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Turbulent forced convection of 𝛾-Al
2
O
3
/water nanofluid in a concentric double tube heat exchanger has been investigated

numerically using mixture two-phase model. Nanofluids are used as coolants flowing in the inner tube while hot pure water flows
in outer tube. The studies are conducted for Reynolds numbers ranging from 20,000 to 50,000 and nanoparticle volume fractions
of 2, 3, 4, and 6 percent. Results showed that nanofluid has no effects on fully developed length and average heat transfer coefficient
enhances with lower slope than wall shear stress. Comparisons with experimental correlation in literature are conducted and good
agreement with present numerical study is achieved.

1. Introduction

With progresses of technology heat transfer augmentation
is one of the most challenges for developing Hi-tech indus-
tries.

Application of additives to liquids is oneway of enhancing
heat transfer. Augmenting of fluid thermal conductivity is the
main purpose in improvement of the heat transfer character-
istic of liquids.

Recently progress inmaterial engineering and developing
new technologies cause the basis of producing nanosized
particles. Masuda et al. [1] introduced the liquid suspension
of nanosized particles and thenChoi [2] for the first time pro-
posed the name of nanofluid to this suspension. Nanofluids
change the thermal and hydraulic feature of base fluids and
cause enormous heat transfer enhancement.

Many researcher investigated the thermophysical proper-
ties of nanofluid [3, 4]. But research about the forced convec-
tion of nanofluids is important for the practical application of
nanofluids in heat transfer devices. For this purpose different
papers focused on the nanofluids convection experimentally
and numerically.

Pak and Cho [5] investigated experimentally the convec-
tive heat transfer inside a circular tube. They investigated the
convective heat transfer of 𝛾-Al

2
O
3
(13 nm)/water and TiO

2

(27 nm)/water nanofluids in the turbulent flow regime. Con-
stant wall heat flux boundary condition was considered in the
analysis. It was indicated that the heat transfer enhancement
obtained with 𝛾-Al

2
O
3
particles is higher than that obtained

with TiO
2
particles. They proposed a new correlation for

Nusselt number.
Li and Xuan [6] presented experimental study to inves-

tigate the heat transfer coefficient and friction factor of
Cu/water nanofluid in both laminar and turbulent flow
regimes up to 2% volume concentration. Constant wall heat
flux boundary condition was exposed and observed Nusselt
enhancements up to 60% with 2% volume concentration. It
was seen that the heat transfer coefficient enhancement ratio
(heat transfer coefficient of nanofluid divided by the heat
transfer coefficient of base fluid) increases with increasing
Reynolds number.

Mäıga et al. [7] numerically studied laminar and turbu-
lent force convection inside a circular tube under constant
wall heat flux boundary condition. They used single-phase
assumption and simulate the nanofluids of Al

2
O
3
/water and

Al
2
O
3
/ethylene glycol, showing that the wall shear stress and

heat transfer enhance with increasing volume fraction while
the latter nanofluid showed better heat transfer enhancement
in identical Reynolds number and volume fraction.
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Bianco et al. considered the laminar [8] and turbulent [9]
flow of Al

2
O
3
/water nanofluid under constant and uniform

heat flux at the wall. They analyzed the problem by using
both single- and two-phase models. The results showed heat
transfer enhances with increasing particles volume concen-
tration and Reynolds number and it showed that two-phase
models for the simulation of nanofluid are satisfactory with
comparing of experimental data.

In this study turbulent heat transfer and hydrodynamic
characteristic of 𝛾-Al

2
O
3
/water nanofluid have been investi-

gated usingmixture two-phase model. Nanofluid flows in the
inner tube while hot pure water flows in the outer tube. The
analyses are conducted for different Reynolds numbers and
volume fractions ranging from 20,000 to 50,000 and 2, 3, 4,
and 6 percent, respectively. For validation of the numerical
solution, the results are compared with Pak and Cho [5]
correlation.The aim of this study is to addmore contribution
to turbulent convection heat transfer using nanofluid.

2. Physical Model and Mathematical Modelling

Figure 1 shows the considered configuration cross-section
consisting of the double tube counterflow heat exchanger
with a length of 0.65m and with inner and outer diameter
of 0.01m and 0.015m, respectively. Nanofluids that enter
the inner tubes are composed of 𝛾-Al

2
O
3
/water with mean

particle diameter of 20 nm. Table 1 shows the thermophysical
properties of base fluid and nanoparticle.

Nanofluid thermophysical properties play important role
in accuracy of the results. For density of nanofluids the
following equation has been used [5]:

𝜌eff = (1 − 𝜙) 𝜌𝑏𝑓 + 𝜙𝜌𝑝. (1)

Also specific heat of nanofluid is achieved by the following
equation [10]:

𝑐
𝑝eff =

(1 − 𝜑) (𝜌𝑐
𝑝
)
𝑏𝑓
+ 𝜑 (𝜌𝑐

𝑝
)
𝑝

(1 − 𝜑) 𝜌
𝑏𝑓
+ 𝜑𝜌
𝑝

. (2)

Chon et al. [11] proposed a correlation for thermal conductiv-
ity. Correlation equation (2), except the volume fraction and
particles diameter, considers the temperature and Brownian
motion which is defined as follows:

𝑘eff
𝑘
𝑓

= 1 + 64.7 × 𝜙
0.746

× (
𝑑
𝑏𝑓

𝑑
𝑝

)

0.369

× (
𝑘
𝑝

𝑘
𝑓

)

0.746

× Pr0.9955 × Re1.2321,

(3)

where Prandtl and Brownian Reynolds numbers are
expressed as follows:

Pr =
𝜇

𝜌
𝑓
𝛼
𝑓

, Re =
𝜌
𝑓
𝑘
𝑏
𝑇

3𝜋𝜇2𝐿
𝑓

, (4)

Table 1: Thermophysical properties of material under considera-
tion.

Materials Density (kg/m3)
Thermal

conductivity
(W/mK)

Specific heat
(J/kgK)

Water 1000 0.6 4179
𝛾-Al2O3 3880 36 773

Figure 1: Geometrical configuration for present study.

where 𝐿
𝑓
is the base fluid mean free path (0.17 nm for water)

and 𝜇 is temperature-dependent viscosity of the base fluid
which is defined as

𝜇 = 𝐴 × 10
𝐵/(𝑇−𝐶)

. (5)

The constants𝐴, 𝐵, 𝐶 for water are equal to 2.414 ∗ 10−5, 247,
and 140, respectively.

One equation for effective dynamic viscosity of nanofluid
is defined as

𝜇nf
𝜇
𝑏𝑓

= 123𝜙
2
+ 7.3𝜙 + 1. (6)

Equation (6) was obtained by [7] with cure fitting based on
experimental data of Wang et al. [12].

Mixture model is used for modelling of nanofluid. This
model solves continuity, momentum, and energy equations
for the mixture as well as the volume fraction equation for
the secondary phase and algebraic expression for the relative
velocities (slip velocities). With neglecting dissipation and
pressure work and for steady state the governing equations
for this model are expressed as follows.

Continuity equation:

∇ ⋅ (𝜌eff�⃗�mix) = 0. (7)

Momentum equation:

∇ ⋅ (𝜌eff�⃗�mix�⃗�mix) = −∇𝑃 + ∇ ⋅ (𝜇eff (∇�⃗�mix + ∇�⃗�mix
𝑇
))

+ ∇ ⋅ (

𝑛

∑

𝑘=1

𝜙
𝑘
𝜌
𝑘
�⃗�
𝑑𝑟,𝑘

�⃗�
𝑑𝑟,𝑘

) .

(8)
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Energy equation:

∇ ⋅

𝑛

∑

𝑘=1

(𝜙
𝑘
𝑉
𝑘
(𝜌
𝑘
𝐸
𝑘
+ 𝑃)) = ∇ ⋅ (𝑘eff∇𝑇) . (9)

Volume fraction:

∇ ⋅ (𝜙
𝑝
𝜌
𝑝
�⃗�mix) = −∇ ⋅ (𝜙𝑝𝜌𝑝�⃗�𝑑𝑟,𝑝) , (10)

where �⃗�
𝑑𝑟,𝑘

= �⃗�
𝑘
− �⃗�mix is the drift velocity for the secondary

phase and it is related to slip velocity by the following
equation:

�⃗�
𝑑𝑟,𝑝

= �⃗�
𝑝𝑓
−

𝑛

∑

𝑘=1

𝜙
𝑘
𝜌
𝑘

𝜌
𝑚

�⃗�
𝑓𝑘
. (11)

Manninen et al. [13] proposed an equation for calculating slip
velocity equation (13). For determining the drag coefficient
Schiller and Naumann [14] equation is used from (14):

�⃗�
𝑝𝑓
=

𝜌
𝑓
𝑑
2

𝑝

18𝜇
𝑞

⋅
(𝜌
𝑝
− 𝜌mix)

𝑓drag𝜌𝑝
⃗𝑎, (12)

𝑓drag = {
1 + 0.15Re0.687, Re ≤ 1000,
0.0183Re, Re ≥ 1000,

(13)

where

Re
𝑝
=
𝑉mix𝑑𝑝

]eff
. (14)

From (13) the acceleration is given as

⃗𝑎 = 𝑔 − (�⃗�mix ⋅ ∇) �⃗�mix. (15)

Standard 𝑘-𝜀 two-equation eddy-viscosity model is used
for closing the above governing equations. This model is
proposed by Lauder and Spalding [15] and it is based on the
solution of equations for turbulent kinetic energy 𝑘 and the
turbulent dissipation rate 𝜀. Their equations can be expressed
as follows:

∇ ⋅ (𝜌mix𝑉mix𝑘) = ∇ ⋅ (
𝜇
𝑡,mix

𝜎
𝑘

∇𝑘) + 𝐺
𝑘,mix − 𝜌mix𝜀,

∇ ⋅ (𝜌mix𝑉mix𝜀) = ∇ ⋅ (
𝜇
𝑡,mix

𝜎
𝜀

∇𝜀) +
𝜀

𝑘
(𝑐
1
𝐺
𝑘,mix − 𝑐2𝜌mix) ,

(16)

where subscript of mix, indicating mixture and turbulent
kinetic generation, is expressed as follows:

𝐺
𝑘,mix = 𝜇𝑡,mix (∇𝑉mix + (∇𝑉mix)

𝑇

) . (17)

With constant values of 𝑐
1
= 1.44, 𝑐

2
= 1.92, 𝑐𝜇 = 0.09, 𝜎

𝜀
=

1.3, 𝜎
𝑘
= 1.

The above equations are solved for the following bound-
ary conditions. At inner tube inlet uniform velocity and
temperature profile for 𝑇in = 298K are assumed. Pure
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Figure 2: Different grids for independency of solution.

water enters in the annulus with uniform and constant
velocity and temperature 𝑉in,an = 2.407m/s and 𝑇in,an =

360K, respectively. Inner tube is without thickness and outer
tube is thermally insulated. At tubes outlet fully developed
conditions and on the walls, the nonslip conditions are
considered. Moreover, a constant turbulent intensity, equal to
1%, is imposed for both sides.

3. Computational Procedure and Validation

In the numerical solution, finite volumemethod is utilized for
solving the above equations. PRESTO and QUICK scheme
is used for pressure correction and volume fraction, respec-
tively. For other equations second order upwind is adopted
for numerical solution.

The SIMPLE algorithm is used for pressure-velocity
coupling. Different nonuniform grids are tested to insure
independency of solution (Figure 2). 315000 cells for inner
tube is sufficient for the present study. Finermesh is used near
the wall because of higher velocity and temperature gradient.
Mean Nusselt number is calculated as follows:

Nu =
ℎave𝑑

𝑘eff
. (18)

In Figure 3 validation takes place with a correlation proposed
byDittus andBoelter [16] for pure fluid in turbulent pipe flow.

4. Results and Discussions

Results of numerical solution of convective heat transfer of
𝛾-Al
2
O
3
/water nanofluid in a tube with two-phase models of

mixture and different volume concentration (2, 3, 4, and 6) at
turbulent flow are presented.Themean diameters of 𝛾-Al

2
O
3
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Figure 3: Grid validation for inner tube and annulus by correlation
proposed by Dittus and Boelter [16].

nanoparticles are assumed to be 20 nm. Fully developed
(hydrodynamically and thermally) turbulent flow is assumed
for inner tube for 𝐿/𝐷 = 65 [17].

Constant velocity inlet and turbulent intensity for pure
water equal to 2.407m/s and 1% are assumed for annulus for
all runs.

Figure 4 depicts centerline turbulent kinetic energy for
different nanoparticle volume fraction along the tube length.
As shown in the figure, turbulent kinetic energy increases
by increasing nanoparticle volume fraction. Also, results
show fully developed region for 𝑋/𝐷 = 45 for different
nanoparticle volume fraction and pure water that proves
nanofluid has no effects on fully developed length.

Heat transfer coefficient increases by augmenting
nanoparticle volume fraction and Reynolds number, as
depicted in Figure 5(a). A comparison between present study
and experimental correlation proposed by Pak and Cho [5]
showed that present study results are in good agreement
with this correlation. As reported in the figure maximum
convection coefficient can be achieved in maximum
nanoparticle concentration and Reynolds number. Also, as
shown in Figure 5(b), heat transfer coefficient enhances with
an appropriate slope by increasing volume fraction of nano-
particle.

Despite an enhancement in heat transfer coefficient by
increasing volume fraction, wall shear stress increases with
increasing nanoparticle concentration (Figure 6) as reported
by Bianco et al. [9].

Table 2 reports enhancing average heat transfer coeffi-
cient ratio in comparison to wall shear stress ratio. By aug-
menting nanoparticle volume fraction, convectionheat trans-
fer coefficient increases by lower slope than averagewall shear
stress. It seems that, for the highest concentration considered,

x

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

Pure water
Mix, Vf.% = 2

Mix, Vf.% = 4
K
c

Figure 4: Centerline turbulent kinetic energy for different nanopar-
ticle volume fraction at Re = 20000.

Table 2: Average heat transfer coefficient ratio in comparison towall
shear stress ratio.

Nanoparticle
volume fraction (ℎnf/ℎ𝑓)(𝛾-Al2O3) (𝜏nf/𝜏𝑓)(𝛾-Al2O3)

0 1 1
2 1.07 1.35
3 1.12 1.63
4 1.18 2
6 1.32 3.02

𝜑 = 7%, the increase in wall shear stress about 3 times bigger
than base fluid (pure water) is achieved that proves using
nanofluid at higher volume fractions is not appropriate.

Figure 7 illustrates turbulent kinetic energy distribution
along the tube for fixed Reynolds number, Re = 20000,
and different nanoparticle concentration. Because of higher
velocity gradient in the vicinity of walls, the turbulent kinetic
energy is high and then decreases by moving to center of
tube. It is obvious that turbulent kinetic energy increases by
augmenting nanoparticle volume fraction.

Dimensional velocity profile at Re = 40000 and different
nanoparticle concentration is depicted in Figure 8 for a
fixed value of Reynolds number; velocity increases by aug-
menting nanoparticle volume fraction. Effect of augmenting
nanoparticle volume fraction on thermophysical properties
of nanofluid is the reason for this increase in velocity.

5. Conclusions

In the present paper, turbulent forced convection of 𝛾-
Al
2
O
3
/water nanofluid inside a double tube concentric heat
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Figure 5: Effect of nanoparticle concentration on (a) average heat
transfer coefficient and (b) heat transfer coefficient ratio.

exchanger was numerically investigated using mixture two-
phase approaches. A comparison with experimental correla-
tion proposed by [5] showed numerical results are in good
agreement with this correlation. The following results were
obtained.

(i) Nanofluid has no effects on fully developed length
with increasing nanoparticle concentration.

(ii) Heat transfer coefficient enhances by augmenting
nanoparticle volume fraction as well as Reynolds
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Figure 6: Effect of nanoparticle concentration on average wall shear
stress ratio.
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Figure 7: Turbulent kinetic energy distribution along the tube for
different nanoparticle concentration (Re = 20000).

number. But, convection heat transfer coefficient
increases by lower slope than averagewall shear stress.

(iii) For a fixed value of Reynolds number, velocity profile
increases by augmenting nanoparticle volume frac-
tion.

Notations

𝑘: Thermal conductivity, W/mK
𝑘
𝑏
: Boltzmann’s constant

𝑑: Diameter, m
ℎ: Heat transfer coefficient, W/m2 K
Pr: Prandtl number, Pr = 𝜇𝑐

𝑝
/𝑘

Re: Reynolds number, Re = 𝜌V𝑑/𝜇
𝑇: Temperature, K
𝑉: Velocity, m/s
𝑃: Pressure, pa
𝑔: Gravitational acceleration, m/s2.
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Figure 8: Effect of nanoparticle concentration on fully developed
velocity profile for fixed Re = 40000.

Greek Letters

𝜑: Particle volume concentration
𝜌: Fluid density, kg/m3
𝜇: Fluid dynamic viscosity, kg/m s
𝜏: Wall shear stress, Pa.

Subscripts

nf: Nanofluid
𝑏: Base fluid
𝑝: Particle
eff: Effective properties.
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