controller is developed to achieve the asymptotic
attitude stabilization. Su and Zheng [3] designed two non-
linear PD controllers to obtain finite-time stabilization based
on Rodrigues parameter and modified Rodrigues parameter,
respectively. Joshi et al. [4] presented a nonlinear control law
based on unit quaternion feedback for asymptotic stability of
spacecraft which is robust to modeling errors. Zhao and Jia
[5] designed a continuous control law to ensure finite-time
convergence for a class of stochastic spacecraft systems. In [6–
8], several optimal control and𝐻-infinity control approaches
have been proposed to achieve the stabilization of the rigid
spacecraft in the presence of external disturbance and model
uncertainties. Sliding mode control has attracted extensive
attention owing to its robustness with respect to external

disturbances and model uncertainties. This control method
has been applied to attitude stabilization of spacecraft in
[9, 10].

However, all these aforementioned works assume that the
actuator can generate any required control torque. This is
quite conservative. In practice, when the requested control
torque exceeds the maximum value that the actuator can
supply, the performance of the controlled system cannot be
guaranteed and this may cause instability [11–13]. In order
to overcome this drawback, several approaches that consider
actuator constraints have been proposed. More specifically,
Wallsgrove and Akella [14] used a smooth variable structure
attitude stabilization control scheme. In [15], a saturated
controller is designed based on the backstepping control
technique. Recently, Su and Zheng [16] present a unified
saturated PD control framework to achieve asymptotic sta-
bilization. They used the generalized saturated function
to obtain the desired results. In [17], a saturated attitude
controller for spacecraft subject to actuator constraints and
bounded disturbances has been proposed. Finite-time atti-
tude stabilization has been studied in [18]. Using the theory
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of homogeneous system, finite-time stability of the attitude
control system can be guaranteed.

While these controllers consider the actuator constraints,
they assume that all the states can be measured and used
in the controller. In practice, while the velocity can be
measured by the sensor, it is influenced easily by the
noise. Thus, the accuracy cannot be guaranteed and the
performance will be degraded. This makes a velocity-free
controller more desirable [19]. Recognizing this limitation,
velocity-free control methods for rigid spacecraft have been
presented. For example, Akella et al. [20] utilized a filter
to deal with the attitude variables and thus a velocity-free
controller was proposed for the stabilization of spacecraft in
the presence of torque-magnitude and rate-saturation limits.
By using an angular-velocity observer, Hu and Zhang [21]
proposed a bounded output feedback controller to stabilize a
spacecraft system. Su and Zheng [22] developed two velocity-
free controllers to deal with asymptotic stabilization based
on Rodrigues parameter and modified Rodrigues parameter,
respectively.

The major contributions of this paper are summarized as
follows.

(1) A unified saturated output feedback (USOF) con-
troller is developed for asymptotic stabilization of spacecraft.
The velocity is replaced with a filter. The control torque can
be constrained less than themaximum value that the actuator
can supply by selecting suitable control gains.

(2) To the best of the authors’ knowledge, the results
presented in this work are the first attempt to design a
composite controller combining a USOF controller with a
nonlinear disturbance observer (NDO).

Advantages of the proposed approach include the intu-
itive structure, easy implementation, avoidance of model
information and velocity measurements, robustness against
external disturbances, and avoidance of violation of actuation
limits.

The remainder of this paper is organized as follows. The
problem of designing a saturated output feedback controller
for rigid spacecraft is formulated in Section 2. Section 3
presents the controller design and stability analysis. In
Section 4, an illustrative example is provided to verify the
improved performance of the proposed approach. Finally,
some conclusions are given in Section 5.

The following notations are used throughout this paper.𝜆max(𝐴) denotes the maximum eigenvalue of matrix 𝐴. ‖𝑦‖
indicates the Euclidean norm of a vector 𝑦. The norm of
matrix 𝐴 is defined as the corresponding induced norm
which can be written as ‖𝐴‖ = √𝜆max(𝐴𝑇𝐴), and 𝐼3
represents the 3-by-3 identity.

2. Problem Statements

Theunit quaternion is used to describe the kinematics of rigid
spacecraft because it is free of singularity.The unit quaternion
is a vector defined as 𝑄 = [𝑞𝑇 𝑞4]𝑇, where 𝑞 = [𝑞1 𝑞2 𝑞3]𝑇
is the vector part and 𝑞4 is the scalar part. They are subject to
norm constraint 𝑞𝑇𝑞 + 𝑞24 = 1.

The kinematic model of rigid spacecraft can be described
by [2]

̇𝑞 = 𝑇 (𝑄) 𝜔, (1)

̇𝑞 = −12𝑞𝑇𝜔, (2)

where 𝜔 = [𝜔1 𝜔2 𝜔3]𝑇 denotes the angular vector of
the spacecraft, 𝑇(𝑄) = (1/2)(𝑞4𝐼3 + 𝑞𝑥), and 𝑎× is a skew-
symmetric matrix which denotes an operator on any vector
𝑎 = [𝑎1 𝑎2 𝑎3]𝑇 such that

𝑎× = [[
[

0 −𝑎3 𝑎2
𝑎3 0 −𝑎1
−𝑎2 𝑎1 0

]]
]
. (3)

The dynamic equation for spacecraft is governed by [2]

𝐽�̇� = −𝜔×𝐽𝜔 + 𝑢 + 𝑑, (4)

where 𝐽 ∈ R3×3 is the symmetry positive definite constant
inertia matrix, 𝑢 = [𝑢1 𝑢2 𝑢3]𝑇 is the control input, and 𝑑 =[𝑑1 𝑑2 𝑑3]𝑇 is the external disturbance.

We assume that each actuator has a known maximum
torque, 𝑢𝑖,max, 𝑖 = 1, 2, 3. We also assume that only the
attitude can bemeasured and utilized in the feedback control.
The control objective is to design a unified saturated output
feedback controller for the spacecraft to achieve asymptotic
stabilization and satisfy

𝑢𝑖 ≤ 𝑢𝑖,max, (5)

where 𝑢𝑖 denotes the 𝑖th control torque of the 𝑖th actuator.

3. Controller Design

3.1. Control Formulation. Before the control design, the
definition for the generalized saturation function given in
[23] is restated.

Definition 1 (generalized saturation function [23]). Given a
positive constant 𝑀, a continuous function 𝑠 : R → R is
said to be a generalized saturated function if it satisfies

(a) 𝑦𝑠(𝑦) > 0, ∀𝑦 ̸= 0;
(b) |𝑠(𝑦)| ≤ 𝑀, ∀𝑦 ∈ R.

For our control development, the following lemma will be
exploited.

Lemma 2. The matrix 𝑇(𝑄) defined by (1) has the norm
constraint that ‖𝑇(𝑄)‖ = 1/2.
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Proof. By the definition of𝑇(𝑄) that𝑇(𝑄) = (1/2)(𝑞4𝐼3+𝑞×),
it follows that

𝑇 (𝑄)𝑇 𝑇 (𝑄) = 14 [[[

𝑞4 𝑞3 −𝑞2
−𝑞3 𝑞4 𝑞1
𝑞2 −𝑞1 𝑞4

]]
]
[[
[

𝑞4 −𝑞3 𝑞2
𝑞3 𝑞4 −𝑞1
−𝑞2 𝑞1 𝑞4

]]
]

= 14
[[[
[

𝑞22 + 𝑞23 + 𝑞24 −𝑞1𝑞2 −𝑞1𝑞3
−𝑞1𝑞2 𝑞21 + 𝑞23 + 𝑞24 −𝑞2𝑞3
−𝑞1𝑞3 −𝑞2𝑞3 𝑞21 + 𝑞22 + 𝑞24

]]]
]
.

(6)

By calculating 𝑞𝑞𝑇 and using the identity 𝑞21+𝑞22+𝑞23+𝑞24 =1, we can conclude that

𝑇 (𝑄)𝑇 𝑇 (𝑄) = 14 (𝐼3 − 𝑞𝑞𝑇) . (7)

Using the fact that the eigenvalues of 𝑞𝑞𝑇 are 𝑞𝑇𝑞, 0, 0, we
have

𝜆max (𝑇 (𝑄)𝑇 𝑇 (𝑄)) = max {14 (𝐼3 − 𝑞𝑇𝑞) ,
1
4 ,
1
4}

= 14 ,
(8)

where 𝜆max(𝐴) denotes the maximum eigenvalue of matrix𝐴.
As a consequence,

‖𝑇 (𝑄)‖ = 12 . (9)

This completes the proof.

Now, the unified saturated output feedback controller is
designed in the presence of actuator constraints and attitude
measurements only. We propose the USOF controller for
asymptotic stabilization of rigid spacecraft as

𝑢 = −2𝑇𝑇 (𝑄)𝐾1𝑞 − 2𝑇𝑇 (𝑄)𝐾2𝑆 (V) , (10)

V = 𝑞𝑐 + 𝐵𝑞, (11)

̇𝑞𝑐 = −𝐴V, (12)

where 𝐾1 = diag{𝑘11, 𝑘12, 𝑘13}, 𝐾2 = diag{𝑘21, 𝑘22, 𝑘23},𝐴 = diag{𝑎1, 𝑎2, 𝑎3}, 𝐵 = diag{𝑏1, 𝑏2, 𝑏3}, 𝑘𝑖𝑗 > 0, 𝑎𝑗 >0, 𝑏𝑗 > 0, 𝑖 = 1, 2, 𝑗 = 1, 2, 3. In (11), 𝑞𝑐 is an auxiliary
variable vector, and 𝑆(V) is a vector saturation function
defined as

𝑆 (V) = [𝑠 (V1) 𝑠 (V2) 𝑠 (V3)]𝑇 . (13)

From the formulation of the controller and Lemma 2 and
using Definition 1 of the generalized saturation function with𝑀 = 1, we can conclude that

𝑢𝑖 ≤ 𝑘1𝑖 + 𝑘2𝑖, 𝑖 = 1, 2, 3. (14)

As a consequence, by selecting suitable control gains to satisfy

𝑘1𝑖 + 𝑘2𝑖 < 𝑢𝑖,max, (15)

this ensures that the actuator constraints will not be violated.

3.2. Stability Analysis. The first main result of this paper is
given inTheorem 3.

Theorem 3. Consider the spacecraft dynamic and kinematic
equations (1), (2), and (4) subject to actuator constraints (5)
and suppose that the disturbance term 𝑑 in (4) is not taken
into account.The proposed saturated output feedback controller
given by (10)–(12) ensures asymptotic stabilization.

Proof. Consider the following Lyapunov function candidate:

𝑉 = 12𝜔𝑇𝐽𝜔 + 𝑞𝑇𝐾1𝑞 + 2𝐾2𝐵−1 ∫
V

0
𝑆 (𝜏) 𝑑𝜏, (16)

where ∫V
0
𝑆(𝜏)𝑑𝜏 = ∑3𝑖=1 ∫V𝑖0 𝑠(𝜏)𝑑𝜏.

Using Definition 1, one has

∫V
0
𝑆 (𝜏) 𝑑𝜏 > 0, ∀V ̸= 0 ∈ R3. (17)

As a result, one can conclude that the proposed Lyapunov
function given by (10) is radially unbounded positive definite
with respect to 𝜔, 𝑞, V.

Differentiating (16) with respect to time yields

�̇� = 𝜔𝑇𝐽�̇� + 2 ̇𝑞𝑇𝐾1𝑞 + 2𝑆𝑇 (V) 𝐾2𝐵−1V̇. (18)

Substituting (10)–(12) into (18) and using the property of
skew-symmetric matrix 𝜔×, it follows that
�̇� = 𝜔𝑇 [−2𝑇𝑇 (𝑞)𝐾1𝑞 − 2𝑇𝑇 (𝑞)𝐾2𝑆 (V)] + 2 ̇𝑞𝑇𝐾1𝑞

+ 2𝑆𝑇 (V) 𝐾2𝐵−1 [−𝐴V + 𝐵 ̇𝑞]
= −2𝑆𝑇 (V) 𝐾2𝐵−1𝐴V.

(19)

Using the fact given by (a) in Definition 1, it is evident
that �̇� is a negative semidefinite function. Moreover, �̇� = 0
implies that V = 0. Hence, by LaSalle’s invariance principle
[24], the origin is asymptotically stable. This completes the
proof.

Remark 4. The proposed controller can be considered as a
nonlinear proportional-derivative (PD) control method.This
controller has the advantages of the intuitive structure, the
absence ofmodeling information and velocitymeasurements,
and the ability to guarantee that the actuator constraints are
not violated. Moreover, the stability of the closed loop with
the proposed controller does not depend on a specific satu-
ration function. This offers an additional appealing property
that it may obtain an improved performance by choosing the
saturation function freely.

Remark 5. In (19), since �̇� is negative semidefinite, the
asymptotic stabilization cannot be achieved by using only the
Lyapunov analysis. In this paper, LaSalle’s invariance princi-
ple [24] is introduced to ensure the asymptotic stabilization
of the spacecraft.

4. Disturbance Observer Design

The control development in Section 3 is properly designed
when the total disturbance 𝑑(𝑡) is not taken into account.
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If the total disturbance 𝑑(𝑡) has an effect on the spacecraft
system, then the stability of the closed-loop system is not
guaranteed. In this section, a nonlinear disturbance observer
is designed to compensate for the total disturbance 𝑑(𝑡). It
is clear that the specific information of the total disturbance𝑑(𝑡) is difficult to obtain in practical engineering owing
to the complicated structure of disturbance. However, it is
reasonable to assume that 𝑑(𝑡) and ̇𝑑(𝑡) are bounded.

Thus, there exist constants 𝛿 > 0 and 𝛾 ≥ 0 such that

‖𝑑 (𝑡)‖ ≤ 𝛿,
 ̇𝑑 (𝑡) ≤ 𝛾,

(20)

where ‖𝑑‖ indicates the Euclidean norm of a vector 𝑑.
Next, the second main result of this paper is presented in

Theorem 6.

Theorem 6. Consider the spacecraft dynamic and kinematic
equations (1), (2), and (4) subject to actuator constraints
(5) and the disturbance term 𝑑 in (4). When a nonlinear
disturbance observer is designed in the form of (21), there exists
a constant 𝛽 > 0 such that the observer error dynamics are
bounded and stable.

̇̂𝑑 = 𝜎 + 𝛽𝐽𝜔,
�̇� = −𝛽𝜎 − 𝛽 (𝛽𝐽𝜔 − 𝜔×𝐽𝜔 + 𝑢) , (21)

where 𝑑 is the estimate of 𝑑 and 𝜎 is the auxiliary variable.
Proof. Define 𝑑 = 𝑑 − 𝑑 as the estimate error. The error
dynamics of NDO can be derived from (4) and (21) as

̇̃𝑑 = ̇̂𝑑 − ̇𝑑 = �̇� + 𝛽𝐽�̇� − ̇𝑑
= −𝛽𝜎 − 𝛽 (𝛽𝐽𝜔 − 𝜔×𝐽𝜔 + 𝑢) + 𝛽𝐽�̇� − ̇𝑑
= −𝛽 (𝜎 + 𝛽𝐽𝜔) + 𝛽 (𝐽�̇� + 𝜔×𝐽𝜔 − 𝑢) − ̇𝑑
= −𝛽𝑑 + 𝛽𝑑 − ̇𝑑 = −𝛽𝑑 − ̇𝑑.

(22)

Then, the Lyapunov function𝑊 is chosen as

𝑊 = 12𝑑𝑇𝑑. (23)

Differentiating𝑊 with respect to time, one obtains

�̇� = 𝑑𝑇 (−𝛽𝑑 − ̇𝑑) ≤ −𝛽 𝑑2 + 𝑑  ̇𝑑
≤ −𝛽 𝑑2 + 𝛾 𝑑 .

(24)

According to (24), �̇� ≤ −𝛽‖𝑑‖2 can be obtained if ‖𝑑‖ > 𝛾/𝛽.
Then, the decrease of 𝑊 forces the system state into ‖𝑑‖ ≤
𝛾/𝛽. This implies that the estimate error 𝑑 converges into a
small bounded region 𝛾/𝛽 by selecting a suitable observer
gain 𝛽. The proof is completed.

Next, a composite controller is designed by combining
the USOF controller with NDO. The proposed NDO-USOF
controller is given as

𝑢 = −2𝑇𝑇 (𝑄)𝐾1𝑞 − 2𝑇𝑇 (𝑄)𝐾2𝑆 (V) − 𝑑. (25)

The asymptotic stabilization of the closed-loop system under
controller (22) is proven in the following theorem.

Theorem 7. Consider the spacecraft dynamic and kinematic
equations (1), (2), and (4) subject to actuator constraints (5)
and the disturbance term 𝑑 in (4). The NDO-USOF controller
given by (25) ensures that all state variables in (1), (2), and (4)
are uniformly ultimately bounded.

Proof. Consider the Lyapunov function defined in (16). One
can see that �̇� becomes

�̇� = 𝜔𝑇 [−2𝑇𝑇 (𝑞)𝐾1𝑞 − 2𝑇𝑇 (𝑞)𝐾2𝑆 (V) − 𝑑 + 𝑑]
+ 2 ̇𝑞𝑇𝐾1𝑞 + 2𝑆𝑇 (V) 𝐾2𝐵−1 [−𝐴V + 𝐵 ̇𝑞]

≤ −2𝑆𝑇 (V) 𝐾2𝐵−1𝐴V + ‖𝜔‖ 𝑑 .
(26)

According toTheorem 6, by selecting a suitable observer gain
𝛽, the estimate error 𝑑 converges into a residual set of zero.
With boundedmotion around the origin, the trajectory of the
closed-loop system eventually converges into a region of the
origin. This implies that state variables in (1), (2), and (4) are
uniformly ultimately bounded.This completes the proof.

Remark 8. Different from NDO-based controllers in [25,
26], this study considers multiple disturbances for three-axis
attitude stabilization of rigid spacecraft.The proposed NDO-
USOF controller is more robust than the traditional linear
feedback controllers for a system with strong nonlinearities
and multiple disturbances.

5. Simulation Results

The spacecraft used in [6] is selected to accomplish the
comparison. The system parameter in [6] is given by 𝐽 =
diag{10, 15, 20} kg-m2 and the angular velocity is initial-
ized as zero. The initial attitude parameter is 𝑞(0) =
[0.4646 0.1928 0.8047 0.3153]𝑇. The maximum control
torques are supposed to be 𝑢max = [5 5 5]𝑇 Nm. The
sampling period is 𝑇 = 1ms.

The generalized saturation function used in [27] is
selected to show the effectiveness and improved performance
of the proposed control.

𝑠 (𝑦) =
{{{{{{{{{

𝑦𝛼 sgn (𝑦) , 𝛿 < 𝑦 ≤ 1
𝛿𝛼−1𝑦, 𝑦 ≤ 𝛿
sgn (𝑦) , 𝑦 > 1,

(27)

where 𝛼 > 0, 𝛿 < 1, and sgn(𝑦) is the standard signum
function.
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Figure 1: Quaternion parameters without disturbances.

The saturated output feedback (SOF) controller proposed
in [20] is chosen to verify the improved performance of
the proposed controller. For the stabilization case, the SOF
control law of [20] is given by

𝑢 = −𝑘𝑝𝑞 − 𝑘𝑑√3 (𝑞4𝐼3 + 𝑞
×) tanh (𝜆 (𝑞 − 𝑘2𝑧)) ,

�̇� = 𝑞 − 𝑘2𝑧,
𝑧 (0) = 1𝑘2 𝑞 (0) ,

(28)

where 𝑘𝑝, 𝑘𝑑, 𝜆 ∈ R are positive design constants, 𝑧 ∈ R3 is
an auxiliary variable, and tanh(⋅) ∈ R3 is the vector function
composed of the hyperbolic function.

All the controller gains are selected by trial and error
until a better convergence time is obtained. According to
the control constraints (5), the control gains are selected as𝐾1 = diag(12, 14, 8), 𝐾2 = diag(22, 20, 30), 𝐴 = diag(2, 2,2), 𝐵 = diag(0.2, 0.2, 0.2), 𝛼 = 0.5, and 𝛿 = 0.01. The
parameters in controllers (10) and (25) are selected as 𝑘𝑝 =5, 𝑘𝑑 = 29, 𝑘 = 1.5, and 𝜆 = 2. First, the simulations without
disturbance are performed under the USOF controller (10).
The quaternion parameters and angular velocities are shown
in Figures 1 and 2. For USOF, the quaternion parameters and
angular velocities converge faster to zero and achieve more
accurate positioning performance than the SOF control of
[20]. The control torque comparison is given by Figure 3.
Responses of control torques obtained by USOF have a more
rapid convergence rate than SOF control of [20].

After that, the simulations in the presence of disturbances
have been conducted under the NDO-USOF controller (25).
The external disturbance including constant disturbance and
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Figure 2: Angular velocity without disturbances.
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Figure 3: Control torque without disturbances.

periodic disturbance of different frequencies is described
as

𝑑 = 0.01 × [[
[

3 cos (𝑡) − 10 + 4 sin (0.3𝑡)
3 cos (0.5𝑡) + 15 − 1.5 sin (0.2𝑡)
3 sin (𝑡) + 10 + 8 sin (0.4𝑡)

]]
]

Nm. (29)
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Figure 5: Angular velocity with disturbances.

The simulation results are given in Figures 4–7. From Figures
4 and 5, one can see that NDO-USOF provides much better
responses of quaternion parameters and angular velocities.
Specifically, Figure 4 shows that, for SOF, responses of
quaternion parameters cannot be stabilized to zero. As shown
in Figure 6, the control torques remain uniform with the
requested torque constraints. Figure 7 shows that NDO gives
the estimate disturbance 𝑑 which converges very fast to the
true disturbance 𝑑.
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Figure 6: Control torque with disturbances.
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6. Conclusion

A unified saturation output feedback controller for asymp-
totic stabilization of rigid spacecraft with external distur-
bances and actuator saturation has been proposed. Using
the linear filter driven by the attitude variable, velocity
measurements are not required. Asymptotic stability has been
proven by Lyapunov’s direct method. Moreover, a nonlinear
disturbance observer is designed to compensate for external
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disturbance. Then, a composite controller is developed by
combining a unified saturated output feedback control with
nonlinear disturbance observer. Advantages of the proposed
control framework are the intuitive structure, the absence of
model information and velocity measurements, avoidance of
violation of actuation limits, and robustness against external
disturbances. Simulations have verified the effectiveness and
improved performance of the proposed controller.
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