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Anumericalmodeling of a 2DNavier-Stokes equation by a particular vertex centered control volume framework on anunstructured
grid is presented in this paper. Triangular elements are applied with an effective high performance fully coupled algorithm,
to simulate incompressible laminar flow over a circular cylinder. The cell face velocities in the discretization of the continuity
and momentum equations are calculated by a combined linear and momentum interpolation scheme, respectively, and their
performances are compared. Flow analyses have been conducted based on various Reynolds numbers up to 200 for the steady
and unsteady flows using structured and unstructured grids. The robustness and accuracy of the scheme in the unstructured mesh
are proved using the benchmark problems of incompressible laminar flow over a circular cylinder at low and medium Reynolds
numbers. Results have been compared with the structured grid results, both cases with equal cell numbers and same strategy for
the mesh refinement. Current results display good agreement with the experimental values. Overall, it is shown that, using the
suggested method for the current problem, unstructured grids are highly competitive with the structured grids.

1. Introduction

Unstructured grids have been used in order to model objects
with complicated geometry in different areas of hydrody-
namics. This type of grid has also been used for simulation
of the flows over bluff bodies. The efficiency and numerical
accuracy of unstructured mesh have been compared with
those of structured grids on test cases of fundamental fluid
flow by many researchers. Flow over a circular cylinder
is considered as one of the fundamental fluid mechanics
problems. The flow field over the cylinder is symmetric at
low values of Reynolds number. As the Reynolds number
increases, flow begins to separate behind the cylinder causing
vortex shedding which is an unsteady phenomenon. Flow
around circular bodies has a majority of past research. Many
engineering problems can be simulated by this simplification.
Flow around circular particles in Lagrangian method is an
example of these problems. Using unstructured grid for the

solution of flow in a complicated geometry could be the best
remedy.

Early studies of flow around a circular cylinder have been
conducted at low Reynolds number with structured grid.
Researchers such as Bloor [1], Roshko [2], and Tritton [3]
focused on the flow in the near wake region of the cylinder.
Experimental work on the pressure and velocity distribution
on circular cylinder flow between Reynolds numbers of 10
to 80 was carried out by Nishioka and Sato [4]. The rapid
development of CFD has made a wide range of investigations
possible. Satisfactory results have been obtained between
Reynolds numbers of 100 to 300 from CFD simulation
[5, 6]. In recent years, employing unstructured meshes in
CFD applications has been growing fast, which makes it
necessary to evaluate the precision and robustness of this
scheme. Zhang et al. [7]made a comparison of structured and
unstructured grid solutions for flow over a circular cylinder.
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Figure 1: Element and integration points on control surfaces: (a) quadrilateral element and (b) tetrahedral element.
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Figure 2: Subvolumes of elements: (a) quadrilateral element and (b) tetrahedral element.

Table 1: Comparison of value of the recirculation length and
separation angle for Re = 10, 20, and 40.

Reynolds
number Source 𝐿 sep 𝜃sep

10
Ding et al. [9] 0.252 30

Present (unstructured grid) 0.260 29.5
Present (structured grid) 0.262 29.6

20
Ding et al. [9] 0.93 44.1

Present (unstructured grid) 0.911 43.8
Present (structured grid) 0.907 43.8

40
Ding et al. [9] 2.20 53.5

Present (unstructured grid) 2.19 54.2
Present (structured grid) 2.19 54.1

Also, Lysenko [8] used unstructured meshes for the solution
of flow over a number of bluff bodies.

Navier-Stokes equations in their velocity-pressure formu-
lation for a 2D incompressible viscous flow are applied in a
tetrahedral grid system. Fully coupled algorithm based on
Rhie and Chow [10] scheme could be a remedy to suppress
the checkerboard problem. In this paper, a collocated grid has
been used in the vertex centered control volume framework.
In the mass equation, velocity components on the control
volume surfaces are defined according to Alisadeghi and
Karimian [11] formulation, and simple linear approach is used
for momentum equations [12]. High performance collocated
scheme based finite element-finite volume method has been
developed for the rectangular grid and tested on flow over
a circular cylinder. This code is deployed for the triangular
grid used for the simulation of flow in the same geometry.
The accuracy and discretization method for the rectangular
and triangular grids are the same. The proposed scheme,
by using Karimian and Wang technique [11, 12], achieves
highly accurate results in a short time. Needless to say, using
this combination leads to simplicity of scheme and more
efficiency for the unstructured grids.
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2. Governing Equations

Formulation for the two-dimensional incompressible Navier-
Stokes is given by
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Figure 5: Unstructured triangular grids around the cylinder.

where Reynolds number is defined as Re = 𝜌𝑈
∞
𝐿
∞
/𝜇 and 𝜌

is the density and 𝜇 is the viscosity of the fluid. Equation (1)
in conservation form, integrated in a control volume ∀, gives
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Figure 6: Streamline contour for Re = 10, 20, and 40.
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Rewriting (2) and applying the Green’s Theorem result in
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Momentum interpolation should be always used to calculate
the cell face velocity in the discretized continuity equation to
prevent the checkerboard pressure field [12]. The improved
scheme of Alisadeghi and Karimian [11] is implemented to

evaluate themomentum interpolation of velocities at the cell-
faces. According to this scheme, momentum interpolation of
velocity in conservation of mass equation is given by
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where 𝑑 = 𝜌𝑞
𝑖𝑝
/Δ𝑆
𝑢𝑝

+ 𝜇/𝑙
2 and 𝑙 is a suitable diffusion

length scale for the element. Velocity components in the
momentum equations are found by linear interpolation. All
cell face velocities of the control volumes are calculated by the
combination ofmomentumand linear interpolationmethods
for mass and momentum equations. For the mass equation,
momentum interpolation is used, and for the momentum
equation, linear interpolation is implemented.

Unstructured tetrahedral element is used to test the
algorithm. Figure 1 shows the general form of this element
and subcontrol volumes. In this method, the control volume
is centered around the vertices and the cells are divided
into subcontrol volumes that make up the main control
volume. The nodes store the average variable values over the
control volumes. Integration point is on the midpoint of each
control surface. Elements are divided into three quadrilateral
subcontrol volumes. These subcontrol volumes are shown in
Figure 2.

3. Solution Procedure

An iterative scheme is used in the solution of the Navier-
Stokes equations for the structured and unstructured grids.
Continuity and momentum equations are solved simultane-
ously. At first, the initial data except the boundary values of
the known functions are applied. Subsequently, an iterative
procedure is implemented as shown in Figure 3.

At the end of each iteration, a simple relaxation method
is used to damp the oscillations in the obtained results which



Journal of Engineering 5

1.5

1

0.5

0

−0.5

−1

−1.5

Structured grid
Silva et al.
Unstructured grid

0 20 40 60 80 100 120 140 160 180

Figure 7: Pressure coefficient distribution, between (𝜃 = 0) and (𝜃 = 180): Re = 20.
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Figure 8: Pressure coefficient distribution, between (𝜃 = 0) and (𝜃 = 180): Re = 40.

increases speed of the convergence. This procedure is used
for each time step and continued until the defined maximum
time is reached.

4. Flow past a Circular Cylinder

The capabilities of the proposed method for the unstructured
grids are demonstrated by simulating the laminar flow over
a circular cylinder. The flow around a circular cylinder at
different Reynolds numbers (Re = 𝑈

∞
𝐷/]) is computed to

study the influence of several parameters, where 𝑈
∞

is the
free-stream velocity, 𝐷 is the cylinder diameter, and ] is the
kinematic viscosity.

The domain geometry is indicated in Figure 4. To mini-
mize the effects of the upstream and downstream boundaries

on the flow, these boundaries are located at distances suffi-
ciently away from the cylinder. For all computations, these
distances are 𝐿

𝑢
= 10𝐷 and 𝐿

𝐷
= 50𝐷, respectively, which

are measured from the center of the cylinder. In the present
study, the domain has a width 𝐻 = 10𝐷 and the blockage
(𝐵 = 𝐷/𝐻) is 0.1. These dimensions were chosen in order
to minimize the boundary effects on the flow development.
A constant velocity profile 𝑈

∞
was specified at the domain

entrance. Uniform horizontal velocity component was used
at the domain outlet (𝜕𝑢/𝜕𝑦 = 0). Pressure value is set to zero
for one node at the outlet. All velocity components are set to
zero at the walls (𝑢 = V = 0).

Unstructured triangular and structured nonuniform rect-
angular grids are shown in Figure 5.
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Figure 9: Time-dependent streamline contours for Re = 100.

5. Results and Discussion

For every Reynolds number, iterations are continued until
both the maximum residuals of mass and momentum equa-
tions are less than 10−5 in the computational domain. Figure 6
shows the streamlines contours along the domain for Re =

10, 20, and 40. At these Reynolds numbers, the flow is laminar
and steady.These contours are the same as those of structured
mesh problem. The mesh is nonsymmetrical and the lengths
of recirculation flow for both sides of the geometry are
different.

In all cases, a pair of vortices develops behind the cylinder
and is perfectly aligned. For the laminar flow, recirculation
length behind the cylinder increases with the Reynolds
number. The results in this case are also shown to be in good
agreement with the exiting high Reynolds number solutions
[14, 15]. Figures 7 and 8 show the pressure coefficient as

a function of the angle 𝜃 on the cylinder surface for Re =

20, 40. Pressure coefficient is defined as

𝐶
𝑝
=

𝑝

(1/2) 𝜌𝑢
2

∞

. (5)

Pressure coefficient is compared against that computed by a
structured mesh.

Some quantitative parameters, such as the length of
reattachment region, 𝐿 sep, from the rearmost point of the
cylinder to the end of the wake field (where horizontal
velocity component direction changes) and separation angle
𝜃sep as well as the results from other researchers [9], are listed
in Table 1. All these flow parameters have good agreement
with the results of previous studies for all three Reynolds
numbers studied.
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Figure 10: Time-dependent streamline contours for Re = 200.

At moderate Reynolds number, the flow is laminar and
unsteady. In the current study, additional numerical simula-
tions are presented for a series of extra Reynolds numbers
above 100 with unsteady flow pattern. A time marching
approach is performed to simulate the unsteady flow at
every time step. Figures 9 and 10 show the time-dependent
streamline contour for both Re = 100 and Re = 200. The
periodicity of unsteady flow field has been displayed in both
contour plots.

Flow in the downstream region for Re = 100 was shown
to oscillate and the pattern of streamline contours repeated
every 6 seconds.This period was shown to be about 5 seconds
for Re = 200.

The experimental Strouhal number (𝑆 = 𝐷/𝜏𝑈) for Re =
100, 200 can be derived from [13], where 𝜏 is the period of
vortex shedding. The Strouhal number is 0.165 for Re = 100,
and 𝜏 is 6.06 s [13]. Figure 11 shows a collection of data on
the Strouhal number versus Reynolds number. It is evident
that the current results agree well with the average of data
shown in the figure. Figure 12 displays the time evolution

of stream function value on the cylinder surface for the
Reynolds numbers Re = 100, 200.

6. Conclusion

An accurate vertex centered control volume framework based
on tetrahedral element was implemented to solve Navier-
Stokes equations in primitive form in 2D flow over a circular
cylinder. In this method, fully coupled Rhie and Chow
algorithm was used to suppress the probable checkerboard
problem in a collocated grid system. Based on this scheme,
momentum interpolation of velocity is used in conservation
of mass equation and a new linear approach is implemented
in momentum equation. Main advantage of the present
numerical method is the fact that values are calculated at
the nodal points. Therefore, boundary conditions are applied
on element faces and nodes. In addition, this combination
leads to simplicity and fast convergence. In this study, an
unstructured tetrahedral grid has been used to create a fine
mesh near the cylinder, and the results have been compared
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Figure 12: Stream function value on the surface of the cylinder for Re = 100 (a), 200 (b).

with the experimental values. In addition, this method is
implemented to solve the same problem with a nonuniform
quadrilateral grid and the results of both simulations have
been compared.

Different flow simulations were performed at various
Reynolds numbers. Results indicate that the suggested
numerical scheme is proved to work for Reynolds num-
bers up to 200 for structured and unstructured grids. The
robustness and accuracy of the present solution are proved
by the comparison of pressure distribution over the cylinder
for low Reynolds number. The values of structured and
unstructured grids are similar. Furthermore, for the medium
Reynolds number, unsteady flow has been reviewed to find
the Strouhal number. The Strouhal numbers are the same

as experimental data. This means that proposed collocated
grid on unstructured grid is comparable with other solutions
in efficiency, simplicity, and accuracy and could be used in
complicated geometry.

Extending the proposed formulation and numerical
schemes to three-dimensional problems may be considered
as a future study.
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