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This paper is concerned with the problem of event-triggered 𝐻∞ filtering for multiagent systems with Markovian switching
topologies and network-induced delay. An event-triggered mechanism is given to ease the information transmission. Consider
that the network topology is directed in this paper, which represents the communication links among agents. Due to the existence
of network-induced delay, the time-delay approach is adopted, which can effectively deal with filtering error system. By constructing
a Lyapunov-Krasovskii functional and employing linear matrix inequality technique, sufficient conditions are established to ensure
the filtering error system to achieve asymptotically stable with𝐻∞ performance index. A simulation example is given to illustrate
the effectiveness of the proposed method.

1. Introduction

Recently, multiagent systems (MASs) have received much
interest due to their widespread applications in various
fields such as formation control [1, 2], sensor network [3],
synchronization [4], and flocking [5, 6]. Due to the fact that
communication networks consist of lots of agents, their states
are usually not fully available in network outputs. Hence,
filtering or state estimation problem is to estimate the states of
the agent by the available output measurement, which is very
important both in theory and in practice. In the past decades,
the consensus-based filtering or estimation problem for a
special multiagent system, i.e., the multi-sensor networked
system, has received much attention. For example, Kalman
filters are the filters primarily proposed in [7, 8] for multi-
sensor networked systems, while 𝐻∞ filters are given in [9]
for sensor networks with multiple missing measurements. In
most existing literatures, the study of multiagent systems has
been investigated in the ideal situation without considering
external interference. However, in practical engineering, the
existence of external disturbances cannot be ignored, which
may have a great impact on agent dynamics. Furthermore,
the research history of multiagent systems on𝐻∞ filtering or
state estimation is very short; there are many problems which

need to be studied extensively. Thus, it is necessary to study
the 𝐻∞ filtering problem of multiagent systems with many
practical factors.

The exchange of information between agents on a com-
munication network is usually completed on the basis of
sampled packets. Many articles have presented more and
more methods based on rapid development of the the-
ory of sampling data systems. In the early results, time-
triggered communication is a common way to transfer
every sampled signal to the controller and update control
signal periodically, which wastes a lot of network bandwidth
resources and increases network load. Compared with the
widely used time-triggered sampling scheme [10–13], event-
triggered communication schemes [14–16] can avoid the
unnecessary transmission and reduce the release times of
the sensor and the burden of communication network.
Event-triggered filtering/estimation for different systems has
received considerable attention in the past few years [17–22].
Paper [17] addresses event-triggered state estimation problem
for a class of complex networks with mixed time delays and
[20] presents 𝐻∞ filter design for a class of neural network
systems with quantization. The filtering problem for discrete-
time networked control system (NCS) under event-triggered
scheme is proposed in [18, 19, 21]. Paper [22] designs the𝐻∞

Hindawi
Journal of Control Science and Engineering
Volume 2018, Article ID 2572846, 10 pages
https://doi.org/10.1155/2018/2572846

http://orcid.org/0000-0003-2537-4589
http://orcid.org/0000-0002-7837-7559
https://doi.org/10.1155/2018/2572846


2 Journal of Control Science and Engineering

fuzzy filter for a class of nonlinear networked control system
based on event-triggered communication scheme.

In the real world, because of the uncertainty of the
network, the communication topology may change. Hence,
it is significant to design a filtering network with time-
varying and switching topology to estimate or monitor a
target; see [23–28]. Event-based 𝐻∞ filtering for discrete-
time and continue-time Markov jump system with network-
induced delay is investigated in [23, 24], respectively. Paper
[25, 26] addresses asynchronous 𝑙2 − 𝑙∞ filtering with sensor
nonlinearity and delay-dependent robust 𝐻∞ control and
filtering with parameter uncertainties, respectively. Paper
[27] investigates the problem of𝐻∞ estimation for a class of
discrete-time Markov jump systems with time-varying tran-
sition probabilities. The problem of distributed state estima-
tion about vehicle formationwith time-varyingmeasurement
topology is discussed in [28]. To the best of our knowledge,
there is no article that considers 𝐻∞ filtering problem for
multiagent systems withMarkovian switching topologies and
network-induced delay based on event-triggered strategy.
The theoretical results of such systems will be attractive
and have extensive practical applications, which inspired the
research presented in this paper.

In the view of the above discussion, this paper addresses
the event-triggered 𝐻∞ filtering for multiagent systems with
Markovian switching topologies and network-induced delay.
Themain contributions are summarized as follows: (1) differ-
ent from the general event-triggered sampled-data strategy,
this paper takes into account the effect of network-induced
delay and Markovian switching topologies. A distributed
event-triggered scheme is presented to release the load of the
network. (2) By employing the time-delay system method,𝐻∞ filtering performance is derived, the co-design method
of the event-triggered condition and the filter design are also
given. (3)The Laplacian matrices of switching topologies are
not required to be symmetric.

The rest of this paper is organized as follows. In Section 2,
we give some preliminaries and present the problem for-
mulation. The main results for stability analysis and event-
triggered 𝐻∞ filter design are elaborated in Section 3. In
Section 4, a numerical example is provided to illustrate the
feasibility and effectiveness of the proposed method. Finally,
conclusions are drawn in Section 5.

Notations. 𝑅𝑛 represents the n-dimension Euclidean
space and 𝑅𝑛×𝑚 denotes the set of 𝑛 × 𝑚 real matrices.
Let 𝐼𝑁 represent the 𝑁 × 𝑁 identity matrix and 0 denote
zero matrix with an appropriate dimension. The superscripts−1 and 𝑇 stand for the inverse and the transpose of a
matrix, respectively. We use the notation ⊗ and ∗ to represent
Kronecker product and the elements below themain diagonal
of some symmetricmatrix, respectively.The realmatrix𝑃 > 0
shows that 𝑃 is positive definite.

2. Problem Formulation

2.1. Graph Theory. Let 𝐺 = (𝑉, 𝜉, 𝐴) denote a directed
weighted graph of𝑁 order, where the set of nodes is denotes
by 𝑉 = {V1, V2, . . . , V𝑛} and the set of edges is denoted by𝜉 ⊆ 𝑉 × 𝑉. An edge in graph 𝐺 is described by (V𝑗, V𝑖), 𝑖,

𝑗 ∈ 1, 2, . . . , 𝑛 which represents that the 𝑗𝑡ℎ agent transmit
information to the 𝑖𝑡ℎ agent. Matrix 𝐴 = [𝑎𝑖𝑗]𝑛×𝑛 is called
weighted adjacency matrix. The set of neighbors of agent 𝑖 is
denoted as𝑁𝑖 = {𝑗 | (V𝑗, V𝑖) ∈ 𝜉}. If 𝑗 ∈ 𝑁𝑖, 𝑎𝑖𝑗 > 0; otherwise,𝑎𝑖𝑗 = 0. The diagonal matrix 𝐷 = diag{𝑑1, 𝑑2, . . . , 𝑑𝑁} ∈𝑅𝑁×𝑁 is called the degree matrix of graph 𝐺 with diagonal
elements 𝑑𝑖 = Σ𝑗∈𝑁𝑖𝑎𝑖𝑗. The Laplacian matrix of 𝐺 is defined
as𝐿 = 𝐷−𝐴 = [𝑙𝑖𝑗] ∈ 𝑅𝑁×𝑁, where 𝑙𝑖𝑖 = ∑𝑗∈𝑁𝑖 𝑎𝑖𝑗 and 𝑙𝑖𝑗 = −𝑎𝑖𝑗
for 𝑖 ̸= 𝑗.
2.2. System Description. We consider MASs composed of𝑁 interconnected agents in this paper, where each agent is
assumed to have the following state-space description:

̇𝑥𝑖 (𝑡) = 𝐴𝑥𝑖 (𝑡) + 𝐵𝑤𝑖 (𝑡)
𝑦𝑖 (𝑡) = 𝐶2Σ𝑗∈𝑁𝑖𝑎𝑟(𝑡)𝑖𝑗 (𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡)) + 𝐷𝑤𝑖 (𝑡)
𝑧𝑖 (𝑡) = 𝐶1Σ𝑗∈𝑁𝑖𝑎𝑟(𝑡)𝑖𝑗 (𝑥𝑖 (𝑡) − 𝑥𝑗 (𝑡))

(1)

for 𝑖 = 1, 2, . . . ,𝑁, where 𝑥𝑖(𝑡), 𝑦𝑖(𝑡), and 𝑧𝑖(𝑡) are the state,
the measured output, and the signal to be estimated of agent𝑖. 𝑤𝑖(𝑡) denotes the external disturbance which belongs to𝐿2[0,∞).

The switching communication topologies are described
by 𝐺𝑟(𝑡) ∈ {𝐺1, 𝐺2, . . . , 𝐺𝑞}, where 𝑟(𝑡) represents the
continuous process of Markov chain. Furthermore, it takes
values in a given finite set 𝑆 = {1, 2, . . . , 𝑞}. We define the
transition probability as follows:

𝑝𝑟𝑜𝑏 {𝑟 (𝑡 + Δ𝑡) = 𝑠 | 𝑟 (𝑡) = 𝑟}
= {{{

𝜋𝑟𝑠Δ𝑡 + 𝑜 (Δ𝑡) , 𝑟 ̸= 𝑠
1 + 𝜋𝑟𝑟Δ𝑡 + 𝑜 (Δ𝑡) , 𝑟 = 𝑠

(2)

where limΔ𝑡→0(𝑜(Δ𝑡)/Δ𝑡) = 0, Δ𝑡 > 0, and the transition
probability satisfies 𝜋𝑟𝑠 > 0 when 𝑟, 𝑠 ∈ 𝑆 and 𝜋𝑟𝑟 =−∑𝑞𝑠=1,𝑠 ̸=𝑟 𝜋𝑟𝑠.

For MASs (1), we design the following full-order filter to
estimate signal 𝑧𝑖(𝑡):

�̇�𝑓𝑖 (𝑡) = 𝐴𝑓𝑟𝑥𝑓𝑖 (𝑡) + 𝐵𝑓𝑟𝑦𝑓𝑖 (𝑡)
𝑧𝑓𝑖 (𝑡) = 𝐶𝑓𝑟𝑥𝑓𝑖 (𝑡) (3)

where𝑥𝑓𝑖(𝑡) represents the state of the 𝑖𝑡ℎ filtering subsystem,𝑧𝑓𝑖(𝑡) is the estimation signal of 𝑧𝑖(𝑡), and 𝐴𝑓𝑟, 𝐵𝑓𝑟, 𝐶𝑓𝑟 are
filter parameters to be determined.

2.3. Event-Triggered Scheme. In order to reduce the commu-
nication network burden, event-triggered scheme is adopted
in this paper. The sampler is assumed to be time-driven; the
zero-order-hold (ZOH) is event-driven. Then, we construct
the following event-triggered strategy.

𝑡𝑖𝑘+1ℎ = 𝑡𝑖𝑘ℎ +min
𝑙𝑖>1

{𝑙𝑖ℎ | 𝜒𝑇𝑖 (𝑡𝑖𝑘ℎ + 𝑙𝑖ℎ) 𝜙𝑟𝜒𝑖 (𝑡𝑖𝑘ℎ + 𝑙𝑖ℎ)
≥ 𝜎𝑟𝑦𝑇𝑖 (𝑡𝑖𝑘ℎ + 𝑙𝑖ℎ) 𝜙𝑟𝑦𝑖 (𝑡𝑖𝑘ℎ + 𝑙𝑖ℎ)}

(4)
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where 𝑙𝑖 ∈ 𝑁, 𝜒𝑖(𝑡𝑖𝑘ℎ + 𝑙𝑖ℎ) ≜ 𝑦𝑖(𝑡𝑖𝑘ℎ + 𝑙𝑖ℎ) − 𝑦𝑖(𝑡𝑖𝑘ℎ) is
the threshold error, 𝑡𝑖𝑘ℎ represents the latest 𝑘𝑡ℎ triggering
instant of the 𝑖𝑡ℎ agent, 𝑡𝑖𝑘ℎ+𝑙𝑖ℎ denotes the currently sampled
instant, and 𝑡𝑖𝑘+1ℎ denotes the next broadcast instant. Then𝜎𝑟 > 0 represents the threshold and 𝜙𝑟 > 0 stands for a
symmetric positive definite matrix.

Remark 1. From the event-triggered strategy (4), we can
automatically exclude Zeno behavior.

Proof. Zeno behavior in the event-triggered communication
framework is defined as the infinite number of communica-
tion in a finite time. Due to the fact that each agent's state
is periodically sampled and the sampling time sequence is{0, ℎ, 2ℎ, . . .}, we can obtain that the event-triggered time
sequence is a subsequence of the sampling time sequence,
namely, {𝑡𝑖0ℎ, 𝑡𝑖1ℎ, 𝑡𝑖2ℎ, . . .} ⊆ {0, ℎ, 2ℎ, . . .}, which means that
the minimum interevent time min𝑘{𝑡𝑖𝑘+1ℎ − 𝑡𝑖𝑘ℎ}, ∀𝑖, is lower
bounded by the sampling period ℎ. Since the number of
agents is finite, the communication events in any finite time
cannot be infinite. Therefore, the event-triggered strategy (4)
can rule out Zeno behavior automatically.

Remark 2. Different from traditional filtering problem, due
to the existence of network-induced delays, taking the prop-
erty of ZOH into account, we get

𝑦𝑓𝑖 (𝑡) = 𝑦𝑖 (𝑡𝑖𝑘ℎ) (5)

Substituting (5) into (3), we have

�̇�𝑓𝑖 (𝑡) = 𝐴𝑓𝑟𝑥𝑓𝑖 (𝑡) + 𝐵𝑓𝑟𝑦𝑖 (𝑡𝑖𝑘ℎ)
𝑧𝑓𝑖 (𝑡) = 𝐶𝑓𝑟𝑥𝑓𝑖 (𝑡) ,

𝑡 ∈ [𝑡𝑖𝑘ℎ + 𝜏 (𝑡𝑖𝑘) , 𝑡𝑖𝑘+1ℎ + 𝜏 (𝑡𝑖𝑘+1))
(6)

Remark 3. Suppose that the network delay is bounded, i.e.,0 < 𝜏𝑚 ≤ 𝜏𝑖𝑘 ≤ 𝜏, where 𝜏𝑚 and 𝜏 denote the lower and upper
bound of 𝜏(𝑡), respectively. It is worth noting that when 𝜎𝑟 =0, all the sampled signals are transmitted, the event-triggered
strategy (4) reduces to a periodic time-triggered scheme.

2.4. Time-Delay Modeling. Using the same technique as in
[29], we assume that there is a integer 𝑞 > 0, which satisfies𝑡𝑖𝑘+1 = 𝑡𝑖𝑘 +𝑞+ 1. Hence, we can obtain the following equality:

[𝑡𝑖𝑘ℎ + 𝜏 (𝑡𝑖𝑘) , 𝑡𝑖𝑘+1ℎ + 𝜏 (𝑡𝑖𝑘+1)) =
𝑞⋃
𝑛=0

Ω𝑛 (7)

withΩ𝑛 = [𝑡𝑖𝑘ℎ + 𝑛ℎ + 𝜏(𝑡𝑖𝑘 + 𝑛), 𝑡𝑖𝑘ℎ + (𝑛 + 1)ℎ + 𝜏(𝑡𝑖𝑘 + 𝑛 + 1)),𝑡𝑖𝑘+1 = 𝑡𝑖𝑘 + 𝑛 + 1.
For convenience, we define

𝜏 (𝑡) = 𝑡 − 𝑡𝑖𝑘ℎ − 𝑛ℎ, 𝑡 ∈ Ω𝑛 (8)

Then, we can know that

0 < 𝜏𝑚 ≤ 𝜏 (𝑡) ≤ ℎ + 𝜏 = 𝜏𝑀 (9)

To show the effect of the event-triggered scheme (4) in
deriving system stability and stabilization criterion, we define
a new variable 𝑒𝑘𝑖(𝑡), which satisfies the following equality:

𝑒𝑘𝑖 (𝑡) = 𝑦𝑖 (𝑡𝑖𝑘ℎ) − 𝑦𝑖 (𝑡𝑖𝑘ℎ + 𝑛ℎ) , 𝑡 ∈ Ω𝑛 (10)

Substituting (8), (10) into (6), we have

̇𝑥𝑓𝑖 (𝑡) = 𝐴𝑓𝑟𝑥𝑓𝑖 (𝑡) + 𝐵𝑓𝑟 [𝑦𝑖 (𝑡 − 𝜏 (𝑡)) + 𝑒𝑘𝑖 (𝑡)]
𝑧𝑓𝑖 (𝑡) = 𝐶𝑓𝑟𝑥𝑓𝑖 (𝑡) (11)

From (10) and (4), we can obtain

𝑒𝑇𝑘𝑖 (𝑡) 𝜙𝑟𝑒𝑘𝑖 (𝑡) ≤ 𝜎𝑟𝑦𝑇𝑖 (𝑡 − 𝜏 (𝑡)) 𝜙𝑟𝑦𝑖 (𝑡 − 𝜏 (𝑡)) (12)

where 𝑡 ∈ [𝑡𝑖𝑘ℎ + 𝜏(𝑡𝑖𝑘), 𝑡𝑖𝑘+1ℎ + 𝜏(𝑡𝑖𝑘+1)).
2.5. Event-Triggered 𝐻∞ Filter Problem. By defining 𝜉𝑇𝑖 (𝑡) =[𝑥𝑇𝑖 (𝑡) 𝑥𝑇𝑓𝑖(𝑡)], 𝑤𝑖(𝑡) = [𝑤𝑇𝑖 (𝑡) 𝑤𝑇𝑖 (𝑡 − 𝜏(𝑡))]𝑇, and 𝑒𝑖(𝑡) =𝑧𝑖(𝑡) − 𝑧𝑓𝑖(𝑡), we can obtain the following filtering error
system:

̇𝜉𝑖 (𝑡) = 𝐴𝜉𝑖 (𝑡) + Σ𝑗∈𝑁𝑖𝑎𝑖𝑗𝐵𝐻𝜉𝑖 (𝑡 − 𝜏 (𝑡)) + 𝐸𝑒𝑘𝑖 (𝑡)
+ 𝐷𝑤𝑖 (𝑡)

𝑒𝑖 (𝑡) = 𝐶1𝜉𝑖 (𝑡) + Σ𝑗∈𝑁𝑖𝑎𝑖𝑗𝐶2 (𝜉𝑖 (𝑡) − 𝜉𝑗 (𝑡))
(13)

where

𝐴 = [𝐴 0
0 𝐴𝑓𝑟] ,

𝐵 = [ 0
𝐵𝑓𝑟𝐶2] ,

𝐻 = [𝐼𝑛 0] ,
𝐷 = [𝐵 0

0 𝐵𝑓𝑟𝐷] ,
𝐶1 = [0 −𝐶𝑓𝑟] ,
𝐶2 = [𝐶1 0]
𝐸 = [ 0

𝐵𝑓𝑟]

(14)

Then, we define some new augment variables to compact
system:

𝜉 (𝑡) = [𝜉𝑇1 (𝑡) 𝜉𝑇2 (𝑡) . . . 𝜉𝑇𝑁 (𝑡)]𝑇 ,
𝑒 (𝑡) = [𝑒𝑇1 (𝑡) 𝑒𝑇2 (𝑡) . . . 𝑒𝑇𝑁 (𝑡)]𝑇 ,
𝑤 (𝑡) = [𝑤𝑇1 (𝑡) 𝑤𝑇2 (𝑡) . . . 𝑤𝑇𝑁 (𝑡)]𝑇 ,
𝑒𝑘 (𝑡) = [𝑒𝑇𝑘1 (𝑡) 𝑒𝑇𝑘2 (𝑡) . . . 𝑒𝑇𝑘𝑁 (𝑡)]𝑇

(15)



4 Journal of Control Science and Engineering

Therefore, the filtering error system can be rewritten as
follows:

̇𝜉 (𝑡) = (𝐼𝑁 ⊗ 𝐴) 𝜉 (𝑡) + (𝐿 ⊗ 𝐵𝐻) 𝜉 (𝑡 − 𝜏 (𝑡))
+ (𝐼𝑁 ⊗ 𝐸) 𝑒𝑘 (𝑡) + (𝐼𝑁 ⊗ 𝐷)𝑤 (𝑡)

𝑒 (𝑡) = (𝐼𝑁 ⊗ 𝐶1 + 𝐿 ⊗ 𝐶2) 𝜉 (𝑡)
(16)

Definition 4. The filtering error system (16) with 𝑤(𝑡) = 0
is asymptotically stable in mean square, if for any initial
conditions, such that

lim
𝑡→+∞

𝜉 (𝑡)2 = 0 (17)

Definition 5. Given a positive scalar 𝛾, and for all nonzero𝑤(𝑡) ∈ 𝐿2[0,∞), the filtering error system (16) is asymptot-
ically stable in mean square with a guaranteed 𝐻∞ perfor-
mance 𝛾 if the filtering error 𝑒(𝑡) satisfies

𝐸{∫∞
0

𝑒𝑇 (𝑡) 𝑒 (𝑡) 𝑑𝑡} ≤ 𝛾2𝐸{∫∞
0

𝑤𝑇 (𝑡) 𝑤 (𝑡) 𝑑𝑡} (18)

Before proceeding further, we introduce the following
lemmas that will be helpful for deriving the following results.

Lemma 6 (see [30]). Given scalar 𝜏 > 0, matrix 𝑀 > 0, and
vector function𝑤, [0, 𝜏] → 𝑅𝑛 satisfy the following inequality:

(∫𝜏
0
𝑤 (𝑠) 𝑑𝑠)𝑇𝑀(∫𝜏

0
𝑤 (𝑠) 𝑑𝑠)

≤ 𝜏(∫𝜏
0
𝑤𝑇 (𝑠)𝑀𝑤 (𝑠) 𝑑𝑠) .

(19)

Lemma 7 (see [31]). Suppose that 𝑓1(𝑡), 𝑓2(𝑡), . . . , 𝑓𝑁(𝑡) :
R𝑚 → R𝑛 is positive values, which satisfies

min
𝑁∑
𝑖=1

1𝛼𝑖𝑓𝑖 (𝑡) =
𝑁∑
𝑖=1

𝑓𝑖 (𝑡) +max
𝑁∑
𝑖=1

𝑁∑
𝑗=1,𝑗 ̸=𝑖

𝑔𝑖,𝑗 (𝑡) (20)

subject to

{𝑔𝑖,𝑗 : R𝑚 → R𝑛, 𝑔𝑗,𝑖 (𝑡) ≡ 𝑔𝑖,𝑗 (𝑡) , [𝑓𝑖 (𝑡) 𝑔𝑖,𝑗𝑔𝑖,𝑗 𝑓𝑖 (𝑡)]

≥ 0}
(21)

3. Main Results

3.1. Asymptotical Stability Analysis

Theorem 8. For given scalars 𝜎𝑟 > 0, 𝜏𝑀 > 𝜏𝑚 > 0, the
filtering error system (16) without external disturbance can
achieve mean square stable under Definition 4 if there exist
appropriate dimensional matrices 𝑃𝑟 > 0, 𝑄1 > 0, 𝑄2 > 0,

𝑅1 > 0, 𝑅2 > 0, 𝜙𝑟 > 0 and 𝑆1 such that the following LMIs
hold:

[𝑅2 𝑆1∗ 𝑅2] > 0 (22)

[
[
Π 𝜏𝑚Γ𝑇�̂�𝑇𝑅1 (𝜏𝑀 − 𝜏𝑚) Γ𝑇�̂�𝑇𝑅2∗ −𝑅1 0∗ ∗ −𝑅2

]
]
< 0 (23)

𝑞∑
𝑠=1

𝜋𝑟𝑠𝑃𝑠 ≤ 𝑃𝑟 (24)

where

Π = [[[[[
[

Ξ11 Ξ12 Ξ13 0 Ξ15∗ Ξ22 Ξ23 Ξ24 0∗ ∗ Ξ33 Ξ34 0∗ ∗ ∗ Ξ44 0∗ ∗ ∗ ∗ −𝜙𝑟

]]]]]
]Γ = [𝐼𝑁 ⊗ 𝐴 𝐿 ⊗ 𝐵 0 0 𝐼𝑁 ⊗ 𝐸]

Ξ11 = (𝐼𝑁 ⊗ 𝐴)𝑇 𝑃𝑟 + 𝑃𝑟 (𝐼𝑁 ⊗ 𝐴) + 𝑃𝑟 + �̂�𝑇𝑄1�̂�
+ �̂�𝑇𝑄2�̂� − �̂�𝑇𝑅1�̂�

Ξ12 = 𝑃𝑟 (𝐿 ⊗ 𝐵)
Ξ13 = �̂�𝑇𝑅1
Ξ15 = 𝑃𝑟 (𝐼𝑁 ⊗ 𝐸)
Ξ22 = 𝜎𝑟 (𝐿 ⊗ 𝐶2)𝑇 𝜙𝑟 (𝐿 ⊗ 𝐶2) − 2𝑅2 + 𝑆1 + 𝑆𝑇1Ξ23 = −𝑆𝑇1 + 𝑅2Ξ24 = −𝑆1 + 𝑅2Ξ33 = −𝑄1 − 𝑅1 − 𝑅2Ξ34 = 𝑆1Ξ44 = −𝑄2 − 𝑅2�̂� = 𝐼𝑁 ⊗ 𝐻,
�̂�2 = 𝐼𝑁 ⊗ 𝐻2,𝜙𝑟 = 𝐼𝑁 ⊗ 𝜙𝑟,𝐻2 = [0 𝐼𝑛]

(25)

Proof. Consider that there is no external disturbance, i.e.,𝑤(𝑡) = 0. We construct the following Lyapunov functional:

𝑉(𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡) , 𝑟 (𝑡)) = 5∑
𝑖=1

𝑉𝑖 (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡) , 𝑟 (𝑡)) (26)

where

𝑉1 (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡) , 𝑟 (𝑡)) = 𝜉𝑇 (𝑡) 𝑃𝑟𝜉 (𝑡)
𝑉2 (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡)) = ∫𝑡

𝑡−𝜏𝑚

𝜉𝑇 (𝑠) �̂�𝑇𝑄1�̂�𝜉 (𝑠) 𝑑𝑠
𝑉3 (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡)) = ∫𝑡

𝑡−𝜏𝑀

𝜉𝑇 (𝑠) �̂�𝑇𝑄2�̂�𝜉 (𝑠) 𝑑𝑠
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𝑉4 (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡))
= 𝜏𝑚 ∫0

−𝜏𝑚

∫𝑡
𝑡+𝜃

̇𝜉𝑇 (𝑠) �̂�𝑇𝑅1�̂� ̇𝜉 (𝑠) 𝑑𝑠 𝑑𝜃
𝑉5 (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡))

= (𝜏𝑀 − 𝜏𝑚) ∫−𝜏𝑚
−𝜏𝑀

∫𝑡
𝑡+𝜃

̇𝜉𝑇 (𝑠) �̂�𝑇𝑅2�̂� ̇𝜉 (𝑠) 𝑑𝑠 𝑑𝜃
(27)

then its derivative along system (16) with 𝑤(𝑡) = 0 is
�̇�1 = ̇𝜉𝑇 (𝑡) 𝑃𝑟𝜉 (𝑡) + 𝜉𝑇 (𝑡) 𝑃𝑟 ̇𝜉 (𝑡)

+ 𝜉𝑇 (𝑡) { 𝑞∑
𝑠=1

𝜋𝑟𝑠𝑃𝑠}𝜉 (𝑡)
�̇�2 = 𝜉𝑇 (𝑡) �̂�𝑇𝑄1�̂�𝜉 (𝑡)

− 𝜉𝑇 (𝑡 − 𝜏𝑚) �̂�𝑇𝑄1�̂�𝜉 (𝑡 − 𝜏𝑚)
�̇�3 = 𝜉𝑇 (𝑡) �̂�𝑇𝑄2�̂�𝜉 (𝑡)

− 𝜉𝑇 (𝑡 − 𝜏𝑀) �̂�𝑇𝑄2�̂�𝜉 (𝑡 − 𝜏𝑀)

�̇�4 = 𝜏2𝑚 ̇𝜉𝑇 (𝑡) �̂�𝑇𝑅1�̂� ̇𝜉 (𝑡)
− 𝜏𝑚 ∫𝑡

𝑡−𝜏𝑚

̇𝜉𝑇 (𝑠) �̂�𝑅1�̂� ̇𝜉 (𝑠) 𝑑𝑠
�̇�5 = (𝜏𝑀 − 𝜏𝑚)2 ̇𝜉𝑇 (𝑡) �̂�𝑇𝑅2�̂� ̇𝜉 (𝑡)

− (𝜏𝑀 − 𝜏𝑚) ∫𝑡−𝜏𝑚
𝑡−𝜏(𝑡)

̇𝜉𝑇 (𝑠) �̂�𝑅2�̂� ̇𝜉 (𝑠) 𝑑𝑠
− (𝜏𝑀 − 𝜏𝑚) ∫𝑡−𝜏(𝑡)

𝑡−𝜏𝑀

̇𝜉𝑇 (𝑠) �̂�𝑅2�̂� ̇𝜉 (𝑠) 𝑑𝑠
(28)

Applying Lemmas 6 and 7 to deal with the integral items and
combining the event-triggered scheme (12), we have

�̇� (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡) , 𝑟 (𝑡))
≤ 5∑
𝑖=1

𝑉𝑖 (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡) , 𝑟 (𝑡)) − 𝑒𝑇𝑘 (𝑡) 𝜙𝑟𝑒𝑘 (𝑡)
+ 𝜎𝑟𝑦𝑇 (𝑡 − 𝜏 (𝑡)) 𝜙𝑟𝑦 (𝑡 − 𝜏 (𝑡)) = 𝜁𝑇 (𝑡) 𝜓𝜁 (𝑡)

(29)

where

𝜁𝑇 (𝑡) = [𝜉𝑇 (𝑡) 𝜉𝑇 (𝑡 − 𝜏 (𝑡)) �̂�𝑇 𝜉𝑇 (𝑡 − 𝜏𝑚) �̂�𝑇 𝜉𝑇 (𝑡 − 𝜏𝑀) �̂�𝑇 𝑒𝑇𝑘 (𝑡)]
𝜓 = Π + 𝜏2𝑚Γ𝑇�̂�𝑇𝑅1�̂�Γ + (𝜏𝑀 − 𝜏𝑚)2 Γ𝑇�̂�𝑇𝑅2�̂�Γ (30)

By employing the Schur complement, we can find easily that
(23) ensures 𝜓 < 0. According to Definition 4, the filtering
error system (16) is asymptotically stable in mean square
under the event-triggered scheme (12) if (22), (23), and (24)
hold. The proof is completed.

3.2. 𝐻∞ Performance Analysis

Theorem 9. For given scalars 𝜎𝑟 > 0, 𝜏𝑀 > 𝜏𝑚 > 0,
considering the existence of external disturbance, the filtering
error system (16) can achieve being asymptotically stable with
an 𝐻∞ performance index 𝛾 under Definition 5 if there exist
appropriate dimensional matrices 𝑃𝑟 > 0, 𝑄1 > 0, 𝑄2 > 0,𝑅1 > 0, 𝑅2 > 0, 𝜙𝑟 > 0 and 𝑆1 such that the following LMIs
hold:

[
[
𝑅2 𝑆1
∗ 𝑅2

]
]
> 0 (31)

[[[[[[[[
[

Θ 𝜏𝑚Γ𝑇1 �̂�𝑇𝑅1 (𝜏𝑀 − 𝜏𝑚) Γ𝑇1 �̂�𝑇𝑅2 Γ𝑇2
∗ −𝑅1 0 0
∗ ∗ −𝑅2 0
∗ ∗ ∗ −𝐼

]]]]]]]]
]
< 0 (32)

𝑞∑
𝑠=1

𝜋𝑟𝑠𝑃𝑠 ≤ 𝑃𝑟 (33)

where

Θ =
[[[[[[[[[
[

Ξ11 Ξ12 Ξ13 0 Ξ15 Ξ16∗ Ξ22 Ξ23 Ξ24 0 Ξ26∗ ∗ Ξ33 Ξ34 0 0
∗ ∗ ∗ Ξ44 0 0
∗ ∗ ∗ ∗ −𝜙𝑟∗ ∗ ∗ ∗ ∗ Ξ66

]]]]]]]]]
]

Γ1 = [𝐼𝑁 ⊗ 𝐴 𝐿 ⊗ 𝐵 0 0 𝐼𝑁 ⊗ 𝐸 𝐼𝑁 ⊗ 𝐷]
Γ2 = [𝐼𝑁 ⊗ 𝐶1 + 𝐿 ⊗ 𝐶2 0 0 0 0 0]
Ξ16 = 𝑃𝑟 (𝐼𝑁 ⊗ 𝐷)
Ξ26 = 𝜎𝑟 (𝐿 ⊗ 𝐶2)𝑇 𝜙𝑟 (𝐼𝑁 ⊗ 𝐷) �̂�2
Ξ66 = −𝛾2𝐼 + 𝜎𝑟�̂�𝑇2 (𝐼𝑁 ⊗ 𝐷)𝑇 𝜙𝑟 (𝐼𝑁 ⊗ 𝐷) �̂�2

(34)

and the other parameters are defined as in Theorem 8.
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Proof. Consider the existence of external disturbance, i.e.,𝑤(𝑡) ̸= 0, and choose the same Lyapunov functional like
Theorem 8; we have

�̇� (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡) , 𝑟 (𝑡))
= �̇� (𝑡, 𝜉 (𝑡) , ̇𝜉 (𝑡) , 𝑟 (𝑡)) + 𝑒𝑇 (𝑡) 𝑒 (𝑡)
− 𝛾2𝑤𝑇 (𝑡) 𝑤 (𝑡) − 𝑒𝑇 (𝑡) 𝑒 (𝑡) + 𝛾2𝑤𝑇 (𝑡) 𝑤 (𝑡)

= 𝜂𝑇 (𝑡) Ω𝜂 (𝑡) − 𝑒𝑇 (𝑡) 𝑒 (𝑡) + 𝛾2𝑤𝑇 (𝑡) 𝑤 (𝑡)
(35)

where

𝜂𝑇 (𝑡) = [𝜁𝑇 (𝑡) 𝑤𝑇 (𝑡)]
Ω = Θ + 𝜏2𝑚Γ𝑇1 �̂�𝑇𝑅1�̂�Γ1

+ (𝜏𝑀 − 𝜏𝑚)2 Γ𝑇1 �̂�𝑇𝑅2�̂�Γ1 + Γ𝑇2 Γ2
(36)

By using the Schur complement, we can find easily that (32)
guarantees Ω < 0. According to Definition 5, the filtering
error system (16) is asymptotically stable with 𝐻∞ norm
bound 𝛾 if (31), (32), and (33) are satisfied. The proof is
completed.

3.3. Filter Design

Theorem 10. For given scalars 𝜎𝑟 > 0, 𝜏𝑀 > 𝜏𝑚 > 0
and 𝐻∞ performance index 𝛾, the filtering error system (16)
under the event-triggered scheme (12) is asymptotically stable
in mean square for 𝑤(𝑡) = 0 and satisfies the𝐻∞ performance
constraint (18) for all nonzero 𝑤(𝑡) ∈ 𝐿2[0, +∞) under the
zero initial condition if there exist real matrices 𝑃𝑟 > 0, 𝑊𝑟 >0, 𝜙𝑟 > 0 (𝑟 ∈ 𝑆), 𝑄1 > 0, 𝑄2 > 0, 𝑅1 > 0, 𝑅2 > 0 and
matrices 𝑆1, 𝐴𝑓𝑟, 𝐵𝑓𝑟, 𝐶𝑓𝑟(𝑟 ∈ 𝑆) with appropriate dimension
such that the following LMIs hold:

[𝑅2 𝑆1∗ 𝑅2] > 0, (37)

[[[[[
[

𝜙11 𝜙12 𝜙13 𝜙14∗ −𝑅1 0 0
∗ ∗ −𝑅2 0
∗ ∗ ∗ −𝐼

]]]]]
]
< 0, (38)

𝑞∑
𝑠=1

𝜋𝑟𝑠 (𝑈1𝑠 −𝑊𝑠) ≤ 𝑈1𝑟 −𝑊𝑟 (39)

where

𝜙11 =
[[[[[[[[[[[
[

Ξ̂11 Ξ̂12 Ξ̂13 0 Ξ̂15 Ξ̂16∗ Ξ22 Ξ23 Ξ24 0 Ξ26∗ ∗ Ξ33 Ξ34 0 0
∗ ∗ ∗ Ξ44 0 0
∗ ∗ ∗ ∗ −𝜙𝑟 0
∗ ∗ ∗ ∗ ∗ Ξ66

]]]]]]]]]]]
]

𝜙12 = [𝜏𝑚𝑅1 (𝐼𝑁 ⊗ 𝐴) �̂� 0 0 0 0 𝜏𝑚𝑅1 (𝐼𝑁 ⊗ 𝐵) �̂�]𝑇 ,
𝜙13 = [(𝜏𝑀 − 𝜏𝑚) 𝑅2 (𝐼𝑁 ⊗ 𝐴) �̂� 0 0 0 0 (𝜏𝑀 − 𝜏𝑚) 𝑅2 (𝐼𝑁 ⊗ 𝐵) �̂�]𝑇 ,
𝜙14 = [(𝐼𝑁 ⊗ −𝐶𝑓𝑟) �̂�2 + (𝐿 ⊗ 𝐶1) �̂� 0 0 0 0 0]𝑇 ,
Ξ̂11 = 𝐼𝑁 ⊗ [[

𝑈1𝑟 + 𝐴𝑇𝑈1𝑟 + 𝑈1𝑟𝐴 𝑊𝑟 + 𝐴𝑓𝑟 + 𝐴𝑇𝑊𝑟
∗ 𝑊𝑟 + 𝐴𝑓𝑟 + 𝐴𝑇𝑓𝑟

]
]
+ �̂�𝑇 (𝑄1 + 𝑄2 − 𝑅1) �̂�,

Ξ̂12 = 𝐿 ⊗ [𝐵𝑓𝑟𝐶2𝐵𝑓𝑟𝐶2] ,
Ξ̂13 = �̂�𝑇𝑅1,
Ξ̂15 = 𝐼𝑁 ⊗ [𝐵𝑓𝑟𝐵𝑓𝑟] ,

Ξ̂16 = 𝐼𝑁 ⊗ [𝑈1𝑟𝐵 𝐵𝑓𝑟𝐷
𝑊𝑟𝐵 𝐵𝑓𝑟𝐷]

(40)
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Moreover, if the above conditions are feasible, the parameter
matrices of the filter are given by

𝐴𝑓𝑟 = 𝑊−1𝑟 𝐴𝑓𝑟
𝐵𝑓𝑟 = 𝑊−1𝑟 𝐵𝑓𝑟
𝐶𝑓𝑟 = 𝐶𝑓𝑟

(41)

Proof. Let 𝑃𝑟 = 𝐼𝑁 ⊗𝑈𝑟 for conditions (32) inTheorem 8. Let
matrix 𝑈𝑟 be partitioned as

𝑈𝑟 = [𝑈1𝑟 𝑈2𝑟∗ 𝑈3𝑟] (42)

where 𝑈1𝑟 > 0, 𝑈2𝑟, and 𝑈3𝑟 are nonsingular matrices,
satisfying 𝑊𝑟 = 𝑈2𝑟𝑈−13𝑟 𝑈𝑇2𝑟. By Schur complement, we can
obtain that 𝑈𝑟 > 0 is equivalent to 𝑈1𝑟 − 𝑊𝑟 > 0. Define the
following invertible matrix:

𝐽1 = [𝐼 0
0 𝑈2𝑟𝑈−13𝑟 ] (43)

Then, pre- and postmultiply (32) by 𝐽2 and 𝐽𝑇2 , respectively,
where 𝐽2 = diag{𝐽1, 𝐼, . . . , 𝐼⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

8

} and define new variables:

𝐴𝑓𝑟 = 𝑈2𝑟𝐴𝑓𝑟𝑈−13𝑟 𝑈𝑇2𝑟
𝐵𝑓𝑟 = 𝑈2𝑟𝐵𝑓𝑟
𝐶𝑓𝑟 = 𝐶𝑓𝑟𝑈−13𝑟 𝑈𝑇2𝑟

(44)

By the linear transformation above, we can find easily that
(32) is equivalent to (38). Therefore, we can obtain (41). The
proof is completed.

Remark 11. Comparing with the previous results [32], lower
bounds theorem [31] is adopted in this paper, which not
only achieves performance behavior identical to approaches
based on the integral inequality lemma, but also decreases the
number of decision variables dramatically.

4. Simulation

The parameters of MASs (1) are given as follows:

𝐴 = [−1 1
0.8 −4] ,

𝐵 = [0.50.1]
𝐶1 = [0.1 0] ,
𝐶2 = [0.2 0] ,
𝐷 = 0.1

(45)
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Figure 1: Directed communication topology graphs.

0.5

1

1.5

2

2.5

r(
t)

5 10 15 20 25 300
t (s)

Figure 2: Evolution of Markov chain.

In addition, the external disturbances ofMASs (1) are defined
as follows:

𝑤𝑖 (𝑡) = 0.4𝑒−0.2𝑡 cos (0.6𝑡) . (46)

All the possible information transmission relationships
among agents are shown in Figure 1.Then, the corresponding
Laplacian matrices are given as follows, respectively.

𝐿1 =
[[[[[
[

1 −1 0 0
0 1 0 −1
0 −1 1 0
−1 0 0 1

]]]]]
]
,

𝐿2 =
[[[[[
[

1 0 0 −1
−1 1 0 0
0 −1 1 0
0 −1 0 1

]]]]]
]

(47)

Figure 2 shows the switching of two modes in a Markov
chain. Suppose that the probability transition matrix is
defined as

Π = [−5 5
2 −2] (48)

Given that ℎ = 0.1, 𝜎1 = 0.1, 𝜎2 = 0.2, minimum
allowable delay 𝜏𝑚 = 0.1 and the maximum allowable delay𝜏𝑀 = 0.5. Let the initial states 𝑥1(0) = [3; −1], 𝑥2(0) =[1; −1], 𝑥3(0) = [1; −3], 𝑥4(0) = [−3; 3]. By solving LMIs in
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Figure 3: Filtering error response.

Theorem 9, we can obtain parameters of the designed filter
(3),

𝐴𝑓1 = [−24.8840 52.462
−9.6761 20.1822] ,

𝐵𝑓1 = [−0.6878−0.2918]
𝐶𝑓1 = [−1.3535 0.0581]
𝐴𝑓2 = [−58.5910 137.6004

−22.9133 53.7343 ] ,

𝐵𝑓2 = [0.88930.3558]
𝐶𝑓2 = [−0.1373 −0.0623] × 10−5,

(49)

and the event-triggered parameters,

𝜙1 = 15.5816,
𝜙2 = 7.9041 (50)

In Figure 3, it shows the filtering error of agent 𝑖 (𝑖 =1, 2, 3, 4). In Figure 4, it depicts the state curves of 𝑧𝑖(𝑡) and
estimation signal 𝑧𝑓𝑖(𝑡) (𝑖 = 1, 2, 3, 4). The event-triggered
release instants and intervals of agent 𝑖 (𝑖 = 1, 2, 3, 4) are
shown in Figure 5. Letting the simulation time t=30, we can
get that agent 1 triggers 84 times, agent 2 triggers 36 times,
agent 3 triggers 40 times, and agent 4 triggers 92 times. If𝜎𝑟 = 0 (time-triggered), there are 300 times transmitted. We

can find clearly that the event-triggered control strategy (12)
efficiently saves the network resources.

5. Conclusion

In this paper, we study the problem of 𝐻∞ filtering for
MASs withMarkovian switching topologies. Considering the
effect of switching topologies and network-induced delay, we
adopt a reasonable event-triggered mechanism to reduce the
amount of network transmission. By employing Lyapunov
stability theory and LMI technique, some sufficient condi-
tions are obtained which can ensure filtering error system to
achieve mean square stable with an𝐻∞ norm bound. Finally,
a numerical example is provided to show that the method we
proposed is feasible and effective.

Data Availability

(i)The system parameters A, B, C1, C2, D used to support the
findings of this study are included within the article. (ii) The
external disturbance𝑤𝑖(t) used to support the findings of this
study titled “Event-triggered H∞ Filtering for Discrete-Time
Neural Networks with Missing Measurements” is available
from the corresponding author upon request. (iii) The initial
states 𝑥1(0), 𝑥2(0), 𝑥3(0), 𝑥4(0) used to support the findings
of this study are includedwithin the article. (iv)TheLaplacian
matrices 𝐿1, 𝐿2 and probability transition matrix Π used to
support the findings of this study are included within the
article. (v)Thefilter parameters𝐴𝑓1,𝐴𝑓2,𝐵𝑓1,𝐵𝑓2,𝐶𝑓1,𝐶𝑓2
and event-triggered parameters Φ1, Φ2 used to support the
findings of this study are derived by solving LMIs, which are
included in the article.
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Figure 4: 𝑧𝑖(𝑡) and their estimation 𝑧𝑓𝑖(𝑡).
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Figure 5: The release instants and release interval of each agent.
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