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Remaining useful life (RUL) prediction method based on degradation trajectory has been one of the most important parts in
prognostics and health management (PHM). In the conventional model, the degradation data are usually used for degradation
modeling directly. In engineering practice, the degradation of many systems presents a volatile situation, that is, fluctuation. In fact,
the volatility of degradation data shows the stability of system, so it could be used to reflect the performance of system. As such, this
paper proposes a new degradation model for RUL estimation based on the volatility of degradation data. Firstly the degradation
data are decomposed into trend items and random items, which are defined as a stochastic process. Then the standard deviation
of the stochastic process is defined as another performance variable because standard deviation reflects the system performance.
Finally the Wiener process and the normal stochastic process are used to model the trend items and random items separately, and
then the probability density function (PDF) of the RUL is obtained via a redefined failure threshold function that combines the
trend items and the standard deviation of the random items. Two practical case studies demonstrate that, compared with traditional
approaches, the proposed model can deal with the degradation data with many fluctuations better and can get a more reasonable
result which is convenient for maintenance decision.

1. Introduction

With the development of industrial system, the technology
of intelligent vehicle has becomemore and more mature, and
its safety and reliability have become the key factor which
restricts its development. An intelligent driving system of
a vehicle is a complicated system, which usually needs to
monitor the running state, position, and environment [1].
The navigation system is one of its monitoring systems. It
can provide information about the position, direction, speed,
and acceleration.With the development of intelligent driving
technology, navigation system is more and more important.
As a key part of the navigation system, the performance of the
gyroscope will directly affect the performance of the whole
system, and then influence the safety of the entire vehicle sys-
tem.Therefore, it is necessary to forecast its remaining useful
life for better maintenance or health management strategies,
using the available condition monitoring information [2, 3].

Generally, the current methods for estimating RUL can
usually be divided into two types: physics of failure based

methods and data driven methods. Physics of failure based
methods rely on the physics of the failure mechanisms.
However, with advances in design and production tech-
nologies, engineering systems become more complex and
large-scale, so it is difficult to obtain the physical failure
mechanisms in advance. In contrast, data driven methods
achieve RUL estimation via data fitting mainly including
machine learning and statistics-based approaches.Therefore,
data driven methods attempt to derive models directly from
collected CM data and life data and have gained much
attention in variety of industrial assets [4, 5]. Considering
that the life data may not be available for cost-expensive or
highly reliable products, we mainly focus on the statistical
data driven approaches for RUL estimation in this paper.

Under a recognized definition of lifetime, that is, first
hitting time (FHT) [6, 7], many RUL estimation approaches
have been reported in literature [8–10]. References [6, 11]
provide a detailed overview of the degradation modeling and
RUL predicting method. It can be founded that these models
mainly concern the system degrading with a soothing wave.
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However, some degradation processes have high dynamics
and the observed degradation data exhibit many fluctuations.
In this case, it is difficult to model those degradation data
for estimating the RUL via traditional approaches [12, 13],
while the fluctuation of degradation can reflect the stability
of the system. With the deterioration of the system, the
stability of the system may worsen gradually, which causes
the fluctuation’s degree of the degradation data to usually
increase over time. Such large fluctuating characteristics can
be described by a stochastic degradation process with time-
varying mean and variance. Hence, in order to simplify
the expression, we use “large fluctuation” to describe the
characteristics of these degradation data with time-varying
mean and variance.Therefore, the issue of how tomodel those
data with many fluctuations is of practical significance.

In this paper, it is assumed that the degradation process of
the system is a stochastic process with time-dependent expec-
tation and standard deviation at each time. Considering that
the fluctuation can be represented by a stochastic degradation
of standard deviation, which is a new key performance factor,
then the whole system RUL can be estimated by considering
the stochastic degradation data and the fluctuation. The
model parameters can be estimated by maximum likelihood
estimation method. Finally, a numbering validation method
and INS gyro study are provided to show the superiority of
our approach.

The remaining parts are organized as follows. In Section 2,
the problem of failure prognosis is formulated and defined.
In Section 3, a degradation model for prognosis is developed
based on the degradation data and the standard deviation.
Section 4 provides two case studies to illustrate the applica-
tion and usefulness of the developed model. Section 5 draws
the main conclusions.

2. Problem Formulation

In this section, based on the fluctuation and the stochastic
degradation data, a new model for RUL estimation is pro-
posed. Firstly, we introduce the variables used in this paper.

2.1. Notations. The notations that will be used in this paper
are listed as follows:

𝑡𝑖: time of the 𝑖th CMpoint (can be irregularly spaced)𝜉: failure threshold𝑋(𝑡): randomvariable representing the degradation at
time instant 𝑡𝑥𝑖: degradation observation at 𝑡𝑖
X0:𝑖: history of degradation observations for the sys-
tem up to 𝑡𝑖𝑅(𝑡): trend item𝐶(𝑡): fluctuation item𝜇𝑐: expectation of 𝐶(𝑡)𝜎𝑐: standard deviation of 𝐶(𝑡)𝜓(⋅): failure function

𝜎𝑐(𝑡): standard deviation function at the time instant𝑡𝑇: lifetime
𝜗, 𝜆𝜇, 𝜆𝜎, 𝜆𝑅, Θ: parameters column vector𝑓𝐶(⋅): PDF of 𝐶(𝑡)𝑔𝑅(𝑡𝑖,𝜆𝑅): function of 𝑡𝑖 and 𝜆𝑅𝑔𝜇(𝑡,𝜆𝜇): function of 𝑡𝑖 and 𝜆𝜇𝑔𝜎(𝑡,𝜆𝜎): function of 𝑡𝑖 and 𝜆𝜎𝑇RUL(𝑡): RUL of the system at time instant 𝑡𝐿(⋅): log-likelihood function𝑡ch: time instant of the change-point𝑛ch: number of the observation data at time instant 𝑡ch𝜙: initial degradation𝜃, 𝜎: drift and diffusion parameters𝐵(𝑡): standard Brownian motion𝐸(⋅): expectation operator𝜀(𝑡𝑖): individual difference random variable.

2.2. Problem Formulation of the New Approach for RUL
Estimation. In this paper, we model the degradation process
of the system as a stochastic process as {𝑋(𝑡), 𝑡 ≥ 0}, where𝑋(𝑡) is the degradation quantity a time 𝑡. Therefore, the
lifetime 𝑇 of the system can be defined as follows:

𝑇 = inf {𝑡 : 𝑋 (𝑡) > 𝜉; 𝑡 > 0} , (1)

where 𝜉 is the failure threshold.
From (1), it is important to establish themodel of stochas-

tic degradation process. In general, a stochastic degradation
process can be represented as

𝑋 (𝑡) = 𝑅 (𝑡) + 𝐶 (𝑡) , 𝑡 ≥ 0, (2)

where 𝑅(𝑡) is the trend term,𝐶(𝑡) is the stochastic fluctuating
term, and both of them change over time.

It is assumed that 𝐶(𝑡) is the complex stochastic process
with the expectation 𝜇𝑐 and standard deviation 𝜎𝑐. Note that𝜎𝑐 determines the fluctuation of the stochastic degradation
process. Thus, jointly modeling the standard deviation and
trend items is necessary for RUL estimation. Generally, there
are two methods to model the standard deviation: the first
method is that the standard deviation is regarded as an
independent failure factor, but the difficulty lies in how to set
the failure threshold; the secondmethod is to formulate a new
failure function 𝜓(⋅) which establishes the linkage between
the standard deviation 𝜎𝑐 and the trend𝑅(𝑡). Accordingly, the
lifetime of the system can be defined as follows:

𝑇 = inf {𝑡 : 𝜓 (𝑅 (𝑡) , 𝜎𝑐 (𝑡) , 𝜉, 𝜗) > 0; 𝑡 > 0} , (3)

where 𝜓(⋅) is the failure function, 𝜎𝑐(𝑡) is the standard
deviation, which is the function of the time instant 𝑡, and 𝜗 is
the parameters column vector.
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Based on the estimated lifetime 𝑇, the RUL at time 𝑡𝑖 is
obtained as

𝑇RUL (𝑡𝑖) = 𝑇 − 𝑡𝑖, (4)

where 𝑡𝑖 is the time at the 𝑖 CM points. In this way, the
fluctuation in the degradation process could be incorporated
into the RUL estimation.

From (3), we can observe that the fluctuation of the
degradation data is taken into account in estimating the
lifetime.Then the next section is tomodel the trend term𝑅(𝑡)
and the stochastic fluctuating term 𝐶(𝑡).
3. Degradation Modeling and RUL Estimation

In this section we describe how to model the degradation
process and estimate the parameter based on the observed
degradation data in detail and then how to obtain the RUL
of the system via the proposed approach.

3.1. Degradation Modeling. Based on the problem formula-
tion of our approach, the main algorithm formulation for
degradation modeling and RUL estimation is outlined as
follows.

First, we define the stochastic disturbance term 𝐶(𝑡) as a
function of 𝜇𝑐 and 𝜎𝑐:

𝐶 (𝑡𝑖) = 𝑓𝑐 (𝜇𝑐, 𝜎𝑐) , (5)

where both the expectation 𝜇𝑐 and the standard deviation 𝜎𝑐
are time-dependent and formulated as

𝜇𝑐 (𝑡) = 𝑔𝜇 (𝑡, 𝜆𝜇) ,
𝜎𝑐 (𝑡) = 𝑔𝜎 (𝑡,𝜆𝜎) . (6)

As a result, the PDF of 𝐶(𝑡) can be represented as

𝑓𝐶 (𝑐; 𝜇𝑐, 𝜎𝑐) = 𝑓𝐶 (𝑐; 𝑔𝜇 (𝑡, 𝜆𝜇) , 𝑔𝜎 (𝑡,𝜆𝜎)) . (7)

Suppose the trend 𝑅(𝑡) is also a function of 𝑡 as follows:
𝑅 (𝑡) = 𝑔𝑅 (𝑡,𝜆𝑅) . (8)

Then the degradation process defined in (2) can be further
described as follows:

𝑋 (𝑡) = 𝑔𝑅 (𝑡,𝜆𝑅) + 𝑓𝑐 (𝑔𝜇 (𝑡, 𝜆𝜇) , 𝑔𝜎 (𝑡,𝜆𝜎)) . (9)

In practice, the degradation process is often discretely
monitored at time 0 = 𝑡0 < 𝑡1 < ⋅ ⋅ ⋅ < 𝑡𝑘 and let 𝑥𝑘 =𝑋(𝑡𝑘) denote the degradation observation at time 𝑡𝑘. Then,
the set of the degradation observations up to 𝑡𝑘 is represented
by 𝑋1:𝑘 = {𝑥0, 𝑥1, . . . , 𝑥𝑘}. In this paper, we can utilize the
history of the degradation observations 𝑋1:𝑘 to evaluate the
parameters 𝜆𝑅 𝜆𝜇 𝜆𝜎 in (4). The details of algorithm for
parameter estimation are summarized in Appendix A.

3.2. Decomposing Trend Items and Fluctuation Items. As dis-
cussed in Section 3.1, the degradation process is decomposed
into the trend item and fluctuation item at first. Nowadays
the commonmethods of trend extraction, such as the average
slopemethod, finite differencemethod, LPF (Low-Pass Filter)
method, and least square fit method, need the form of the
trend to be defined in advance, which leads to difficulty in
applying those methods to the degradation signals with the
unknown trend. Because the EMD (Empirical Mode Decom-
position)method is an adaptive trend extractionmethod [14–
16], which has been widely used for trend extraction, then, in
our paper, the EMDmethod is adopted for trend extraction.

3.2.1. Estimation Parameters 𝜆𝜇, 𝜆𝜎 of Fluctuation Items.
Suppose R0:𝑖 = {𝑟0, 𝑟1, . . . , 𝑟𝑖} are the trend items obtained by
EMDmethod; let 𝑌𝑖 = 𝑋𝑖 −𝑅𝑖, so, as discussed in Section 3.1,
Y0:𝑖 denotes the observed data of the stochastic fluctuating
process 𝐶(𝑡).

Since the stochastic disturbance 𝐶(𝑡) is defined as a
normal random process, so it could be concluded that the
mean of stochastic fluctuating process is 𝜆𝜇 = 0 based on the
good property of the normal random process. And it can be
obtained as follows:

𝐶 (𝑡) ∼ 𝑁 (0, 𝜎2𝑐 ) , (10)

where 𝜎𝑐 is defined as a function of 𝑡.
In engineering practice, many systems have two stages of

degradation. In the first stage, the trend of the degradation is
not obvious, and the fluctuation is stable. In the second stage,
the trend of the degradation has an obvious increase, and the
fluctuation becomes higher over time. So, it is reasonable to
adopt a two-stage model to describe the degrading systems
with large fluctuations.The two-stagemodel can be expressed
by [17]

𝜎𝑐 (𝑡𝑖) = {{{
𝜆𝜎 𝑡𝑖 ≤ 𝑡ch𝑔𝜎 (𝑡𝑖,𝜆𝜎) 𝑡𝑖 > 𝑡ch, (11)

where 𝑡ch is the time of the change-point. It is noted that the
change-point assumed can be easily found and herewe regard
it as known information [17]. When 𝑡𝑖 ≤ 𝑡ch, 𝜎𝑐 = 𝜆𝜎, 𝜆𝜎 is
the fixed value; when 𝑡𝑖 > 𝑡ch, 𝜎𝑐(𝑡𝑖) = 𝑔𝜎(𝑡𝑖,𝜆𝜎), which is the
function of time 𝑡𝑖.

When 𝑡𝑖 ≤ 𝑡ch, 𝜎𝑐 = 𝜆𝜎, 𝜆𝜎 is a constant. 𝜆𝜎 could be
evaluated by the maximum likelihood estimation based on
the property of normal distribution [18] as follows:

𝜆𝜎 = √ 𝑛ch∑
𝑖=1

(𝑌 (𝑡𝑖) − 𝑌ch)𝑛ch . (12)

In (12), 𝑛ch denotes the number of the observed data at
time 𝑡ch and𝑌ch is the arithmetic average of the observed data
before 𝑡ch.

When 𝑡𝑖 > 𝑡ch, 𝜎𝑐 is the function of 𝑡𝑖. In order to simplify
the modeling, it is assumed that 𝜎𝑐(𝑡𝑖) is a linear function of
time 𝑡𝑖, expressed as

𝑔𝜎 (𝑡𝑖,𝜆𝜎) = 𝜆𝜎𝑡𝑖 + 𝜆𝜎 . (13)
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Based on the maximum likelihood estimation method,
we can easily obtain the log-likelihood function 𝐿. Taking
the partial derivatives of the log-likelihood function to all
parameters, we have

𝜕𝐿𝜕𝜆 =
𝑘∑
𝑖=0

{− 𝑡𝑖𝜆𝜎𝑡𝑖 + 𝜆𝜎 + 𝑌2 (𝑡𝑖) 𝑡𝑖(𝜆𝜎𝑡𝑖 + 𝜆𝜎)3} = 0
𝜕𝐿𝜕𝜆𝜎 = 𝑘∑

𝑖=0

{− 1𝜆𝜎𝑡𝑖 + 𝜆𝜎 + 𝑌2 (𝑡𝑖)(𝜆𝜎𝑡𝑖 + 𝜆𝜎)3} = 0.
(14)

It is observed from (14) that the analytic solution of those
parameters via maximum likelihood estimation could not be
obtained. To be solvable, the numerical method is adopted to
estimate 𝜆𝜎, 𝜆𝜎 , which is summarized in Appendix C.

3.2.2. Modeling the Trend Items. Because the systems in
the same batch may have different degradation paths, we
adopt the random variable 𝜀(𝑡𝑖) to describe such individual
difference. As such, the real trend item can be represented as

R0:𝑖 = R̃0:𝑖 + 𝜀0:𝑖, (15)

where R̃0:𝑖 is the trend item from initial time 0 to time
instant 𝑡𝑖 and 𝜀0:𝑖 is the random variable reflecting individual
difference.

From the above formulation, it could be concluded that𝑅(𝑡𝑖) is also random due to individual difference. So we
could model the trend items by statistics-based data driven
methods. Considering that the trend items may not be a
monotonic process, we utilizeWiener process to describe this
random trend process [18].

In order to simplifymodeling, only the linear degradation
model or the model that could be converted into linear
form will be discussed in this paper. In general, a linear
Wiener-process-based degradationmodel can be represented
as follows [19]:

𝑅 (𝑡𝑖) = 𝜙 + 𝜃𝑡𝑖 + 𝜎𝐵 (𝑡𝑖) , (16)

where 𝜙 is the initial degradation, 𝜃 and 𝜎 are the drift
and diffusion parameters, respectively, and 𝐵(𝑡𝑖) denotes the
standard Brownian Movement (BM), which represents the
stochastic dynamics. We assume that 𝜃 is the stochastic
coefficient while 𝜎 and 𝜙 are deterministic. And we further
assume that when 𝑡0 = 0, 𝑥0 = 0; thus 𝜙 = 0.

Define 𝑍𝑖 = 𝑅𝑖 − 𝑅𝑖−1 = 𝜃(𝑡𝑖 − 𝑡𝑖−1) + 𝜎𝐵𝑖 − 𝜎𝐵𝑖−1. Then
the joint sampling distribution 𝑓(𝑍1, 𝑍2, . . . , 𝑍𝑘 | 𝜃) can be
calculated as

𝑓 (𝑍1, 𝑍2, . . . , 𝑍𝑘 | 𝜃) = 1
∏𝑘𝑖=1√2𝜋𝜎2 (𝑡𝑖 − 𝑡𝑖−1)

⋅ exp[[− 𝑘∑
𝑗=1

(𝑍𝑖 − 𝑍𝑖−1 − 𝜃 (𝑡𝑖 − 𝑡𝑖−1))22𝜎2 (𝑡𝑖 − 𝑡𝑖−1) ]]
= 1

∏𝑘𝑖=1√2𝜋𝜎2 (𝑡𝑖 − 𝑡𝑖−1)
⋅ exp[[− 𝑘∑

𝑗=1

(𝑍𝑖 − 𝜃 (𝑡𝑖 − 𝑡𝑖−1))22𝜎2 (𝑡𝑖 − 𝑡𝑖−1) ]] .

(17)

In Bayesian framework, it is assumed that the prior
distribution of 𝜃 follows 𝑁(𝜇0, 𝜎0). Thus, we can obtain the
following [20]:

𝑓 (𝜃 | 𝑍1, . . . , 𝑍𝑘) ∝ 𝑓 (𝑍1, 𝑍2, . . . , 𝑍𝑘 | 𝜃) 𝑝 (𝜃)
∝ exp[[− 𝑘∑

𝑗=1

(𝑍𝑖 − 𝜃 (𝑡𝑖 − 𝑡𝑖−1))22𝜎2 (𝑡𝑖 − 𝑡𝑖−1) ]]
⋅ exp(−(𝜃 − 𝜇0)22𝜎20 ) ∝ exp[−(𝜃 − 𝜇𝜃,𝑘)22𝜎2

𝜃,𝑘

] .
(18)

Due to the property of the normal distribution, we can
obtain the posterior estimate of 𝜃 as follows:

𝑃 (𝜃 | 𝑍1, . . . , 𝑍𝑘) = 1
√2𝜋𝜎2

𝜃,𝑘

exp[−(𝜃 − 𝜇𝜃,𝑘)22𝜎2
𝜃,𝑘

] (19)

with

𝜇𝜃,𝑘 = (𝜇0𝜎2 + 𝑥𝑘𝜎20)(𝑡𝑘𝜎20 + 𝜎2)
𝜎2𝜃,𝑘 = 𝜎2𝜎20(𝑡𝑘𝜎20 + 𝜎2) .

(20)

It is obvious that when a new observation is available, the
posterior estimate of 𝜃 can be easily updated.Θ = [𝜎2, 𝜇0, 𝜎20]
is used to denote the unknown parameters. Actually, we can
also estimate those unknown parameters in Θ via EM algo-
rithm, which provides a possible framework for estimating
the parameters involving hidden variables [19, 21, 22]. For
example, let Θ𝑘 = [𝜎2𝑘 , 𝜇0,𝑘, 𝜎20,𝑘] denote the estimated Θ
based on the observed data Z0:𝑘. Then, Θ𝑘 can be obtained
as follows:

𝜎2(𝑖+1)𝑘 = 1𝑘
𝑘∑
𝑗=1

(𝑍𝑗 − 𝑍𝑗−1)2 − 2𝜇𝜃,𝑘 (𝑡𝑗 − 𝑡𝑗−1) (𝑍𝑗 − 𝑍𝑗−1) + (𝑡𝑗 − 𝑡𝑗−1)2 (𝜇2𝜃,𝑘 + 𝜎2𝜃,𝑘)(𝑡𝑗 − 𝑡𝑗−1)
𝜇(𝑖+1)0,𝑘 = 𝜇𝜃,𝑘
�̂�2(𝑖+1)0,𝑘 = 𝜎2𝜃,𝑘.

(21)
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The details of the derivation are summarized in Appendix D.

3.3. Joint Model for RUL Estimation. If 𝑋 is a normal distri-
bution, then

𝑃 {𝑋 < 𝜇 + 3𝜎, 𝑋 ∼ 𝑁 (𝜇, 𝜎)} = 0.9987. (22)

It is well-known that [𝜇 − 3𝜎, 𝜇 + 3𝜎] is frequently used
to be the confidence interval of normal distributed random
variable.Therefore, we assume that if𝑅(𝑡)+3𝜎𝑐 does not reach
the failure threshold 𝜉, it is reasonable that the degradation
data 𝑋(𝑡) does not reach the failure threshold 𝜉. For those
highly critical systems, the maintenance after failure is too
expensive or the consequence of failure is disastrous. Thus,
for those systems, it is essential that the conservative method
for PHM be adopted to avoid unexpected failure. Therefore,
the failure function is defined as

𝜓 (𝑅 (𝑡) , 𝜎𝑡, 𝜗) = 𝑅 (𝑡) + 3𝜎𝑐. (23)

Then, as we discussed before, the failure function can be
further represented as follows:

𝜓 (𝑅 (𝑡) , 𝑅𝑡, 𝜗) = 𝑅 (𝑡) + 3𝜎𝑐
= 𝜙 + 𝜃𝑡𝑖 + 𝜎𝐵 (𝑡𝑖) + 3 (𝜆𝜎𝑡𝑖 + 𝜆) . (24)

If 𝑡end is used to denote the failure time, the following
result can be obtained directly:

𝜙 + 𝜃𝑡end + 𝜎𝐵 (𝑡end) + 3 (𝜆𝜎𝑡end + 𝜆) = 𝜉. (25)

If 𝑡now is used to denote the current time, we have

𝜙 + 𝜃𝑡now + 𝜎𝐵 (𝑡now) + 3 (𝜆𝜎𝑡now + 𝜆)
= 𝑅 (𝑡now) + 3𝜎𝑐 (𝑡now) . (26)

where 𝜎𝑐(𝑡now) = 𝜆𝜎𝑡now + 𝜆.
Solving the equations in (25) and (26), we can get

𝜃 (𝑡end − 𝑡now) + 𝜎 (𝐵 (𝑡end) − 𝐵 (𝑡now))
+ 3𝜆𝜎 (𝑡end − 𝑡now)

= 𝜉 − 𝑅 (𝑡now) − 3 (𝜆𝜎𝑡now + 𝜆) .
(27)

Based on the definition of RUL in (1), the RUL estimated
at time 𝑡𝑗 could be represented as

𝑇RUL (𝑡𝑗) = 𝑡end (𝑡𝑗) − 𝑡now (𝑡𝑗) . (28)

Further, utilizing the property ofWiener process, the PDF
of the RUL estimation at time 𝑡𝑗 can be obtained:

𝑓 (𝑇𝑘 | 𝜃,X1:𝑘) = 𝜉 − 𝑅 (𝑡𝑘) − 3 (𝜆𝜎𝑡𝑘 + 𝜆)
√2𝜋𝑇3

𝑘
𝜎2

⋅ exp(−(𝜉 − 𝑅 (𝑡𝑘) − 3 (𝜆𝜎𝑡𝑘 + 𝜆) − 𝜃𝑇𝑘 − 3𝜆𝜎𝑇𝑘)22𝜎2𝑇𝑘 ) .
(29)

Recall that 𝜃 follows 𝑁(𝜇𝜃,𝑘, 𝜎𝜃,𝑘); Theorem 1 in [20] can
be used to estimate the PDF of the RUL as

𝑓 (𝑇𝑘 | 𝜃,X1:𝑘) = 𝜉 − 𝑏 (𝑡𝑘) − 3 (𝜆𝜎𝑡𝑘 + 𝜆)
√2𝜋𝑇3

𝑘
(𝜎2 + 𝜎2

𝜃,𝑘
𝑡𝑘)

⋅ exp(−(𝜉 − 𝑏 (𝑡𝑘) − 3 (𝜆𝜎𝑡𝑘 + 𝜆) − 𝜇𝜃𝑇𝑘 − 3𝜆𝜎𝑇𝑘)22𝑇𝑘 (𝜎2 + 𝜎2
𝜃,𝑘

𝑇𝑘) ) .
(30)

Clearly, there are five steps of RUL estimation in our
approach, which are summarized below.

3.4. A Procedure of Proposed Approach for RUL Estimation.
As discussed in the previous subsection, the procedure of
the approach proposed in this paper for RUL estimation is
summarized as follows.

Step 1. Through EMD method, the degradation data X0:𝑖 ={𝑥0, 𝑥1, . . . , 𝑥𝑖} are divided into the trend items R0:𝑖 ={𝑟0, 𝑟1, . . . , 𝑟𝑖} and the fluctuation items Y0:𝑖 = {𝑦0, 𝑦1, . . . , 𝑦𝑖}
when the monitored observations X0:𝑖 = {𝑥0, 𝑥1, . . . , 𝑥𝑖} are
available.

Step 2. The trend items R0:𝑖 = {𝑟0, 𝑟1, . . . , 𝑟𝑖} and the fluc-
tuation items Y0:𝑖 = {𝑦0, 𝑦1, . . . , 𝑦𝑖} are modeled by Wiener
process and a normal stochastic process separately; the details
of algorithm and parameter estimation are summarized in
Section 3.2.1 and Appendices B, C, and D.

Step 3. According to the failure function defined in Sec-
tion 3.2.2 and the model proposed in Step 2, the PDF of the
estimated RUL can be obtained.

Step 4. When the monitored observation𝑋𝑖+1 is available, let𝑡 = 𝑡 + 1 and go to Step 1. Otherwise, go to Step 5.

Step 5. Using the PDF of the estimated RUL, the system’s
performance can be evaluated.

4. Case Studies

In this section, two practical cases for gyros in the inertial
navigation system (INS) are provided to illustrate the applica-
tion of ourmodel and compare the performance of ourmodel
with traditional models in [12, 23].

4.1. Case Description. As discussed before, gyro plays a key
role in intelligent vehicle. With the working hours increase,
gyro may cause a kind of degradation that makes gyro
drift. Usually, this gyro can be compensated using a specific
compensating model. However, when gyro drift degrades to
a predefined threshold, the gyro’s performance can not satisfy
the vehicle INS system requirement. The gyro’s drift can not
be monitored directly, and a performance indicator is used
instead.

In the following, two practical cases are provided to
illustrate the adaptability and rationality of our approach for
RUL estimation.
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Figure 1: The sample mean of the gyro drift.

4.2. Two Practical Case Studies

4.2.1. Case 1: The Fluctuations of Degradation Data Are Stable.
In this section, we utilize the degradation data from INS
to illustrate, where its operating time is 374 hours and the
interval is 2 hours. The collected data are shown in Figure 1.

In the practice of the INS health monitoring, it is usually
required that the sample mean of the drift measurement
along the sense axis should not exceed 0.30 (∘/hour), which is
predetermined at the design stage and is strictly enforced in
practice since an INS is a critical device used in the navigated
space system. From Figure 1, it could be observed that the
degradation data is much similar to the linear case. As for this
practical case, the distribution of the RUL could be obtained
at each CM point by the proposed method. At the same time,
the approach in [12] is adopted for comparison. Obviously,
fromFigures 2 and 3 our approach can reduce the uncertainty
of the RUL estimation. At the last 6 points, it is observed that
the estimated RUL of our approach is more accurate than the
model in [12] from Figure 3. Compared with the actual RUL
relying on the definition of FHT, the estimated RUL of our
approach is more conservative, which shows the availability
of our model.

Through the above comparisons, it is shown that our
approach can deal with the degradation as well as the
traditional approach and could decrease the influence of the
fluctuations in the observed degradation signals.

4.2.2. Case 2: The Fluctuations of Degradation Data
Are Diverged

(1) Description and Collection of the Degradation Data. With
the development of technology, the stability of the gyro
becomes better and better. In this case, the sample mean
of the drift does not have obvious increase within a short
time. Figure 4 shows another monitored INS in certain space
system with test time of 420 hours; data of 210 points of
drift coefficients were collected with regular CM intervals
of 2 hours in the field condition. It is obvious that those
data do not have obvious increase trend, which leads to the
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Figure 2: Illustration of the RUL distributions at last 6 CM points
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points.
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Figure 4: The sample mean of the gyro drift.
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Figure 5: The sample standard deviation of the gyro drift.
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Figure 6: The trend items.

difficulty in analyzing the degradation data of the gyro based
on the sample mean of drift. On the other hand, the sample
standard deviation of drift has some variation trend over
time, as shown in Figure 5. Therefore our model could be
used for RUL estimation via the data of the drift sample
standard deviation which usually required that the sample
standard deviation of the drift measurement along the sense
axis should not exceed 0.15 (∘/hour).

(2) Decomposition of Degradation Data. As discussed in
Section 3, the trend items and fluctuation items are obtained
by EMD method. Figures 6 and 7 show the trend items and
the fluctuation items which illustrate the changes of these
terms over time.

(3) Parameter Estimation. It is obvious that both the trend
items and the fluctuation items can be regarded as two-stage
model. The first stage means that the gyro works normally
and the second stage means that the gyros begin degrading.
Here we only take the second stage into consideration for
estimating the RUL. Based on the definition of two-stage
model, the change-point is at the 150th CM point. As we have
discussed in Section 3, 𝜆𝜎, 𝜆𝜎 are almost the same before
the 150th CM point via (18). It could be calculated that the
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Figure 7: The fluctuation items.
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Figure 8: Simulation based on the parameter evaluations.

random items follow𝑁(0, 0.0103) in first stage, where 𝑡RUL =𝑇Rated − 𝑡now. Then the model discussed in Section 3 is used
to evaluate and update the parameters, which are used to
estimate the RUL.

(4) Verification of Parameter Estimation. In order to illustrate
the accuracy of the estimated 𝜆𝜎 and 𝜆𝜎 , a numerical
simulation is adopted. Figure 8 shows that the simulation is
produced based on the evaluations of 𝜆𝜎 and 𝜆𝜎 , which are
used to illustrate the accuracy of estimation for parameters𝜆𝜎 and 𝜆𝜎 . Comparing Figure 8 with Figure 7, it is noted
that the increases of the two fluctuation items are not the
samewhen the degradation path begins stepping into the next
stage, which is caused by the lack of the observed data. From
Appendix C, it is noted that Std𝑖 could be used to describe
the change of standard deviation. So comparing Std𝑖 of the
simulation with the real fluctuation items, it is obvious that
both of their paths are close, as shown in Figure 9. Thus, it
could be concluded that evaluation of parameters is accurate.

(5) Comparative Results. Figure 10 shows the PDF of the
estimated RUL at the last 8 CM points. From Figure 10, it
is obvious that our approach can deal with the degradation
with many fluctuations and get an explicit result, which is
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Figure 10: Illustration of the RUL distributions at last 10 CM points.

convenient for maintenance decision. From Figure 7, it is
noted that the degradation data reach the failure threshold
at the 205th CM point, but the result of our model shows
that the gyro’s failure occurs at about 187th CM point, which
reflects that our approach is more conservative than the
traditional approach, since the fluctuation is regarded as
another performance variable for evaluating the performance
of the gyro. Even through our approach is more conservative,
it can be safer when the result of the RUL estimations
is used for PHM of safety-critical systems such as gyros,
whose maintenance cost after failure is too expensive and the
consequence of failure are disastrous. And our approach can
obtain the regular PDF of RUL which could be convenient
for maintenance decision. It is shown in Figure 11 that the
traditional approaches [8, 9] could not obtain regular PDF of
RUL.

Comparing the results of case 1 and case 2, it is obvious
that our approach can not only deal with the degradation
with many fluctuations, but also get more reasonable result.
Overall, these case studies imply that our approach is an
effective model for RUL estimation, especially when the
degradation data experience strong fluctuation.
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Figure 11: Illustration of the RUL distributions at last 8 CM points.

5. Conclusion

In this paper, we study how to estimate the RUL of dynamic
degrading systems with high fluctuating degradation data.
Specifically, we present a stochastic process-based degrada-
tion model with a time-varying standard deviation function
to describe the degradation process of the system. Con-
sidering the fact that the fluctuation reflects the stability
of the system, we define the fluctuation as an indicator
of the system’s health condition in addition to directly
using the observed degradation data and further using the
standard deviation to represent the degree of fluctuation.
Then, based on the influence of the standard deviation,
we define a failure threshold based method to estimate
the marginal RUL distributions. And then the joint RUL
distribution is formulated based on the correlation between
two performance variables. Finally, through a practical case,
the feasibility and applicability of the presented model are
validated.

In this paper, we are concerned with a situation where the
system is degrading with high fluctuation.Then the collected
degradation data are difficult to model for evaluating the
RUL of system by traditional approaches. In order to solve
the above problem, we redefine the failure function that is
depended on two aspects including the degradation trend and
the fluctuations. So we decompose the degradation data into
trend items and fluctuation items firstly, and then model the
two items separately. Finally we evaluate the PDFs of RUL
based on the failure function that has been defined above.
Through the two practical cases, it is obvious that our model
can deal with this problem well and get the reasonable result
used for PHM.

Appendix

A. Formulation of Parameter Estimation

In order to estimate the parameters in (7), the maximum
likelihood estimation method is adopted. Here two cases are
considered.
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Case 1 (the functional form of 𝑔𝑅(𝑡,𝜆𝑅) is already known).
Because the functional form of 𝑔𝑅(𝑡,𝜆𝑅) is known, the
probability density function of 𝑋𝑖 can be defined as𝑓𝑋(𝑡)(𝑥;𝜆𝜇,𝜆𝜎,𝜆𝑅, 𝑡). Therefore, the likelihood function for
X1:𝑖 can be written as

𝐿 (𝜆𝜇,𝜆𝜎, 𝜆𝑅) = 𝑓 (𝑥0, 𝑥1, . . . , 𝑥𝑘 | 𝜆𝜇,𝜆𝜎,𝜆𝑅)
= 𝑘∏
𝑖=1

𝑓𝑋𝑖 (𝑥𝑖;𝜆𝜇,𝜆𝜎, 𝜆𝑅, 𝑡) . (A.1)

In order to estimate those parameters in (A.1), we take
the partial derivatives of the log-likelihood function of all
parameters:

𝜕𝐿𝜕𝜆𝜇 = 𝑘∑
𝑖=0

1𝑓𝑋𝑖 (𝑥𝑖;𝜆𝜇,𝜆𝜎,𝜆𝑅, 𝑡𝑖)
⋅ 𝜕𝑓𝑋𝑖 (𝑥𝑖;𝜆𝜇,𝜆𝜎, 𝜆𝑅, 𝑡𝑖)𝜕𝜆𝜇 = 0

𝜕𝐿𝜕𝜆𝜎 = 𝑘∑
𝑖=0

1𝑓𝑋𝑖 (𝑥𝑖;𝜆𝜇,𝜆𝜎,𝜆𝑏, 𝑡𝑖)
⋅ 𝜕𝑓𝑋𝑖 (𝑥𝑖;𝜆𝜇,𝜆𝜎, 𝜆𝑅, 𝑡𝑖)𝜕𝜆𝜎 = 0

𝜕𝐿𝜕𝜆𝑅 = 𝑘∑
𝑖=0

1𝑓𝑋𝑖 (𝑥𝑖;𝜆𝜇,𝜆𝜎,𝜆𝑅, 𝑡𝑖)
⋅ 𝜕𝑓𝑋𝑖 (𝑥𝑖;𝜆𝜇,𝜆𝜎, 𝜆𝑅, 𝑡𝑖)𝜕𝜆𝑅 = 0.

(A.2)

Solving the above system of equations in (A.2) numeri-
cally, we can obtain the estimations of 𝜆𝜎, 𝜆𝑅, 𝜆𝜇.
Case 2 (the functional form of 𝑔𝑅(𝑡𝑖,𝜆𝑅) is unknown). In the
practical case, the degradation data used to be nonlinear and
different system may be in the different degradation path so
that it is difficult to model the data by the same simple model,
which makes the functional form of 𝑔𝑅(𝑡𝑖,𝜆𝑅) unknown. For
this reason, we extract the trend items R0:𝑖 = {𝑟0, 𝑟1, . . . , 𝑟𝑖}
from degradation data, which reflect the variation tendency
of degradation. Let 𝑌𝑖 = 𝑋𝑖 − 𝑅𝑖, so it could be assumed
that𝑌𝑖 denotes the value of stochastic disturbance 𝑐(𝑡) at time𝑡𝑖; then the likelihood function 𝐿(𝜆𝜇,𝜆𝜎) can be represented
as

𝐿 (𝜆𝜇,𝜆𝜎) = 𝑓 (𝑦0, 𝑦1, . . . , 𝑦𝑘 | 𝜆𝜇, 𝜆𝜎)
= 𝑘∏
𝑖=1

𝑓𝑌𝑖 (𝑦𝑖; 𝜆𝜇,𝜆𝜎, 𝑡) . (A.3)

Taking its partial derivatives of all parameters, we have

𝜕𝐿𝜕𝜆𝜇 = 𝑘∑
𝑖=0

𝜕𝑓𝐶𝑖 (𝑐𝑖; 𝜇𝑐, 𝜎𝑐)𝜕𝜆𝜇
= 𝑘∑
𝑖=0

𝑓𝐶𝜇𝑐 (𝑐; 𝑔𝜇 (𝑡𝑖,𝜆𝜇) , 𝑔𝜎 (𝑡𝑖,𝜆𝜎))𝑓𝐶 (𝑐; 𝑔𝜇 (𝑡𝑖, 𝜆𝜇) , 𝑔𝜎 (𝑡𝑖,𝜆𝜎))
⋅ 𝜕𝑔𝜇 (𝑡𝑖, 𝜆𝜇)𝜕𝜆𝜇 = 0

𝜕𝐿𝜕𝜆𝜎 = 𝑘∑
𝑖=0

𝜕𝑓𝐶𝑖 (𝑐𝑖; 𝜇𝑐, 𝜎𝑐)𝜕𝜆𝜎
= 𝑘∑
𝑖=0

𝑓𝐶𝜎𝑐 (𝑐; 𝑔𝜇 (𝑡𝑖,𝜆𝜇) , 𝑔𝜎 (𝑡𝑖,𝜆𝜎))𝑓𝐶 (𝑐; 𝑔𝜇 (𝑡𝑖, 𝜆𝜇) , 𝑔𝜎 (𝑡𝑖, 𝜆𝜎))
⋅ 𝜕𝑔𝜎 (𝑡𝑖,𝜆𝜎)𝜕𝜆𝜎 = 0.

(A.4)

𝜆𝜎, 𝜆𝑅, 𝜆𝜇 can be obtained by solving the above system
of equations in (A.4). Then the functional form of 𝑔𝑅(𝑡𝑖,𝜆𝑅)
can be obtained by modeling the history of degradation
observations𝑋1:𝑘 = {𝑥1, 𝑥2, . . . , 𝑥𝑘}.
B. Change-Point Detection

We can learn that the change-point of random items mainly
relys on the change of its standard deviation. It is assumed
that X0:𝑛 = {𝑥0, 𝑥1, . . . , 𝑥𝑛} denote the random items, 𝑥 =∑𝑛𝑖=0(𝑥𝑖/𝑛), Std𝑛 = ∑𝑛𝑖=0((𝑥𝑖 − 𝑥)/(𝑛 − 1)). It is obvious that
Std𝑛 can reflect the change of standard deviation. Therefore
we propose a simple method of change-point detection. The
procedure for change-point detection can be summarized as
follows.

Step 1. Calculate Std𝑖, via the observed data X0:𝑖.

Step 2. Define 𝑆𝑖 = ∑𝑖𝑗=𝑖−𝑚(Std𝑗/𝑖), where 𝑚 denotes the
length of the moving window.

Step 3. Compare 𝑆𝑖−1 and Std𝑖; if 𝑆𝑖−2 < Std𝑖−2, Std𝑖−1, and
Std𝑖, then the (𝑖−2)th CM point is change-point; else 𝑖 = 𝑖+1,
and repeat the Steps 2 and 3.

C. Parameter Estimation in (17)

It is obvious that the analytic solution of parameters 𝜆𝜎, 𝜆𝜎
could not be calculated via the maximum likelihood esti-
mation method. Fortunately, there are only two parameters
that need to be evaluated, so the numerical method can be
adopted. Generally the commonnumericalmethod is needed
to set the initial value.Wemainly discuss how to set the initial
values. It is noted that Std𝑖 discussed inAppendix B can reflect
the trend of standard deviation 𝜎𝑐 and is less than the real
standard deviation 𝜎𝑐. There is a simulation case to illustrate
the proposed point.We simulate a stochastic processwith two
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stages: one is a normal distribution with standard deviation𝜎𝑐 = 1; another is a normal stochastic process with standard
deviation 𝜎𝑐 = 0.1𝑡 − 14, where the time of change-point is at
150. Calculate Std𝑖 of the stochastic process and compare Std𝑖
and the real standard deviation 𝜎𝑐 shown in Figure 9. From
Figure 9, it is obvious that the trend of Std𝑖 is approximate
with the real standard deviation. So Std𝑖 can be used to set
the initial value of the parameters 𝜆𝜎 and 𝜆𝜎 . And if the
requirement of real-time is high, Std𝑖 can be used as obtain
the approximate solution of 𝜆𝜎 and 𝜆𝜎 .
D. Parameter Estimation of Θ
Due to 𝑝(𝑍1:𝑘, 𝜃 | Θ𝑘) = 𝑝(𝑍1:𝑘 | 𝜃, Θ𝑘) + 𝑝(𝜃 | Θ𝑘), we can
obtain

ln𝑝 (Z1:𝑘, 𝜃 | Θ𝑘)
= ln𝑝 (Z1:𝑘 | 𝜃, Θ𝑘) + ln𝑝 (𝜃 | Θ𝑘)
= −𝑘 + 12 ln 2𝜋 − 12

𝑘∑
𝑗=1

ln (𝑡𝑗 − 𝑡𝑗−1) − 𝑘2 ln𝜎2𝑘
− 𝑘∑
𝑗=1

(𝑧𝑗 − 𝑧𝑗−1 − 𝜃 (𝑡𝑗 − 𝑡𝑗−1))22𝜎2
𝑘
(𝑡𝑗 − 𝑡𝑗−1) − 12 ln𝜎20,𝑘

− (𝜃 − 𝜇0,𝑘)22𝜎2
0,𝑘

.

(D.1)

Take the expectation operator on both sides of (D.1), and
we can obtain

𝐸𝜃 [ln𝑝 (Z1:𝑘, 𝜃 | Θ𝑘)] = −𝑘 + 12 ln 2𝜋 − 12
𝑘∑
𝑗=1

ln (𝑡𝑗 − 𝑡𝑗−1) − 𝑘2 ln𝜎2𝑘
− 𝑘∑
𝑗=1

(𝑧𝑗 − 𝑧𝑗−1)2 − 2𝜇𝜃,𝑘 (𝑡𝑗 − 𝑡𝑗−1) (𝑧𝑗 − 𝑧𝑗−1) + (𝑡𝑗 − 𝑡𝑗−1)2 (𝜇2𝜃,𝑘 + 𝜎2𝜃,𝑘)2𝜎2
𝑘
(𝑡𝑗 − 𝑡𝑗−1) − 12 ln𝜎20,𝑘

− 𝜇2𝜃,𝑘 + 𝜎2𝜃,𝑘 − 2𝜇𝜃,𝑘𝜇0,𝑘 + 𝜇20,𝑘2𝜎2
0,𝑘

.
(D.2)

Given 𝜕𝐸𝜃[ln𝑝(Z1:𝑘, 𝜃 | Θ𝑘)]/𝜕Θ𝑘 = 0, then the unknown
parameter Θ𝑘 = [𝜎2𝑘 , 𝜇0,𝑘, 𝜎20,𝑘] can be calculated as

𝜎2(𝑖+1)𝑘 = 1𝑘
𝑘∑
𝑗=1

(𝑧𝑗 − 𝑧𝑗−1)2 − 2𝜇𝜃,𝑘 (𝑡𝑗 − 𝑡𝑗−1) (𝑧𝑗 − 𝑧𝑗−1) + (𝑡𝑗 − 𝑡𝑗−1)2 (𝜇2𝜃,𝑘 + 𝜎2𝜃,𝑘)(𝑡𝑗 − 𝑡𝑗−1)
𝜇(𝑖+1)0,𝑘 = 𝜇𝜃,𝑘
�̂�2(𝑖+1)0,𝑘 = 𝜎2𝜃,𝑘.

(D.3)
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