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This paper considers the containment control problem of second-order multiagent systems in the presence of time-varying
delays and uncertainties with dynamically switching communication topologies. Moreover, the control algorithm is proposed for
containment control, and the stability of the proposed containment control algorithm is studiedwith the aid of Lyapunov-Krasovskii
function when the communication topology is jointly connected. Some sufficient conditions in terms of linear matrix inequalities
(LMIs) are provided for second-order containment control with multiple stationary leaders. Finally, simulations are given to verify
the effectiveness of the obtained theoretical results.

1. Introduction

Recently, there has been a growing interest towards devel-
opment of the distributed cooperative control of multiagent
systems (MASs). To our knowledge, plenty of theoretical
results about consensus [1–5] and containment control [6–
9] in distributed cooperative control of MASs have been
obtained. However, in practical applications, due to commu-
nication delays and uncertain topologies that always emerge,
analysis and synthesis of distributed cooperative problem
have become more complex and difficult. Meanwhile, it is
practically significant to investigate the containment control
of MASs with delays and uncertainties.

For consensus problems of MASs with uncertain topolo-
gies, the average consensus with time-varying communi-
cation delays is investigated in [10], and several sufficient
conditions for average consensus are derived in terms of
linear matrix inequalities (LMIs). In [11], the robust discrete-
time consensus problemofMASswith uncertain topologies is
addressed, and a necessary and sufficient condition for robust
discrete-time consensus is obtained by the Lyapunov stabil-
ity theory. Considering both fixed and switching directed
topologies, the average consensus problem in MASs with
uncertain topologies and multiple time-varying delays is

studied in [12]. For linear time-invariant MASs over Marko-
vian switching networks, stochastic consensus problems with
time-varying delays and uncertain topologies are analyzed in
[13]. In [14], the consensus problem of MASs in the presence
of uncertain topologies with time-varying delays is analyzed
by a new approach, and a condition in terms of linear matrix
inequalities is presented for consensus forMASs with switch-
ing topologies.

As a kind of extended consensus problem, containment
control has been paid much attention, which aims to design
appropriate control protocols to drive the followers to a target
area (convex hull formed by the leaders) asymptotically. For
linear MASs, the cooperative containment control problem
is discussed in [15], and several necessary and sufficient
containment conditions are presented by using spectral anal-
ysis and matrix theory. Considering unconnected topologies
of MASs, the containment control for both first-order and
second-order MASs with jointly connected topologies is
studied in [16]. Considering communication delays, con-
tainment control for second-order MASs with time-varying
delays is studied in [17]; both the case with multiple dynamic
leaders and the case with multiple stationary leaders are dis-
cussed. In [18], the containment control problem for second-
order MASs with time-varying delays and jointly connected
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topologies is investigated, and the stability of the pro-
posed control algorithm is analyzed by Lyapunov-Krasovskii
method. For uncertain linearMASs, the containment control
problem with the dynamic agents described by fractional-
order differential equations is investigated in [19], and some
sufficient conditions are presented by the stability theory
of fractional-order systems and matrix theory. The above-
mentioned works implicitly assume the link weights or
interaction strengths can be exactly measured; however,
environmental uncertainties and measurement error cannot
be ignored in real systems.Motivated by these considerations,
the containment control of first-order MASs with uncertain
topologies and communication time delays is studied in [20],
and the sufficient condition for containment control ofMASs
under jointly connected topologies is derived with the aid of
Lyapunov-Krasovskii function.

Two important factors always emerge in some real situa-
tions: one is that some uncertainties may exist in the MASs
due to measurement error and environmental uncertainties
cannot be avoided in real systems and another is that time
delays are usually inevitable because of the possible slow pro-
cess of interactions among the agents in communication net-
works.Motivated by these two factors, lots of distributed con-
sensus protocols have been developed by some researchers
for MASs with uncertainties and delayed communications.
However, different from most of those current literatures,
for the MASs with uncertainties and time-varying delays, we
aim to analyze and investigate the distributed containment
control problem with multiple leaders and jointly connected
topologies.The algorithms proposed here can ensure that the
uncertainMASs achieve containment control in the presence
of switching topologies with multiple stationary leaders. By
applying linear matrix inequality method, the convergence
of the algorithm for the MASs with dynamically switch-
ing topologies is analyzed by Lyapunov-Krasovskii method.
Finally, numerical simulations are provided to illustrate the
effectiveness of the conclusion in this paper.

The paper is organized as follows. In Section 2, some basic
concepts in algebraic graph theory and some related lemmas
are presented. In Section 3, the main results for second-order
MASs with uncertain topologies and time-varying delays are
obtained.Then the containment control protocol is presented
for MASs with multiple stationary leaders and dynamically
switching topologies. Finally, numerical simulations and
conclusion are given in Sections 4 and 5, respectively.

2. Preliminaries

Let𝐺 = (𝑊, 𝐸, 𝐴) be an undirected graph consisting of a note
set𝑊 = {1, 2, . . . , 𝑛}, an edge set 𝐸 ∈ 𝑊 ×𝑊, and a weighted
adjacency matrix 𝐴 = [𝑎𝑖𝑗] ∈ R𝑛×𝑛. The elements of 𝐴 satisfy𝑎𝑖𝑗 > 0 if (𝑗, 𝑖) ∈ 𝐸, 𝑎𝑖𝑗 = 0; otherwise, where (𝑗, 𝑖) represents
an edge of𝐺, {𝑗, 𝑖} ∈ 𝑊. Here, we assume that (𝑖, 𝑖) ∉ 𝐸; that is,𝑎𝑖𝑖 = 0. Let 𝑁𝑖 = {𝑗 ∈ 𝑊 | (𝑗, 𝑖) ∈ 𝐸, 𝑗 ̸= 𝑖} denote the set of
the neighbors of node 𝑖. The Laplacianmatrix corresponding
to the undirected graph𝐺 is defined as𝐿 = [𝑙𝑖𝑗] ∈ R𝑛×𝑛, where𝑙𝑖𝑗 = −𝑎𝑖𝑗, 𝑗 ̸= 𝑖, and 𝑙𝑖𝑗 = ∑𝑗∈𝑁𝑖

𝑎𝑖𝑗, 𝑗 = 𝑖.

A path between two distinct notes 𝑖 and 𝑗 is a finite
ordered sequence of distinct edges of 𝐺 with the form(𝑖1, 𝑖2), (𝑖2, 𝑖3), . . . , (𝑖𝜋−1, 𝑖𝜋), where 𝑖1 = 𝑖 and 𝑖𝜋 = 𝑗. The
undirected graph 𝐺 is said to be connected if there is a path
between any distinct pair of nodes. The union of a collection
of graphs 𝐺1, 𝐺2, . . . , 𝐺𝑞 with the same note set 𝑊 is defined
as the graph 𝐺1−𝑞 with the note set 𝑊 and edge set equal
to the union of the edge sets of all of the graphs in the
collection. Moreover, 𝐺1, 𝐺2, . . . , 𝐺𝑞 is jointly connected if its
union graph 𝐺1−𝑞 is connected [21].

Consider an infinite sequence of nonempty, bounded,
and contiguous time intervals [𝑡𝑟, 𝑡𝑟+1), 𝑟 = 1, 2, . . ., with𝑡1 = 0 and 𝑡𝑟+1 − 𝑡𝑟 ≤ 𝑇𝑎, 𝑇𝑎 > 0. In each interval[𝑡𝑟, 𝑡𝑟+1), there is a sequence of subintervals [𝑡𝑟,𝑠, 𝑡𝑟,𝑠+1) with𝑡𝑟,1 = 𝑡𝑟 and 𝑡𝑟,𝑚𝑟+1 = 𝑡𝑟+1 satisfying 𝑡𝑟,𝑠+1 − 𝑡𝑟,𝑠 ≥ 𝑇𝑏, where𝑇𝑏 > 0 and 𝑠 = 1, 2, . . . , 𝑚𝑟, 𝑚𝑟 ≥ 1. The communication
topology described by 𝐺𝑟,𝑠 switches at 𝑡𝑟,𝑠 and it does not
change during each subinterval [𝑡𝑟,𝑠, 𝑡𝑟,𝑠+1). Suppose that the
MASs represented by the communication topology graph 𝐺
consist of 𝑛 followers and 𝑚 leaders. Moreover, when the
topology of MASs is dynamically switching, we introduce a
piecewise constant switching function 𝜎(𝑡) : [0, +∞) → 𝑃,𝑃 = {1, 2, . . . , 𝑝}, 𝜎 = 𝜎(𝑡), 𝜎 ∈ 𝑃, where 𝑝 denotes the total
number of all possible communication topologies. Then the
communication topology of MASs described by 𝐺𝜎 switches
at 𝑡 and its Laplacian matrix is denoted by 𝐿𝜎, and the
communication topology among the 𝑛 followers described by𝐺𝜎𝐹 switches at 𝑡 and its Laplacianmatrix is denoted by 𝐿𝜎𝐹.

InMASs, an agent is called a leader if it has no neighbor or
a follower if it has at least one neighbor [22]. Considering a
MAS with 𝑛 followers and 𝑚 leaders, since the leaders have
no neighbors, the Laplacian matrix 𝐿 associated with the
communication graph 𝐺 can be partitioned as

𝐿 = [ 𝐿𝐹 𝐿𝐹R

0𝑚×𝑛 0𝑚×𝑚

] , (1)

where 𝐿𝐹 ∈ R𝑛×𝑛 and 𝐿𝐹R ∈ R𝑛×𝑚. The following lemma
about 𝐿𝐹 and 𝐿𝐹R is brought in, which is useful for deriving
the main results.

Lemma 1 (see [23]). If there exists at least a path to a leader
for each follower, then 𝐿𝐹 in (1) is positive definite, −𝐿−1

𝐹 𝐿𝐹R is
a nonnegative matrix, and the sum of the entries in each row
equals 1.

Definition 2 (see [24]). Let 𝑋 = {𝜉1, 𝜉2, . . . , 𝜉𝑛} be a set in a
real vector space 𝑍 ⊆ R. CO(𝑋) = {∑𝑛

𝑖=1 𝛽𝑖𝜉𝑖 | 𝜉𝑖 ∈ 𝑋, 𝛽𝑖 ∈
R, 𝛽𝑖 ≥ 0, ∑𝑛

𝑖=1 𝛽𝑖 = 1} denotes the convex hull of the set𝑋.

Lemma3 (see [25]). For any real differentiable vector function𝑧(𝑡) ∈ R𝑛 and any 𝑛 × 𝑛 dimensional constant matrix 𝑀 =𝑀Τ > 0, we have the following inequality:
[𝑧 (𝑡) − 𝑧 (𝑡 − 𝜏 (𝑡))]Τ 𝑀[𝑧 (𝑡) − 𝑧 (𝑡 − 𝜏 (𝑡))]

≤ ℎ∫𝑡

𝑡−𝜏(𝑡)
�̇�Τ (𝑠)𝑀�̇� (𝑠) 𝑑𝑠, (2)

where 𝑡 ≥ 0, 0 ≤ 𝜏(𝑡) ≤ ℎ.
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Lemma 4 (see [26]). Let 𝑄 = 𝑄Τ, 𝐹1, 𝐹2, and 𝑆(𝑡) be
matrixes with appropriate dimensions, andmatrix 𝑆(𝑡) satisfies𝑆Τ(𝑡)𝑆(𝑡) ≤ 𝐼. Then

𝑄 + 𝐹1𝑆 (𝑡) 𝐹2 + 𝐹Τ
2 𝑆Τ (𝑡) 𝐹Τ

1 < 0, (3)

holds if and only if there exists a positive constant 𝜀 > 0 such
that

𝑄 + 𝜀−1𝐹1𝐹Τ
1 + 𝜀𝐹Τ

2 𝐹2 < 0. (4)

Lemma 5 (see [27]). Let 𝜙(𝑡) : R ≥ 0 → R be a piecewise
continuous function with the following properties:

(1) 𝜙(𝑡) is continuous and differentiable on each subin-
terval [𝑡𝑟,𝑠, 𝑡𝑟,𝑠+1) and switches at 𝑡𝑟,𝑠, 𝑟 = 1, 2, . . .,𝑠 = 1, 2, . . . , 𝑚𝑟. Moreover, 𝜙(𝑡) is right continuous and
right differentiable function at 𝑡𝑟,𝑠.

(2) The derivative (including the right derivative) of 𝜙(𝑡)
for any 𝑡 ∈ [0, +∞) is bounded; that is, |�̇�(𝑡)| ≤ 𝜔 for
any 𝑡 ∈ [0, +∞) and some constant 𝜔 > 0.

(3) lim𝑡→+∞ ∫𝑡

0
𝜙(𝜏)𝑑𝜏 exists and is finite.

Then lim𝑡→+∞𝜙(𝑡) = 0.
3. Main Results

Consider second-orderMASs consisting of 𝑛 followers and𝑚
stationary leaders. The followers’ set and the leaders’ set are
denoted by 𝐹 = {1, 2, . . . , 𝑛} andR = {𝑛 + 1, 𝑛 + 2, . . . , 𝑛 +𝑚},
respectively. The dynamics of each agent can be described by
the following equation:

�̇�𝑖 (𝑡) = 𝑝𝑖 (𝑡) ,
�̇�𝑖 (𝑡) = 𝑢𝑖 (𝑡) , 𝑖 ∈ {𝐹,R} , (5)

where 𝑞𝑖(𝑡) ∈ R𝑁,𝑝𝑖(𝑡) ∈ R𝑁, and𝑢𝑖(𝑡) ∈ R𝑁 are the position
vector, the velocity vector, and the control input vector of the𝑖th agent, respectively. For simplicity, we assume that 𝑁 = 1
in this paper and the case of 𝑁 > 1 can be obtained with the
Kronecker product.

In a network with uncertain topology, we consider the
following containment control algorithm for (5):

𝑝𝑖 (𝑡) = 0, 𝑖 ∈ R;
𝑢𝑖 (𝑡)
= −𝑘1𝑝𝑖 (𝑡)

− ∑
𝑗∈𝑁𝑖

(𝑎𝑖𝑗 + Δ𝑎𝑖𝑗 (𝑡)) (𝑞𝑖 (𝑡 − 𝜏 (𝑡)) − 𝑞𝑗 (𝑡 − 𝜏 (𝑡))) ,
𝑖 ∈ 𝐹,

(6)

where 𝑘1 > 0 is the feedback gain, Δ𝑎𝑖𝑗(𝑡) and Δ𝑎𝑖𝑖(𝑡) = 0 are
uncertainties, and 𝜏(𝑡) is the time-varying communication
delay. Here the uncertainties Δ𝑎𝑖𝑗(𝑡) exist in the control
algorithm, since measurement error and environmental
uncertainties cannot be avoided in real systems.

Assumption 6. The time-varying communication delay 𝜏(𝑡)
in (6) is bounded; that is, 0 ≤ 𝜏(𝑡) < ℎ, where ℎ > 0, 𝑡 ≥ 0.
Assumption 7. In each interval [𝑡𝑟, 𝑡𝑟+1), 𝑟 = 1, 2, . . ., the
communication topologies of MASs are jointly connected.

Definition 8. Δ𝐿(𝑡) = [Δ𝑙𝑖𝑗(𝑡)] is the uncertain matrix of
MASs, which is defined as Δ𝑙𝑖𝑗(𝑡) = ∑𝑗∈𝑁𝑖

Δ𝑎𝑖𝑗(𝑡), 𝑖 = 𝑗, andΔ𝑙𝑖𝑗(𝑡) = −Δ𝑎𝑖𝑗(𝑡), 𝑖 ̸= 𝑗. For the MASs with 𝑛 followers and𝑚 leaders, the uncertain matrix Δ𝐿(𝑡) can be partitioned intoΔ𝐿(𝑡) = [ Δ𝐿𝐹(𝑡) Δ𝐿𝐹R(𝑡)
0𝑚×𝑛 0𝑚×𝑚

], where Δ𝐿𝐹(𝑡) ∈ R𝑛×𝑛, Δ𝐿𝐹R(𝑡) ∈
R𝑛×𝑚.

In this paper, we assume that the norm bounded param-
eter uncertainty satisfies

Δ𝐿 (𝑡) = 𝐶1𝑆 (𝑡) 𝐶2 (7)

Δ𝐿𝐹 (𝑡) = 𝐷1𝑆 (𝑡)𝐷2, (8)

where 𝐶1, 𝐶2, 𝐷1, and 𝐷2 are constant matrixes with appro-
priate dimensions, and the diagonal matrix 𝑆(𝑡) satisfies

𝑆T (𝑡) 𝑆 (𝑡) ≤ 𝐼. (9)

It follows that the uncertainties of MASs satisfy

Δ𝐿Τ (𝑡) Δ𝐿 (𝑡) ≤ 𝛼2𝐼𝑛+𝑚 (10)

Δ𝐿Τ
𝐹 (𝑡) Δ𝐿𝐹 (𝑡) ≤ 𝛼2𝐼𝑛, (11)

where 𝛼 > 0 is an appropriate constant.
Let 𝑥𝐹(𝑡) = [𝑞Τ

𝐹(𝑡), 𝑝Τ
𝐹(𝑡)]Τ and 𝑥𝐿(𝑡) = [𝑞Τ

𝐿(𝑡), 𝑝Τ
𝐿 (𝑡)]Τ,

where 𝑞𝐹(𝑡) = [𝑞1(𝑡), 𝑞2(𝑡), . . . , 𝑞𝑛(𝑡)]Τ, 𝑝𝐹(𝑡) = [𝑝1(𝑡),𝑝2(𝑡), . . . , 𝑝𝑛(𝑡)]Τ, 𝑞𝐿(𝑡) = [𝑞𝑛+1(𝑡), 𝑞𝑛+2(𝑡), . . . , 𝑞𝑛+𝑚(𝑡)]Τ, and𝑝𝐿(𝑡) = [𝑝𝑛+1(𝑡), 𝑝𝑛+2(𝑡), . . . , 𝑝𝑛+𝑚(𝑡)]Τ. By Definition 8, it
follows that the dynamics of MASs resulting from (5) to (6)
can be written in a matrix form as

�̇�𝐿 (𝑡) = 𝐻1𝑥𝐿 (𝑡)
�̇�𝐹 (𝑡) = −𝐻2𝑥𝐹 (𝑡 − 𝜏 (𝑡)) − 𝐻3𝑥𝐿 (𝑡 − 𝜏 (𝑡)) , (12)

where 𝐻1 = [ 0𝑚×𝑚 𝐼𝑚×𝑚
0𝑚×𝑚 0𝑚×𝑚

], 𝐻2 = [ 0𝑛×𝑛 −𝐼𝑛
𝐸𝐹 𝑘1𝐼𝑛

], and 𝐻3 =
[ 0𝑛×𝑚 0𝑛×𝑚

𝐸𝐹R 0𝑛×𝑚
], 𝐸𝐹 = 𝐿𝐹 + Δ𝐿𝐹(𝑡), 𝐸𝐹R = 𝐿𝐹R + Δ𝐿𝐹R(𝑡).

Since there are multiple stationary leaders in MASs, that is,𝑝𝐿(𝑡) = 𝑝𝐿(0) = 0, we get �̇�𝐿(𝑡) = 𝐻1𝑥𝐿(𝑡) = [ 𝑝𝐿(𝑡)
0

] = 0 in
(12).

Let �̃�𝐹(𝑡) = 𝑥𝐹(𝑡) + 𝐻2
−1𝐻3𝑥𝐿(𝑡); then (12) can be

transformed into the following form:

̇̃𝑥𝐹 (𝑡) = −𝐻2�̃�𝐹 (𝑡 − 𝜏 (𝑡)) , (13)

where𝐻2
−1 = [ 𝑘1𝐸𝐹

−1 𝐸𝐹
−1

−𝐼𝑛 0𝑛×𝑛
].

Lemma 9. Let 𝑥𝐿
∗ = lim𝑡→∞𝑥𝐿(𝑡) and 𝑥𝐹

∗ = lim𝑡→∞𝑥𝐹(𝑡).
The containment control of the second-order MASs can be
achieved if 𝑥𝐹

∗ → −𝐻2
−1𝐻3𝑥𝐿

∗.
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Proof. By Lemma 1, it follows that −𝐸−1
𝐹 𝐸𝐹R is a nonnegative

matrix and the sum of the entries in each row equals 1.
Furthermore, −𝐸−1

𝐹 𝐸𝐹R𝑞𝐿
∗ is located in the convex hull

formed by the set of 𝑞𝐿
∗ from Definition 2, where 𝑞𝐿

∗ =
lim𝑡→∞𝑞𝐿(𝑡). Thus, if 𝑥𝐹

∗ → −𝐻2
−1𝐻3𝑥𝐿

∗, that is, ( 𝑞𝐹
∗

𝑝𝐹
∗ ) →

− [ 𝑘1𝐸𝐹
−1 𝐸𝐹

−1

−𝐼𝑛 0𝑛×𝑛
] × [ 0𝑛×𝑚 0𝑛×𝑚

𝐸𝐹R 0𝑛×𝑚
] × ( 𝑞𝐿

∗

𝑝𝐿
∗ ) = ( −𝐸𝐹

−1𝐸𝐹R𝑞𝐿
∗

0
), where

𝑞𝐹
∗ = lim𝑡→∞𝑞𝐹(𝑡), 𝑝𝐹

∗ = lim𝑡→∞𝑝𝐹(𝑡), and 𝑝𝐿
∗ = 𝑝𝐿(0) =0, then the containment control of second-order MASs can

be achieved.

Suppose the communication graph 𝐺𝜎 on subinterval[𝑡𝑟,𝑠, 𝑡𝑟,𝑠+1) has 𝑛𝜎 ≥ 1 connected subgraphs 𝐺𝑖
𝜎, and each

connected subgraph 𝐺𝑖
𝜎 has 𝑑𝑖

𝜎 = 𝑑𝑖
𝜎𝐹 + 𝑑𝑖

𝜎R nodes, where𝑑𝑖
𝜎𝐹 ≥ 1 represents the number of followers, 𝑑𝑖

𝜎R ≥ 1 repre-
sents the number of leaders, 𝑖 = 1, 2, . . . , 𝑛𝜎. The Laplacian
matrix of subgraph 𝐺𝑖

𝜎 is denoted by 𝐿𝑖
𝜎, and the uncertain

matrix of subgraph𝐺𝑖
𝜎 is denoted byΔ𝐿𝑖

𝜎.Then there exists an
orthogonal matrix𝑈𝜎 with appropriate dimensions such that

𝑈Τ
𝜎𝐿𝜎𝑈𝜎 = diag {𝐿1

𝜎, 𝐿2
𝜎, . . . , 𝐿𝑛𝜎

𝜎 } (14)

𝑈Τ
𝜎Δ𝐿𝜎 (𝑡) 𝑈𝜎 = diag {Δ𝐿1

𝜎 (𝑡) , Δ𝐿2
𝜎 (𝑡) , . . . , Δ𝐿𝑛𝜎

𝜎 (𝑡)} (15)

�̃�𝐹
Τ (𝑡) 𝑈𝜎 = [�̃�1

𝜎𝐹

Τ (𝑡) , �̃�2
𝜎𝐹

Τ (𝑡) , . . . , �̃�𝑛𝜎
𝜎𝐹

Τ (𝑡)] . (16)

Assumption 10. There exists a connectivity subset forMASs in
each nonoverlapping time interval [𝑡𝑟,𝑗, 𝑡𝑟,𝑠+1) ⊂ [𝑡𝑟, 𝑡𝑟+1), 𝑠 =1, 2, . . . , 𝑚𝑟. For each follower, there exists at least one leader
that has a path to the follower in the connectivity subset.

Considering the second-order MASs in the presence of
dynamically switching and uncertain topologies with time-
varying delays, dynamics (13) can be written as

̇̃𝑥𝐹 (𝑡) = −𝐻𝜎2�̃�𝐹 (𝑡 − 𝜏 (𝑡)) , (17)

where𝐻𝜎2 = [ 0𝑛×𝑛 −𝐼𝑛
𝐸𝜎𝐹 𝑘1𝐼𝑛

], 𝐸𝜎𝐹 = 𝐿𝜎𝐹 + Δ𝐿𝜎𝐹(𝑡).
In each subinterval [𝑡𝑟,𝑠, 𝑡𝑟,𝑠+1), dynamics (17) can be

transformed into the following subsystems:

̇̃𝑥𝑖

𝜎𝐹 (𝑡) = −𝐻𝑖
𝜎2�̃�𝑖

𝜎𝐹 (𝑡 − 𝜏 (𝑡)) , 𝑖 = 1, 2, . . . , 𝑛𝜎, (18)

where �̃�𝑖
𝜎𝐹(𝑡) = 𝑥𝑖

𝜎𝐹(𝑡) + 𝐻𝑖
𝜎2

−1𝐻𝑖
𝜎3𝑥𝑖

𝜎𝐿(𝑡), 𝐻𝑖
𝜎2 =

[ 0
𝑑
𝑖
𝜎𝐹
×𝑑
𝑖
𝜎𝐹

−𝐼
𝑑
𝑖
𝜎𝐹

𝐸𝑖
𝜎𝐹

𝑘1𝐼𝑑𝑖
𝜎𝐹

], 𝐻𝑖
𝜎3 = [ 0

𝑑
𝑖
𝜎𝐹
×𝑑
𝑖

𝜎R
0
𝑑
𝑖
𝜎𝐹
×𝑑
𝑖

𝜎R

𝐸𝑖
𝜎𝐹R 0

𝑑
𝑖
𝜎𝐹
×𝑑
𝑖

𝜎R

], 𝐸𝑖
𝜎𝐹 = 𝐿𝑖

𝜎𝐹 +
Δ𝐿𝑖

𝜎𝐹(𝑡), 𝐸𝑖
𝜎𝐹R = 𝐿𝑖

𝜎𝐹R + Δ𝐿𝑖
𝜎𝐹R(𝑡), 𝑥𝑖

𝜎𝐹(𝑡) = [𝑞𝑖
𝜎𝐹

Τ(𝑡),
𝑝𝑖
𝜎𝐹

Τ(𝑡)]Τ, 𝑥𝑖
𝜎𝐿

Τ(𝑡) = [𝑞𝑖
𝜎𝐿

Τ(𝑡), 𝑝𝑖
𝜎𝐿

Τ(𝑡)]Τ, 𝑞𝑖
𝜎𝐹(𝑡) = [𝑞𝑖

𝜎1(𝑡), . . . ,𝑞𝑖
𝜎𝑑𝑖
𝜎𝐹

(𝑡)]Τ, 𝑞𝑖
𝜎𝐿(𝑡) = [𝑞𝑖

𝜎𝑑𝑖
𝜎𝐹

+1
(𝑡), . . . , 𝑞𝑖

𝜎𝑑𝑖
𝜎

(𝑡)]Τ, 𝑝𝑖
𝜎𝐹(𝑡) =

[𝑝𝑖
𝜎1(𝑡), . . . , 𝑝𝑖

𝜎𝑑𝑖
𝜎𝐹

(𝑡)]Τ, and 𝑝𝑖
𝜎𝐿(𝑡) = [𝑝𝑖

𝜎𝑑𝑖
𝜎𝐹

+1
(𝑡), . . . ,

𝑝𝑖
𝜎𝑑𝑖
𝜎

(𝑡)]Τ, 𝑖 = 1, 2, . . . , 𝑛𝜎.
Now, we consider a second-order MAS with uncertain

topologies and communication time-varying delays. The

stability and the convergence of MASs can be achieved as
shown in the followingTheorem 11.

Theorem 11. Consider a second-order dynamic system with
dynamics (5) of 𝑛 followers and 𝑚 stationary leaders with the
switching topologies, and suppose Assumptions 6, 7, and 10
hold. Control protocol (6) can solve the containment control of
second-orderMASs in the presence of uncertain topologies with
time-varying delays, for each subinterval [𝑡𝑟,𝑠, 𝑡𝑟,𝑠+1), if there
exists a constant 𝜀 > 0 and an appropriate constant 𝛼 > 0,
such that

Π𝑖
𝜎 = [Π11 Π12

ΠΤ
12 Π22

] < 0, 𝑖 = 1, 2, . . . , 𝑛𝜎, (19)

where Π11 = (𝜀 − ℎ−1)𝐼2×𝑑𝑖
𝜎𝐹

, Π12 = ℎ−1𝐼2×𝑑𝑖
𝜎𝐹

+ (𝜀ℎ − 1)𝐻𝑖

𝜎2,

and Π22 = (𝜀−1 − ℎ−1)𝐼2×𝑑𝑖
𝜎𝐹

+ (ℎ + 𝜀ℎ2)𝐻𝑖

𝜎2

Τ𝐻𝑖

𝜎2 + ℎ𝛼2𝐽𝑖𝜎,
𝐻𝑖

𝜎2 = [ 0
𝑑
𝑖
𝜎𝐹
×𝑑
𝑖
𝜎𝐹

−𝐼
𝑑
𝑖
𝜎𝐹

𝐿𝑖
𝜎𝐹

𝑘1𝐼𝑑𝑖
𝜎𝐹

], 𝐽𝑖𝜎 = [ 0
𝑑
𝑖
𝜎𝐹

0
𝑑
𝑖
𝜎𝐹

𝐼
𝑑
𝑖
𝜎𝐹

0
𝑑
𝑖
𝜎𝐹

].
Proof. For MASs (17), we choose a Lyapunov-Krasovskii
function candidate as

𝑉 (𝑡) = �̃�Τ
𝐹 (𝑡) �̃�𝐹 (𝑡) + ∫𝑡

𝑡−ℎ
(𝑠 − 𝑡 + ℎ) ̇̃𝑥Τ

𝐹 (𝑠) ̇̃𝑥𝐹 (𝑠) 𝑑𝑠. (20)

Evidently,𝑉(𝑡) is essentially a distributed Lyapunov function.
By (16), 𝑉(𝑡) can be rewritten as

𝑉 (𝑡) = 𝑛𝜎∑
𝑖=1

[�̃�𝑖
𝜎𝐹

Τ (𝑡) �̃�𝑖
𝜎𝐹 (𝑡)

+ ∫𝑡

𝑡−ℎ
(𝑠 − 𝑡 + ℎ) ̇̃𝑥𝑖

𝜎𝐹

Τ (𝑠) ̇̃𝑥𝑖

𝜎𝐹 (𝑠) 𝑑𝑠] .
(21)

Calculating the derivative of𝑉(𝑡) along the trajectories of (18)
yields

�̇� (𝑡) = 𝑛𝜎∑
𝑖=1

{[−𝐻𝑖
𝜎2�̃�𝑖

𝜎𝐹 (𝑡 − 𝜏 (𝑡))]Τ �̃�𝑖
𝜎𝐹 (𝑡)

+ �̃�𝑖
𝜎𝐹

Τ (𝑡) [−𝐻𝑖
𝜎2�̃�𝑖

𝜎𝐹 (𝑡 − 𝜏 (𝑡))]
+ ℎ ̇̃𝑥𝑖

𝜎𝐹

Τ (𝑡) ̇̃𝑥𝑖

𝜎𝐹 (𝑡) − ∫𝑡

𝑡−ℎ

̇̃𝑥𝑖

𝜎𝐹

Τ (𝑠) ̇̃𝑥𝑖

𝜎𝐹 (𝑠) 𝑑𝑠} .
(22)

By Assumption 6 and Lemma 3, we can get

−∫𝑡

𝑡−ℎ
̇̃𝑥𝑖

𝜎𝐹

Τ(𝑠) ̇̃𝑥𝑖

𝜎𝐹(𝑠)𝑑𝑠 ≤ − ∫𝑡

𝑡−𝜏(𝑡)
̇̃𝑥𝑖

𝜎𝐹

Τ(𝑠) ̇̃𝑥𝑖

𝜎𝐹(𝑠)𝑑𝑠 and

−∫𝑡

𝑡−𝜏(𝑡)
̇̃𝑥𝑖

𝜎𝐹

Τ(𝑠) ̇̃𝑥𝑖

𝜎𝐹(𝑠)𝑑𝑠 ≤ −ℎ−1[�̃�𝑖
𝜎𝐹(𝑡) − �̃�𝑖

𝜎𝐹(𝑡 −
𝜏(𝑡))]Τ[�̃�𝑖

𝜎𝐹(𝑡) − �̃�𝑖
𝜎𝐹(𝑡 − 𝜏(𝑡))].



Journal of Control Science and Engineering 5

Denote 𝑦𝑖
𝜎 = [�̃�𝑖

𝜎𝐹

Τ(𝑡), �̃�𝑖
𝜎𝐹

Τ(𝑡 − 𝜏(𝑡))]Τ. It follows that
�̇� (𝑡) ≤ 𝑛𝜎∑

𝑖=1

{−�̃�𝑖
𝜎𝐹

Τ (𝑡)𝐻𝑖
𝜎2�̃�𝑖

𝜎𝐹 (𝑡 − 𝜏 (𝑡))
− �̃�𝑖

𝜎𝐹

Τ (𝑡 − 𝜏 (𝑡))𝐻𝑖
𝜎2

Τ�̃�𝑖
𝜎𝐹 (𝑡) + ℎ�̃�𝑖

𝜎𝐹

Τ (𝑡 − 𝜏 (𝑡))
⋅ 𝐻𝑖

𝜎2

Τ𝐻𝑖
𝜎2�̃�𝑖

𝜎𝐹 (𝑡 − 𝜏 (𝑡))
− ℎ−1 [�̃�𝑖

𝜎𝐹 (𝑡) − �̃�𝑖
𝜎𝐹 (𝑡 − 𝜏 (𝑡))]Τ

⋅ [�̃�𝑖
𝜎𝐹 (𝑡) − �̃�𝑖

𝜎𝐹 (𝑡 − 𝜏 (𝑡))]} = 𝑛𝜎∑
𝑖=1

𝑦𝑖
𝜎

ΤΩ𝑖
𝜎𝑦𝑖

𝜎,

(23)

whereΩ𝑖
𝜎 = [ −ℎ−1𝐼

2×𝑑
𝑖
𝜎𝐹

ℎ−1𝐼
2×𝑑
𝑖
𝜎𝐹

−𝐻𝑖
𝜎2

ℎ−1𝐼
2×𝑑
𝑖
𝜎𝐹

−𝐻𝑖
𝜎2

Τ

−ℎ−1𝐼
2×𝑑
𝑖
𝜎𝐹

+ℎ𝐻𝑖
𝜎2

Τ

𝐻𝑖
𝜎2

].
Denote 𝐻𝑖

𝜎2 = [ 0
𝑑
𝑖
𝜎𝐹
×𝑑
𝑖
𝜎𝐹

−𝐼
𝑑
𝑖
𝜎𝐹

𝐿𝑖
𝜎𝐹

𝑘1𝐼𝑑𝑖
𝜎𝐹

] and 𝐵𝑖
𝜎 =

[ 0
𝑑
𝑖
𝜎𝐹
×𝑑
𝑖
𝜎𝐹

0
𝑑
𝑖
𝜎𝐹
×𝑑
𝑖
𝜎𝐹

Δ𝐿𝑖
𝜎𝐹

(𝑡) 0
𝑑
𝑖
𝜎𝐹
×𝑑
𝑖
𝜎𝐹

]. Then we have 𝐻𝑖
𝜎2 = 𝐻𝑖

𝜎2 + 𝐵𝑖
𝜎. Let

Φ𝑖
𝜎 = [ −ℎ−1𝐼

2×𝑑
𝑖
𝜎𝐹

ℎ−1𝐼
2×𝑑
𝑖
𝜎𝐹

−𝐻
𝑖

𝜎2

ℎ−1𝐼
2×𝑑
𝑖
𝜎𝐹

−𝐻
𝑖

𝜎2

Τ

−ℎ−1𝐼
2×𝑑
𝑖
𝜎𝐹

+ℎ𝐻
𝑖

𝜎2

Τ

𝐻
𝑖

𝜎2
+ℎ𝐵𝑖
𝜎

Τ

𝐵𝑖
𝜎

] and Ψ𝑖
𝜎 =

[ 0 𝐵𝑖
𝜎

𝐵𝑖
𝜎

Τ

ℎ𝐻
𝑖

𝜎2

Τ

𝐵𝑖
𝜎
+ℎ𝐵𝑖
𝜎

Τ

𝐻
𝑖

𝜎2

]; we have Ω𝑖
𝜎 = Φ𝑖

𝜎 + Ψ𝑖
𝜎. By Lemma 4,

it follows that Ω𝑖
𝜎 = Φ𝑖

𝜎 + Ψ𝑖
𝜎 = Φ𝑖

𝜎 +
[ 0

𝐼
2×𝑑
𝑖
𝜎𝐹

] 𝐵𝑖
𝜎

Τ [𝐼2×𝑑𝑖
𝜎𝐹

ℎ𝐻𝑖

𝜎2
] + [𝐼2×𝑑𝑖

𝜎𝐹

ℎ𝐻𝑖

𝜎2
]Τ 𝐵𝑖

𝜎 [ 0
𝐼
2×𝑑
𝑖
𝜎𝐹

]Τ <
0 is equivalent to Ω𝑖

𝜎 = Φ𝑖
𝜎 + Ξ𝑖

𝜎 = Φ𝑖
𝜎 +

𝜀 [𝐼2×𝑑𝑖
𝜎𝐹

ℎ𝐻𝑖

𝜎2
]Τ [𝐼2×𝑑𝑖

𝜎𝐹

ℎ𝐻𝑖

𝜎2
] 𝜀−1 [ 0

𝐼
2×𝑑
𝑖
𝜎𝐹

] [ 0
𝐼
2×𝑑
𝑖
𝜎𝐹

]Τ < 0,
where Ξ𝑖

𝜎 = [ 𝜀𝐼
2×𝑑
𝑖
𝜎𝐹

𝜀ℎ𝐻
𝑖

𝜎2

𝜀ℎ𝐻
𝑖

𝜎2

Τ

𝜀ℎ2𝐻
𝑖

𝜎2

Τ

𝐻
𝑖

𝜎2
+𝜀−1𝐼
2×𝑑
𝑖
𝜎𝐹

], 𝜀 > 0. By

(11), we have Δ𝐿𝑖
𝜎𝐹

Τ(𝑡)Δ𝐿𝑖
𝜎𝐹(𝑡) ≤ 𝛼2𝐼𝑑𝑖

𝜎𝐹

and 𝐵𝑖
𝜎

Τ𝐵𝑖
𝜎 ≤

[ 0
𝑑
𝑖
𝜎𝐹
×𝑑
𝑖
𝜎𝐹

0
𝑑
𝑖
𝜎𝐹
×𝑑
𝑖
𝜎𝐹

𝛼2𝐼
𝑑
𝑖
𝜎𝐹

0
𝑑
𝑖
𝜎𝐹
×𝑑
𝑖
𝜎𝐹

]. Then Φ𝑖
𝜎 ≤ [ Γ11 Γ12

ΓΤ
12

Γ22
], where Γ11 =

−ℎ−1𝐼2×𝑑𝑖
𝜎𝐹

, Γ12 = ℎ−1𝐼2×𝑑𝑖
𝜎𝐹

− 𝐻𝑖

𝜎2, and Γ22 = −ℎ−1𝐼2×𝑑𝑖
𝜎𝐹

+
ℎ𝐻𝑖

𝜎2

Τ𝐻𝑖

𝜎2 + ℎ𝛼2𝐽𝑖𝜎, 𝐽𝑖𝜎 = [ 0
𝑑
𝑖
𝜎𝐹

0
𝑑
𝑖
𝜎𝐹

𝐼
𝑑
𝑖
𝜎𝐹

0
𝑑
𝑖
𝜎𝐹

]. Therefore, Ω𝑖
𝜎 is

negative definite if condition (19) is satisfied. Thus �̇�(𝑡) < 0
and the stability of the dynamically switching system (17) is
guaranteed.

Now we know system (17) is asymptotically stable.
So �̃�𝐹(𝑡) and �̃�𝐹(𝑡 − 𝜏(𝑡)) are bounded, and ̇̃𝑥𝐹(𝑡) is
also bounded by (13). Consequently the derivative of
∑𝑛𝜎

𝑖=1 �̃�𝑖
𝜎

Τ[Ω𝑖
𝜎 + Ψ𝑖

𝜎]�̃�𝑖
𝜎 is bounded by (16) and (18). It follows

that ∫+∞

0
(∑𝑛𝜎

𝑖=1 𝑦𝑖
𝜎(𝑠)ΤΩ𝑖

𝜎𝑦𝑖
𝜎(𝑠))𝑑𝑠 exists and is finite since

∑𝑛𝜎
𝑖=1 𝑦𝑖

𝜎

ΤΩ𝑖
𝜎𝑦𝑖

𝜎 < 0 and 0 ≥ ∫𝑡

0
∑𝑛𝜎

𝑖=1 𝑦𝑖
𝜎(𝑠)ΤΩ𝑖

𝜎𝑦𝑖
𝜎(𝑠)𝑑𝑠 ≥

∫𝑡

0
�̇�(𝑠)𝑑𝑠 = 𝑉(𝑡) − 𝑉(0). By Lemma 5, we can get

lim𝑡→+∞ ∑𝑛𝜎
𝑖=1 𝑦𝑖

𝜎

ΤΩ𝑖
𝜎𝑦𝑖

𝜎 = 0 and lim𝑡→+∞𝑦𝑖
𝜎 = 0 sinceΩ𝑖

𝜎 < 0. Then lim𝑡→+∞�̃�𝑖
𝜎𝐹(𝑡) = �̃�𝑖

𝜎𝐹(𝑡 − 𝜏(𝑡)) = 0. Thus
lim𝑡→+∞𝑥𝑖

𝜎𝐹(𝑡) = −𝐻𝑖
𝜎2

−1𝐻𝑖
𝜎3𝑥𝑖

𝜎𝐿(𝑡).
Furthermore, in any subinterval [𝑡𝑟,𝑠, 𝑡𝑟,𝑠+1) ⊂ [𝑡𝑟, 𝑡𝑟+1),𝑠 = 1, 2, . . . , 𝑚𝑟, lim𝑡→+∞𝑥𝑖

𝜎𝐹(𝑡) = −𝐻𝑖
𝜎2

−1𝐻𝑖
𝜎3𝑥𝑖

𝜎𝐿(𝑡) and

lim𝑡→+∞𝑞𝑖
𝜎𝐹(𝑡) = −𝐸𝑖

𝜎𝐹

−1𝐸𝑖
𝜎𝐹R𝑞𝑖

𝜎𝐿(𝑡), 𝑖 = 1, 2, . . . , 𝑛𝜎.
Therefore, in the connected portion of MASs in the subin-
terval [𝑡𝑟,𝑠, 𝑡𝑟,𝑠+1) and [𝑡𝑟,𝑠+1, 𝑡𝑟,𝑠+2), that is, in the subin-
terval [𝑡𝑟,𝑠, 𝑡𝑟,𝑠+2), lim𝑡→+∞𝑥𝑖

𝜎𝐹(𝑡) = −𝐻𝑖
𝜎2

−1𝐻𝑖
𝜎3𝑥𝑖

𝜎𝐿(𝑡)
and lim𝑡→+∞𝑞𝑖

𝜎𝐹(𝑡) = −𝐸𝑖
𝜎𝐹

−1𝐸𝑖
𝜎𝐹R𝑞𝑖

𝜎𝐿(𝑡) still hold, 𝑖 =1, 2, . . . , 𝑛
𝜎. Then by induction, according to Assumption 7,

lim𝑡→+∞𝑥𝐹(𝑡) = −𝐻2
−1𝐻3𝑥𝐿(𝑡) and lim𝑡→+∞𝑞𝐹(𝑡) =−𝐸𝐹

−1𝐸𝐹𝐿𝑞𝐿(𝑡), since all agents are jointly connected in each[𝑡𝑟, 𝑡𝑟+1). Then we can conclude that the containment control
of the second-order MASs with time-varying delays and
uncertain topologies can be realized by Lemma 9.

Corollary 12. Consider the second-orderMASswith dynamics
(5) and suppose Assumptions 6, 7, and 10 hold, for the case
where the communication delay 𝜏(𝑡) is time invariant; that is,𝜏(𝑡) = 𝜏 is a constant in (6). Control protocol (6) can solve
the containment control of second-order MASs in the presence
of uncertain topologies with communication delays, for each
subinterval [𝑡𝑟,𝑠, 𝑡𝑟,𝑠+1), if there exists a constant 𝜀 > 0 and an
appropriate constant 𝛼 > 0, such that

Λ𝑖
𝜎 = [Λ 11 Λ 12

∗ Λ 22

] < 0, 𝑖 = 1, 2, . . . , 𝑛𝜎, (24)

where Λ 11 = (𝜀 − 1)𝐼2×𝑑𝑖
𝜎𝐹

, Λ 12 = (𝜀𝜏 − 1)𝐻𝑖

𝜎2, and Λ 22 =
(𝜀−1 − 1)𝐼2×𝑑𝑖

𝜎𝐹

+ (𝜏 + 𝜀𝜏2)𝐻𝑖

𝜎2

Τ𝐻𝑖

𝜎2 + 𝜏𝛼2𝐽𝑖𝜎; 𝐻𝑖

𝜎2 and 𝐽𝑖𝜎 are
the same as𝐻𝑖

𝜎2 and 𝐽𝑖𝜎 in (19).

4. Simulations

Consider dynamic switching topology with 5 followers and
3 leaders as shown in Figure 1. The followers’ set and the
leaders’ set are denoted by 𝐹 = {1, 2, 3, 4, 5} andR = {6, 7, 8},
respectively. Suppose that the communication topology of the
MASs randomly switches in {𝐺1, 𝐺2, 𝐺3} at 𝑡 = 𝑘𝑇, 𝑘 =0, 1, . . ., 𝑇 = 0.5 s, and the connection weights of each edge
are all set to 1 in this paper.

By the union topology of graphs 𝐺1 ∼ 𝐺3, the system
matrix 𝐿𝜎𝐹 can be obtained. Solving (19) by the Matlab’s LMI
toolbox, we can get 𝑘1 > 4.3278 and ℎ < 0.4621. Let 𝑘1 =4.4 and Δ𝐿𝜎𝐹 = 𝛼 sin(𝑡) ∗ 𝐿𝜎𝐹 with 𝛼 = 0.1. The time-
varying delays of MASs are taken as 𝜏(𝑡) = 0.2 + 0.2 sin 𝑡
in the simulations. For the MASs with multiple stationary
leaders, we consider five agents are guided by three leaders
moving in a plane.The initial position of followers and leaders
are chosen as 𝑞1(0) = (1, 1)Τ, 𝑞2(0) = (1, 3)Τ, 𝑞3(0) =(3, 1)Τ, 𝑞4(0) = (3, 5)Τ, 𝑞5(0) = (5, 3)Τ, 𝑞6(0) = (7, 10)Τ,𝑞7(0) = (10, 7)Τ, and 𝑞8(0) = (10, 10)Τ. The initial velocities
of followers and leaders are chosen as 𝑝1(0) = (1, 1)Τ, 𝑝2(0) =(2, 2)Τ, 𝑝3(0) = (1, 1)Τ, 𝑝4(0) = (2, 2)Τ, 𝑝5(0) = (3, 3)Τ, and𝑝6(0) = 𝑝7(0) = 𝑝8(0) = 0. Simulation results are shown in
Figure 2, which shows that those followers can asymptotically
converge to the triangle formed by three leaders; that is,
containment control of second-order MASs in the presence
of uncertain topologies with multiple stationary leaders and
time-varying delays can be achieved.
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Figure 1: Three possible graphs of the communication topology.
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Figure 2: State trajectories of MASs with uncertain topologies.

5. Conclusion

In this paper, the distributed containment control for second-
order MASs with multiple stationary leaders and uncertain
topologies is investigated. The control algorithm of MASs
with time-varying delays and jointly connected topologies is
proposed. By applying modern control theory and algebraic
graph theory, the convergence of MASs for the proposed
containment control algorithm is analyzed via Lyapunov-
Krasovskii method. Some sufficient conditions in terms of
linear matrix inequalities (LMIs) are given for containment
control. The correctness and effectiveness of our theoretical
results for uncertain MASs with time-varying delays are
demonstrated by some simulation examples. The contain-
ment control problem for nonlinear systemswill be our future
work.
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