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By the use of weight coefficients and Hermite-Hadamard’s inequality, a new extension of Hardy-Hilberts inequality in the whole
plane with multiparameters and a best possible constant factor is given. The equivalent forms, the operator expressions, and a few

particular inequalities are considered.

1. Introduction

Suppose that p > 1,1/p+1/q =1,4,,b, > 0,a = {a,},,
P,b = b}, € 1% llall, = Xy ab)''? > 0, and bl > 0.
We have the following well known Hardy-Hilbert’s 1nequahty

00 00 b
Z Z_: DO < — ) ”a”p "b”q> (1)

where the constant factor 77/ sin(rz/ p) is the best possible one
(cf. [1]). The more accurate form of (1) was given as follows
(cf. [2], Theorem 323):

m
<= lall, bl
sin (7/p) @)

where the constant factor 7z/sin(rr/ p) is still the best possible
one. For a = 0, inequality (2) reduces to (1).

In 2011, Yang gave an extension of (2) as follows (cf. [3]):
Ifo < A, A, < LA +A, = A a,,b, =0, lall,, =

(352, (m=aP 0121 € (0, 00), and [l = (X2, (1
a)q(l_Az)_le}l/q € (0,00), then
o0 00
< B(Ay,4;) lall,, 10l
;,; (m+n- 20() (o 22) pe ey 3)

(05a<3)
0<a< -,
2

where the constant factor B(A;, A,) is the best possible one
and B(u, v) is the beta function defined by (cf. [4])

© 1

B(u,v) = J e (v >0).  (4)

0 (1 + t)u+v

ForA = 1,1, = 1/g,and A, = 1/p, (3) reduces to (2). Some
other results related to (1)-(3) are provided by [5-22].

In this paper, by the use of weight coefficients and
Hermite-Hadamard’s inequality, an extension of (3) in the



whole plane is given as follows: For &, € [0,1/2], a,,,b, >
0, Yo Im = gPUA071gP e (0,00), and Dinet I =
qlq(l_’lz)_lbg € (0, 00), we have

[ee) (o] 1

a,b, < 2B(A4,1,)

[n|=1 |m|=1 (|m - f| + |” - ’1|)A

. e
- { Y fm =gt a;‘;] )

[m|=1

o 1/q
[8 o]

[nl=1

Moreover, a generation of (5) with multiparameters and a
best possible constant factor is proved. The equivalent forms,
the operator expressions, and a few particular inequalities are
also considered.

2. Some Lemmas

First, we make appointment that N = {1,2,...}, p > 1, 1/p +
1/g=1a € (0,m),&ne[0,1/2],A;,A, > 0,4, + A, = A,
and, for |x|, |y| > 1/2,
k(x, y)
_ 1 (6)
[|x—£|+(x—§)cosoc+|y—17|+(y—17)cos/3])L

In particular, for & = 3 = 71/2, we indicate

_ 1

= )
(jxe =& + [y =)

Definition 1. Define the following weight coefficients:

h(x,y)

1
> |x|’|y| > 5' (7)

N\ [lm‘f|+(m—f)cosa]’\1
(")()L >m) = k(m,n) —
S T e
Im| €N,
@ (Ay,n)
N [l”_’7|+(ﬂ—n)cosﬁ])‘2
= k , ’ 9
";:1 o [|m—f|+(m—f)cosoc]1_A1 ©)
|n| €N,
where XL, - = 2520 e X2 e (=),

Lemma 2. IfA, <1, then, for kg(A,) = 2B(A,, A,)csc? B, one
has

kg (A1) (1 =0 (Ay,m)) < w(Aym) < kg (M)
(10)
|m| € N,
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where
0(A,,m) = _r

270 B(AL L)

(1+4n)(1+cos B)/(Im—&|+(m—&) cos ) u/\rl
. J Tdu

0 (1 + u) (11)

1
= O( A ) € (O$ 1) b
[|m =&+ (m-2&) cosa]™
|m| € N.

Proof. For |x| > 1/2, we set

K (x, y)
_ 1
[|[x =&+ (x =& cosa+ (y—1n)(cos f-1)

"

y<-t
> w
K (x, )
_ 1
[|x =&+ (x =& cosa+ (y—1) (1 +cosﬁ)]/\
-
y >
and then, for y > 1/2,
K (x,-y)
1 (13)

) [|x =& + (x = &) cosa + (y +7) (1 —cos/)’)]A.
We find

w(A,,m)

oo A
= Nk (m, n) [[m — &+ (m-¥) Cosf]
2 (1= ) (cos p—1)]

A

[|m = &| + (m - &) cos ]
m(reosp) (9
_ (|m=-¢& +m-8) c:osoc])Ll < kW (m, -n)

(1-cosB)' ™ Sy

+ [|m - & +(m—£)cosoc]'11 S kP (m,n)

(1+cos ) Sn-n)'

+ Zk(z) (m,n)
n=1

It is evident that, for fixed m € N, A, < 1 (A > 0), both
kD m, —y)/(y + 7)™ and k2 (m, y)/(y — )™ are strictly
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decreasing and strictly convex with respect to y € (1/2, 00),
satisfying
d K (m(-1)y)
Y[y (-1) g
a2 kP (m, (-1) y) (15)
d_yzm > 0,

<0,

(i=1,2).
By Hermite-Hadamard’s inequality (cf. [23]), we find

w(Ay,m)

< [|m—§|+(m—£)cosoc])\1 J'°° kD (m, -y)
(1 —cosﬁ)l_)L2 12 (y+7n
+ [|m—€|+(m—£)cosoc])tl ro K? (m, y)
(1+cosp)'™ 12 (y—m)' ™
s[hn—ﬂ+0n—acmaﬂlka“wmvad
(1-cosp)' ™ - (y+n)' ™
=l in- sl = K m)
(1+cosp)' ™ 1)

)1—/\2

(16)

Setting u = ((y +1)(1 — cos B)/(Im — &| + (m — &) cos ) ((y —
n)(1+cos B)/(Im—&|+(m—&) cos «)) in the above first (second)
integral, by simplification, we find

) 1 [eS) u)‘z_1
w(Az’m)<<1_Cosﬁ+1+cosﬁ>jo (1+U)Adu 17)

=2B(A},A,) es®B=kg (D).

By (14), since both kK (m, -/ (y+ r])l_)Lz and k@ (m, )/
(y — )™ are strictly decreasing, we still have

iy =500
(1-cosp)
, JOO K (m,~y)
Loy

[|m - &| + (m = &) cos 04]"1 JOO K@ (m, y)
+
(1+cosp)' ™ Loy

1

=
1-cosf

[} u)lz—l
. J 5 du
(1+1)(1+cos B)/(jm—E|+(m—E) cos o) (1 + 1)

1
+
1+cosp

[ u)tz 1
. J A u
(1+1)(L+cos B)/(Im=E|+(m—&) cos o) (1 + 1)
= kg (1) (1= (A, m)) > 0.
(18)
We obtain

1

0<9(A2,m)= m
1>742

du

J(1+r])(1+cosﬁ)/(lm—f|+(m—f)cosa) ulz—l
0 1+ u))‘
1 (1+4n)(1+cos B)/(Im—&|+(m—E) cos &)
A,-1
< —/—— J u du
B(Ay,4,) Jo

(1+7)(1+cosp) A

1
- A,B(ALA,) [|m &+ (m-&) cosa

and then we have (10) and (11). O
In the same way, we still have the following.

Lemma 3. IfA, < 1, then, for k,(A,) = 2B(A;, A,)csc’a, one
has

ke (M) (1-9(A1n) <@ (A1) < ko (M),

(20)
In| € N,
where
I(Apn) = ——
"B,
(1+&)(1+cos )/ ([n—#|+(n—#) cos B) u/ll—l
. J. 7du
0 (1+uw) 1)
1
:o( A1>€(0’1)’
[|n—n| + (n—n) cos f]
|n| € N.
Lemma 4. If{ € [0,1/2] and 6 € (0,7), then, for p > 0,
H,@0)= Y !
’ pmalln =+ (=0 cos 0]
_ 1+o0 (1) 1 1 (22)

(1 - cos9)'*?

(p—0").

+
P (1 + cos0)'*?



Proof. We have

—co 1

H,((,0) =)

“1[(n—0) (cos -1

£y !

w=1 [(n =) (cosO + 1)]“’)

)]1+p

e cisew,szw
" +ccise)“92(n—lc>“”
Fora = 1/(1 - {)'*”, we find
H, 6.0 < [(1 —c:se)“f’ " +c01s9)1+p] [a
+§(ﬂ—15)”"] ) [(1 —cols9)””

N ;] ot ro _dy
(1+ cos0)' 1 (y—()”p

e
(1-cosO)™* (1 +cosh)'*?

)

H,((,0) > [

1 1
+
(1-cos®)™  (1+ cose)”p]

© 1
P n+C e [(1 — cos0)'*?

1 © dy
! (1 +cost9)1+”] L (y+()1+"
_1+[(1+C)_”—][ 1
- P (1 - cosO)'**

1
.
(1 +cos€)1+p]

Hence, we have (22).

3. Main Results and Operation Expressions

Theorem 5. IfA,,A, < 1,a,,b, >0 (Im|, |n| € N),

0< OZO: [lm—fl+(m—§)com]p(1—)tl)_

|m|=1

< 00,

1
aP

m
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0< Z [|n-n| + (n-n)cos /3]‘1(1_)‘2)_1 bl

|n|=1
< 00,
k(Ay) = k;s/P (A1) kic/q (A1)

=2B(A,,A,) csc?PBesc?

(23) (25)
then one has the following equivalent inequalities:
=Y Y k(mn)a,b, <k(})
|n|=1 |m|=1
0 1/p
. { Z [|m—&|+ (m-&)cos oc]p(lf)mf1 aﬁ} (26)
|m|=1
- 1/q
{ > L =nl + (n—n) cos 1™ b } ,
|n|=1
= { 3 = o mos
|n|=1
- py
( D k(m,n)am> } <k(A)) (27)
|m|=1
o0 1/p
' { Z (|m—-¢&l+(m-¥&) cosoc]P(l_)”)_1 aﬁl} )
|m|=1
(24) Proof. By Holder’s inequality (cf. [23]) and (9), we have
o0 P (o)
( Z k(m,n)am) = { z k (m,n)
lm|=1 lm|=1
- (|m-& +(m-¢) cosoc](lf/\‘)/qa
=]+ (=) cos 7
ln=n|+ (1= n)cos p] }
(|m-& +(m-¢) cosoc](l_/\‘)/q
< ik(m,n)
|m|=1
(28)
. (|m=-¢&l+(m-¢) cosoc](l_/\‘)‘p/q »
. [l —nl + (n=m)cos p] ™"
) { i k (m, n) (| —n| + (n =) cos ﬁ](l”‘z)q/p }Pl
imim1 ’ (|m-&| + (m—£)cosoc]17/\1
JRCICH S P
[In = 1| + (n = ) cos B s

lm =g+ m-9) cos ] Pl »

[ln =l + (n—n) cos ]
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By (20), we have

J<kY1(p)) { i i k (m, n)

|n|=1 |m|=1

[ln=nl+ (n=n)cos 7>

= kY1 (0,) { i ik(m,n)

[m|=1 |n|]=1

(29)

[[m — & + (m - &) cos ] 1P/ P}l/f’
: a
[ln=nl+(n=n)cosp]"™ ™
= k;/q (1) ‘l Z w (A, m) [|m— f| +(m-9)
|m|=1

1/p
A )—
- cos o] UM laf:l]» .

By (10), we have (27).
By Holder’s inequality (cf. [23]), we have

(o]

-5

|nl=1

{nn—n| (=) cos 117

: l; k (m,n) am} ([ =] + (=) cos 1" b, (30)
m|=1
- 1/g
<] { Z [|n—n|+ (n—7)cos ﬁ]q(l_lz)_l bg} .
[n|=1

Then by (27), we have (26).
On the other hand, assuming that (26) is valid, we set

= [ln—n| + (n—n) cos pI*"*"!

00 p-l
-(Zk(m,n)am) , |n] eN.

|m|=1

(31)

Then it follows that

1={§[

|n|=1

1/p
|n—n| + (n-n)cos [ bg} . (32

By (29), we find ] < co. If ] = 0, then (27) is evidently valid;

if J > 0, then, by (26), we have

(o)

0< Z (In-n|+

[nl=1

<k(Ay)

(n—n)cos ﬁ]q(l )71 bl=J =1

o) 1/p
) { Z (|m-&| +(m-¢) cosoc]p(l_kl)_1 aﬁl}

[m|=1

+ (n— 1) cos ] }

[|n—n|+

[l = n] + (= ) cos p1*"~ Az“bq}

J= { D

|n|=1
<k(My)

1/p

]P(l_)tl)—l a;l:,} :

(33)

{ Z [|m —&| + (m - &) cosax

[ml=1

namely, (27) follows, which is equivalent to (26). O

Theorem 6. As regards the assumptions of Theorem 5, the
constant factor k(A,) in (26) and (27) is the best possible one.

Proof. For any ¢ € (0,g\,), weset A, = A, +¢/g, A, = A, —
e/q (€ (0,1)), and

= [|m - & + (m - &) cos o hme/P
=[|m-&l+(m-§ c:osoc]zl_s_1 (Im| € N),
(34)
(Ay—¢/g)-1

= [ln—n|+ (n—n) cos B]

= [Jn=n|+ (n=n)cos BI*" (Inl € N).

Then by (22) and (10), we find

I,= { Y [lm & +(m & cosa] M aﬁi}

[m|=1

1&
1

125

1/q
(ln-n+(n- r])cos/3]q(””1bn}>

M8

M8

1 e
1[|m =&+ (m-¥) cosoc]1+8 }

1
(|7 —nl+(n-

1/q
) cos B ** }

1/p
1+£:|

1/q
T+e :| (1+0 (1))1/p

1 1 1
= 1+¢ +
€ L(1+cosa) (1-cosax)

. [ 1 . 1
(1+cosB)™* (1 - cosp)

S(1+0,(1))"4,



6
I:= i ik(m,n)ﬁmgn— i ik(m,n)
[nl=1|m|=1 |m|=1 |m|=1
Xl—s—l

. [|m - &| + (m - &) cos ] )
(|~ ] + (n = y) cos p]' ™
& w(iz,m)

e+l 2 kﬁ (Xl)

i m=1[|m = &| + (m = &) cos ]

o I—G(Xz,m)

. =ks(2
|m|=1[|m—f|+(m—€)cos¢x]s+l ﬁ( 1)

v 1
{r;—l [[m — & + (m - &) cosa] ™"
v 1

I%IO(HWI—H +(m—¥) Cosa](s/p+)tz)+1) }

J%(MH 1 1

+
€ (1+cosa)'™ (1 -cosa)

=a

+0, (1)) - sO(l)} )
(35)

If there exists a constant k < k(A,), such that (26) is valid
when replacing k(A,) by k, then, in particular, we have eI <
kI,; namely,

kg (M)

! 1
. {[(1 + COsoc)lJrS " (1- COS“)1+S (1 +0o, (1))

1
(1 + cosa)'**

—sO(l)} <k[

1/p (36)
. ] (1+0, (1))

(1-cosa)
1/q
1+¢ :| (1

1 1
. +
I:(l +cos ) (1-cosp)
+0, (1)1,
It follows that

4B(A},\,) csc?Bescia < 2k cscPacsc?1p
(37)
(e—07);

namely, k(A,) = 2B(A;, A,)csc??Besc?a < k. Hence, k =
k(A,) is the best possible constant factor of (26). The constant
factor k(A,) in (27) is still the best possible one. Otherwise, we
would reach a contradiction by (30) that the constant factor
in (26) is not the best possible one. O
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We set functions ®(m) and ¥ (n) as follows:

@ (m) = [|m =& + (m - &) cos o] PO

(jm] € N), -
¥ (n) = [|n— |+ (n- ) cos )17

(In] € N),

wherefrom W' P (n) = [|n — | + (n — ) cos B1**>" (|n| € N).
We also set the following weight normed spaces:

(o)
lP,(D = {a = {am}|m|:1 5 ||a||P)¢

o 1/p
- ( > @ (m) |am|”> < oo},

[m|=1

0o 1/q
lq,‘I’ = {b = {bn}rrjzl > ”b"q,‘{’ = ( Z \P(I’l) |bn|q>

[n]=1
< OO} 5

(o]
lp)\yl—p = {C = {Cn}|n|:1 5 "C"p)\yl—p

= < i‘{’l_}’ ()| |P>1/p < oo} .

|nl=1

(39)

Then, for a = {am}frfll:l € lp)q,, c = {cn}f:,’lzl, and
G = Yimj—1 K(m,n)ay,, in view of (27), we have llellppr-r <
k()tl)||a||p,®; namely, ¢ € lp)\Pl—p.

Definition 7. Define a Hilbert-type operator T': [, ¢, — I, y1-»
as follows: for any a = {a,,}),_, € 1, ¢, there exists a unique
representation ¢ = Ta € [, y1-p. One also defines the formal
inner product of Ta and b = {bn}lorf]:1 € Ly (b, > 0)as
follows:

(Ta,b) =Y Y k(m,n)a,b, (40)
[n|=1 |m|=1

Then for a,, > 0 (|m| € N), we may rewrite (26) and (27)
as follows:

(Ta,b) < k(1) lall 0 bl (41)
ITall s < k(A1) lall 0 - (42)
We define the norm of operator T as follows:

ITall, s
1T = — (43)

a#)el,e lal,0
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Since, by Theorem 6, the constant factor k(A,) in (42) is the
best possible one, we have

Il =k (A,)

=2B(A, M) escPBesc?lo. (44)

Remark 8. (i) For & = 1 = 0, (26) reduces to

[ee] (o) 1

A bn

1/p
ai] (45)

)
=1 fmi=1 (|m| + mcosa + |n| + ncos )

<k(A) [ > (Iml + m cos a)P! M7

[m[=1

00 1/q
. [ Z (In] + ncos BT 47! bg] .

[nl=1

Hence, (26) is a more accurate inequality of (45). In particular,
for« = 8 = /2 in (45), we have the following new inequality:

[oe) [ee) b
G n B(Ay,A,)
=1 jmi=1 (Im] + |m])
0 1/p
. |: Z |m|P(1—/\1)—1 ayp;:| (46)
lm|=1

0o 1/q
. [ Z |n|q(1*/\2)71 b3:| )

In|=1

(ii) For « = 8 = m/2 in (26), we have (5). Fora_,, = a

andb_, = b, (m,n € N), (5) reduces to "
> 7t 3
mimm L (m+n-8-n)" (m+n+&-n)
! T+ ! A]ambn
(m+n+&+n) (Mm+n-E+n)
<2B(A,M,) (47)

M8

[(m _ E)p(l—Al)—l +(m+ E)p(l—ll)_l] aﬁ}l/P

1

3
N

1/q
(3= 7 1 (1] bg} '

18

B
11
—

In particular, for & = 7 € [0, 1/2], we have

ii[ 1 . 2

Salmen-2g)  (m+n)

N ;] a b <2B(A,1,)

(m+n+2n)"
12

1/p
a3 [ e

1/q9
bq}

If 7 = 0, then (48) reduces to

Mg

[On=ny " b )P T )

3
I

0 00 0 1o 1/p
<B(A,1,) mP 1_1ap]
nz::m 1(m+n) mZ::1 "
(49)
1/q

00
. [an(l—/\z)—lbg] ,
n=1

which is an extension of (1).
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