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We explore the condition numbers of the nonlinearmatrix equation𝑋𝑝−𝐴∗𝑒𝑋𝐴 = 𝐼. Explicit expressions for the normwise, mixed,
and componentwise condition numbers are derived. The upper bounds for the mixed and componentwise condition numbers are
obtained. The numerical result favors the fact that our estimations are fairly sharp. Also, the relative upper perturbation bounds
give satisfactory results for small perturbations in the input data.

1. Introduction

We consider the nonlinear matrix equation

𝑋𝑝 − 𝐴∗𝑒𝑋𝐴 = 𝐼 (𝑝 > 1) , (1)

where 𝐴 is a real or complex square matrix, 𝐼 is an identity
matrix, 𝑒𝑋 is the matrix exponential function, and 𝑝 is
a positive integer. The basic general form of (1) is 𝑋 +𝐴∗F(𝑋)𝐴 = 𝑄(𝑄 > 0), and it occurs in the analysis of
ladder networks, the dynamic programming, control theory,
stochastic filtering, and statistics [1]. Ran and Reurings in
[2] studied the solutions and perturbation theory for a
general matrix equation 𝑋 + 𝐴∗F(𝑋)𝐴 = 𝑄, where F
represent a map from the set of all positive semidefinite
matrices into a space of complex matrices and satisfy some
monotonicity properties. Recently, Gao in [3] studied the
Hermitian positive definite solution (HPDS) of the nonlinear
matrix equation 𝑋 − 𝐴∗𝑒𝑋𝐴 = 𝐼 which is (1) for 𝑝 = 1
and derived some necessary and sufficient conditions for the
existence of the HPDS. In [4], authors derived the explicit
expressions for the normwise, mixed, and componentwise
condition numbers and their upper bounds for the nonlinear
matrix equation 𝐴0 + ∑𝑘

𝑖=1 𝜎𝑖𝐴∗𝑖𝑋𝑝𝑖𝐴 𝑖 = 0, 𝜎𝑖 = ±1, 𝑘 ≥ 2.
Authors in [5] presented a perturbation analysis of the matrix
equation 𝐶 + ∑𝑟

𝑖=1 𝜎𝑖𝐴 𝑖𝑋𝐵𝑖 + 𝐷𝑋𝑠𝐸 = 0, for positive integers

𝑟, 𝑠 ≥ 2, and employed Lyapunov majorant and fixed point-
point principle to derive both local and nonlocal bounds. For
more details about condition numbers, see ([6, 7]) and the
references therein.

To the best of our knowledge, no one has studied the
conditionnumbers of (1).Thus, the objective of this study is to
derive the explicit expressions for the normwise, mixed, and
componentwise condition numbers as well as the local upper
bounds for mixed and componentwise condition numbers of
(1). Finally, we give a comparative analysis for the computed
condition numbers.

The following notations will be used throughout this
paper: Kj

rel stands for normwise condition number; “fl”
means equal by definition; 𝐵0𝜖(𝑎) stands for a ball with center𝑎 and radius 𝜖; dom(𝐹) stands for domain of 𝐹; C𝑛×𝑛 denotes
the set of all complex 𝑛×𝑛Hermitian matrices; if𝐴, 𝐵 ∈ C𝑛×𝑛,
then 𝐴 ≥ 0(𝐵 > 0) means that 𝐴 is positive semidefinite
(positive definite) and 𝐴 ≥ 𝐵(𝐴 > 𝐵) means that 𝐴 −𝐵 ≥ 0(𝐴 − 𝐵 > 0); the notation 𝜌(◼) stands for spectral
radius; 𝐴∗, 𝐴𝑇 signify the transpose conjugate and transpose
ofmatrix𝐴, respectively; ‖◼‖𝐹 and ‖◼‖2 denote the Frobenius
norm and usual spectral norm, respectively; given𝐴 = [𝑎𝑖𝑗] ∈
C𝑚×𝑛 and 𝐵 ∈ C𝑝×𝑞, the Kronecker product is 𝐴⨂𝐵 =[𝑎𝑖𝑗𝐵] ∈ C𝑚𝑝×𝑛𝑞; the operator vec : C𝑚×𝑛 → C𝑚𝑛 is defined
by vec(𝐴) = [𝑎11, . . . , 𝑎𝑚1, 𝑎12, . . . , 𝑎𝑚2, . . . , 𝑎1𝑛, . . . , 𝑎𝑚𝑛]𝑇;
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cond(◼) means the ratio of the largest singular value to the
smallest; |𝐴| = [𝑎𝑖𝑗] ∈ R𝑛×𝑛

+ stands for the absolute value of𝐴.
2. Preliminaries

In this section, we provide useful definitions and lemmas that
will be applied in our proofs in the next sections.

Definition 1. The condition number of a matrix function 𝑓 :
C𝑛×𝑛 → C𝑛×𝑛 at a point 𝑋 ∈ C𝑛×𝑛 is defined as

cond (𝑓,𝑋) fl lim
𝜖→0

sup
‖𝐸‖≤𝜖‖𝑋‖

𝑓 (𝑋 + 𝐸) − 𝑓 (𝑋)𝜖 𝑓 (𝑋) , (2)

for any matrix norm. The computed condition number
measures the stability or sensitivity of a problem. In this
case, the problem is said to be well-structured or well-posed
or well-conditioned if the condition number is small and
ill-conditioned if the condition number is large, where the
definition of large or small condition number is problem
dependent.

Definition 2. The Fréchet derivative of a matrix function 𝑓 :
C𝑛×𝑛 → C𝑛×𝑛 at a point 𝑋 ∈ C𝑛×𝑛 is a linear operator

C
𝑛×𝑛

𝐿𝑓(𝑋,𝐸)→ C
𝑛×𝑛 𝐸 → 𝐿𝑓 (𝑋, 𝐸) (3)

such that 𝑓(𝑋+𝐸)−𝑓(𝑋)−𝐿𝑓(𝑋, 𝐸) = 𝑜‖𝐸‖ for all 𝐸 ∈ C𝑛×𝑛.
The operator 𝐿𝑓(𝑋, 𝐸) denotes the Fréchet derivative of 𝑓 at𝑋 in the direction 𝐸. If such an operator exists, 𝑓 is said to be
Fréchet differentiable and

𝐿𝑓 (𝑋, 𝐸) fl max
𝐸 ̸=0

𝐿𝑓 (𝑋, 𝐸)‖𝐸‖ . (4)

Lemma 3 (see [8], Lemma 4.3.1). Suppose that 𝐴 ∈ C𝑚×𝑛,𝐵 ∈ C𝑝×𝑞, 𝐶 ∈ C𝑝×𝑞, and𝑋 ∈ C𝑛×𝑝. Then,

vec (𝐴𝑋𝐵) = (𝐵𝑇 ⊗ 𝐴) vec (𝑋) . (5)

Lemma 4 (see [9], pp. 178, Theorem 3.3.16(a, b)). Let 𝐴, 𝐵 ∈𝑀𝑚,𝑛 be given and let 𝑞 = min(𝑚, 𝑛). Then, following
inequalities hold for the decreasingly ordered singular values of𝐴, 𝐵,𝐴 + 𝐵 and 𝐴𝐵∗:

(I) 𝜎𝑖+𝑗−1(𝐴 + 𝐵) ≤ 𝜎𝑖(𝐴) + 𝜎𝑗(𝐵),
(II) 𝜎𝑖+𝑗−1(𝐴𝐵∗) ≤ 𝜎𝑖(𝐴) + 𝜎𝑗(𝐵).

Lemma 5 (see [10], Theorem 15). Let 𝐴 ∈ 𝑀𝑛 and 𝐵 ∈ 𝑀𝑚.
If 𝜆 is an eigenvalue of 𝐴 and 𝜇 is an eigenvalue of 𝐵, then 𝜆𝜇
is an eigenvalue of 𝐴 ⊗ 𝐵.

For easy expansion and simplification of matrix polyno-
mials, we need Lemma 6.

Lemma 6 (see [11]). Let Z+ denote a set of positive integers
including zero and Z++ = Z+ \ {0} such that Φ : Z+ × Z+ ×
C𝑛×𝑛 × C𝑛×𝑛 → C𝑛×𝑛. Then,

(i) {Φ(𝑖, 0)(𝑋, 𝑌) = 𝑋𝑖, Φ(0, 𝑗)(𝑋, 𝑌) = 𝑋𝑗, 𝑖 ∈ Z+,Φ(𝑖, 𝑗)(𝑋,𝑌) = 𝑋Φ(𝑖−1, 𝑗)(𝑋,𝑌)+𝑌Φ(𝑖, 𝑗−1)(𝑋,𝑌),𝑖, 𝑗 ∈ Z++}.
(ii) Φ(0, 0)(𝑋,𝑌) = 𝐼, and for Φ(𝑘, 1)(𝑋,𝑌) =∑𝑘

𝑖=1𝑋𝑘−𝑖𝑌𝑋𝑖.
(iii) (𝑋 + 𝑌)𝑛 = ∑𝑛

𝑖=0Φ(𝑛 − 𝑖, 𝑖)(𝑋,𝑌), 𝑛 ∈ Z+.

3. Normwise, Mixed, and Componentwise
Condition Numbers

In this section, we concentrate on the derivation of the
explicit expressions for the normwise, mixed, and compo-
nentwise condition numbers. In order to derive the explicit
expressions for the normwise, mixed, and componentwise
condition numbers of (1), we consider the perturbed equation
(6).

𝑋𝑝 − 𝐴∗𝑒�̃�𝐴 = 𝐼. (6)

Replacing 𝑒𝑋 by∑∞
𝑘=0(1/𝑘!)𝑋𝑘 in (6) yields

𝑋𝑝 − 𝐴∗ ∞∑
𝑘=0

1𝑘!𝑋𝑘𝐴 = 𝐼. (7)

Now, let us make small perturbations in the matrices 𝐴,𝑋,
and 𝐼 as shown in

(𝑋 + Δ𝑋)𝑝 − (𝐴 + Δ𝐴)∗ ∞∑
𝑘=0

1𝑘! (𝑋 + Δ𝑋)𝑘 (𝐴 + Δ𝐴)
= 𝐼 + Δ𝐼.

(8)

Subtracting (8) by (1) yields

(𝑋 + Δ𝑋)𝑝 − 𝑋𝑝

= Δ𝐼 + (𝐴 + Δ𝐴)∗ ∞∑
𝑘=0

1𝑘! (𝑋 + Δ𝑋)𝑘 (𝐴 + Δ𝐴)

− 𝐴∞∑
𝑘=0

1𝑘! (𝑋)𝑘 .
(9)

Using Lemma 6, we have

(𝑋 + Δ𝑋)𝑝 − 𝑋𝑝 = 𝑝∑
𝑗=0

Φ (𝑝 − 1, 𝑗) (𝑋, Δ𝑋) − 𝑋𝑝

= Φ (𝑝, 0) (𝑋,𝑋)
+ Φ (𝑝 − 1, 1) (𝑋, Δ𝑋) + 𝐻 (Δ𝑋)

= 𝑝−1∑
𝑗=0

𝑋𝑝−1−𝑗Δ𝑋𝑋𝑗 + 𝐻 (Δ𝑋) ,

(10)

where 𝐻(Δ𝑋) = ∑𝑝
𝑗=2Φ(𝑝 − 𝑗, 𝑗)(𝑋, Δ𝑋). Because 𝐻(Δ𝑋)

have higher orders of Δ𝑋, we omit it and consider only the
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first term of (10). Then, replacing (𝑋 + Δ𝑋)𝑝 − 𝑋𝑝 in (9) by∑𝑝−1
𝑗=0 𝑋𝑝−1−𝑗Δ𝑋𝑋𝑗 gives

𝑝−1∑
𝑗=0

𝑋𝑝−1−𝑗Δ𝑋𝑋𝑗 = Δ𝐼 + 𝐴∗ ∞∑
𝑘=0

1𝑘!
𝑘−1∑
𝑖=0

𝑋𝑘−1−𝑖Δ𝑋𝑋𝑖𝐴
+ 𝐴∗𝑒𝑋Δ𝐴 + Δ𝐴∗𝑒𝑋𝐴
+ 𝑂 (‖𝐻‖2) .

(11)

Using the fact that𝑋 is symmetric and 𝐴 is real and applying
the vec operator in (11), we get

(𝑝−1∑
𝑗=0

𝑋𝑗⨂𝑋𝑝−1−𝑗) vec (Δ𝑋)
= vec (Δ𝐼)
+ (∞∑

𝑘=0

𝑘−1∑
𝑖=0

(𝐴𝑇𝑋𝑖)⨂(𝐴∗𝑋𝑝−1−𝑖)) vec (Δ𝑋)
+ (𝐼⨂𝐴∗𝑒𝑋) vec (Δ𝐴)
+ ((𝐴𝑇𝑒𝑋)⨂𝐼) vec (Δ𝐴∗) + 𝑂 (‖𝐻‖2) .

(12)

Combining the terms with vec(Δ𝑋) in (12) yields

(𝑝−1∑
𝑗=0

𝑋𝑗⨂𝑋𝑝−1−𝑗) vec (Δ𝑋)

− (∞∑
𝑘=0

𝑘−1∑
𝑖=0

(𝐴𝑇𝑋𝑖)⨂(𝐴∗𝑋𝑝−1−𝑖)) vec (Δ𝑋)
= vec (Δ𝐼) (𝐼⨂(𝐴∗𝑒𝑋)) vec (Δ𝐴)
+ ((𝐴𝑇𝑒𝑋)⨂𝐼) vec (Δ𝐴∗) + 𝑂 (‖𝐻‖2) .

(13)

Then, we have

((𝑝−1∑
𝑗=0

𝑋𝑗⨂𝑋𝑝−1−𝑗)

− (∞∑
𝑘=0

𝑘−1∑
𝑖=0

(𝐴𝑇𝑋𝑖)⨂(𝐴∗𝑋𝑝−1−𝑖))) vec (Δ𝑋)
= vec (Δ𝐼) + ((𝐼⨂(𝐴∗𝑒𝑋))
+ ((𝐴𝑇𝑒𝑋)⨂𝐼)Π) vec (Δ𝐴) + 𝑂(‖𝐻‖2) .

(14)

In (14), the term 𝑂(‖𝐻‖2) = ‖[Δ𝐼, Δ𝐴]‖2𝐹 refers to higher
order approximation of Δ𝑋 with respect to [Δ𝐼, Δ𝐴] andΠ ∈
R𝑛2×𝑛2 is the vec permutation operator satisfying Πvec(A) =
vec(𝐴𝑇) and it is defined as

Π = 𝑛∑
𝑖=1

𝑛∑
𝑗=1

𝐸𝑖𝑗 (𝑛 × 𝑛)⨂𝐸𝑗𝑖 (𝑛 × 𝑛) , (15)

where 𝐸𝑖𝑗 = 𝑒𝑛𝑖 (𝑒𝑛𝑗 )𝑇 ∈ R𝑛×𝑛 and 𝑒𝑛𝑖 is the 𝑖th column of the
identity matrix 𝐼.

Let us define a map Ψ : L2𝑛
2 → L𝑛

2

, where, L
represents a real or complex space. We have Ψ : Γ =[vec(𝐼)𝑇, vec(𝐴)𝑇]𝑇 → vec(𝑋), where the matrices 𝐼, 𝐴 ∈
L𝑛×𝑛. According to the implicit function theorem, it is
apparent that Δ𝑋 → 0 as [Δ𝐼, Δ𝐴] → 0, because Δ𝑋 is
a function of [Δ𝐼, Δ𝐴].
3.1. Normwise Condition Numbers. In this subsection, we
define the two kinds of normwise condition numbers.
According to Rice [12], the two kinds of normwise condition
numbers of map Ψ are defined by

Kj
rel = lim

𝛿→0
sup
Δ 𝑗≤𝛿

‖Δ𝑋‖𝐹𝛿 ‖𝑋‖𝐹 , j = 1, 2,
where Δ 1 = ‖[Δ𝐼, Δ𝐴]‖𝐹‖[𝐼, 𝐴]‖𝐹
and Δ 2 = [ Δ𝐼‖𝐼‖𝐹 ,

Δ𝐴‖𝐴‖𝐹 ]
𝐹 .

(16)

Now, suppose that Ψ is differentiable at Γ = [vec(𝐼)𝑇,
vec(𝐴)𝑇]𝑇, then using Theorem 4 in [12], we have

K1
rel =

Ψ (Γ)2 ‖[𝐼, 𝐴]‖𝐹‖𝑋‖𝐹 , (17)

whereΨ(Γ) is a Fréchet derivative of Ψ at Γ. It follows that
𝐵 vec (Δ𝑋) = vec (Δ𝐼)
+ ((𝐼⨂(𝐴∗𝑒𝑋)) + ((𝐴𝑇𝑒𝑋)⨂𝐼)Π) vec (Δ𝐴) , (18)

where

𝐵 = 𝑝−1∑
𝑗=0

𝑋𝑗⨂𝑋𝑝−1−𝑗

− ∞∑
𝑘=0

𝑘−1∑
𝑖=0

(𝐴𝑇𝑋𝑖)⨂(𝐴∗𝑋𝑝−1−𝑖) .
(19)

Denoting

Λ = [𝐼𝑛2 , (𝐼⨂(𝐴∗𝑒𝑋)) + ((𝐴𝑇𝑒𝑋)⨂𝐼)Π] , (20)

we have
𝐵 vec (Δ𝑋) = ΛΓ. (21)

Now, we prove that matrix 𝐵 is nonsingular inTheorem 7.

Theorem 7. Suppose that 𝑋 is the Hermitian positive definite
solution of (1) and𝐴 is a real matrix with 𝜌(𝐴) < 1/𝑒 such that(𝑝 − 1)𝜆𝑝(𝑋) > (𝐾 − 1))𝜆2(𝐴)𝑒𝜆(𝑋). Then,

𝐵 = 𝑝−1∑
𝑗=0

𝑋𝑗⨂𝑋𝑝−1−𝑗

− ∞∑
𝑘=0

𝑘−1∑
𝑖=0

(𝐴𝑇𝑋𝑖)⨂(𝐴∗𝑋𝑘−1−𝑖)
(22)

is nonsingular.
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Proof. Denote

𝐷 fl
𝑝−1∑
𝑗=0

𝑋𝑗⨂𝑋𝑝−1−𝑗,

and 𝐶 fl
∞∑
𝑘=0

𝑘−1∑
𝑖=0

(𝐴𝑇𝑋𝑖)⨂(𝐴∗𝑋𝑘−1−𝑖) .
(23)

Then, we have

𝜆 (𝐵 + 𝐶) = 𝜆 (𝐷) . (24)

Using Lemmas 4 and 5, it follows that

𝑝−1∑
𝑗=0

𝜆𝑗 (𝑋) 𝜆𝑝−1−𝑗 (𝑋)

≤ 𝜆 (𝐵) + ∞∑
𝑘=0

1𝑘!
𝑘∑
𝑖=0

𝜆𝑖 (𝑋) 𝜆2 (𝐴) 𝜆𝑘−1−𝑖 (𝑋) ,
(25)

and
𝑝−1∑
𝑗=0

𝜆𝑗 (𝑋) 𝜆𝑝−1−𝑗 (𝑋)

− ∞∑
𝑘=0

1𝑘!
𝑘∑
𝑖=0

𝜆𝑖 (𝑋) 𝜆2 (𝐴) 𝜆𝑘−1−𝑖 (𝑋) ≤ 𝜆 (𝐵) .
(26)

From 𝑋 = (𝐼 + 𝐴∗𝑒𝑋𝐴)1/𝑝, we know that 𝐴∗𝑒𝑋𝐴 > 0; this
implies that 𝐼 < 𝑋, which means that 1< 𝜆(𝑋). Therefore,𝜆−1(𝑋)((𝑝 − 1)𝜆𝑝(𝑋) − (𝑘 − 1)𝜆2(𝐴)𝑒𝜆(𝑋)) ≤ 𝜆(𝐵).

Since (𝑝 − 1)𝜆𝑝(𝑋) > (𝑘 − 1)𝜆2(𝐴)𝑒𝜆(𝑋), then we have0 < 𝜆(𝐵). Therefore, we conclude that 𝐵 is invertible.
FromTheorem 7 above, since 𝐵 is invertible, then we have

vec(Δ𝑋) = 𝐵−1ΛΓ, and the Kronecker Fréchet derivative

Ψ (𝐼, 𝐴) = 𝐵−1Λ. (27)

Explicit expressions for the two kinds of normwise con-
dition numbers are derived inTheorem 8.

Theorem 8. Suppose that 𝑋 is the HPD solution of (1) and 𝐵
is nonsingular. Then,

A K1
rel = (‖𝐵−1Λ‖2‖[𝐼, 𝐴]‖𝐹)/‖𝑋‖𝐹,

B K2
rel = ‖[‖𝐼‖𝐹𝐵−1, ‖𝐵‖𝐹𝐵−1Ξ]‖2/‖𝑋‖𝐹,

where

𝐵 = 𝑝−1∑
𝑗=0

𝑋𝑗⨂𝑋𝑝−1−𝑗

− ∞∑
𝑘=0

𝑘−1∑
𝑖=0

(𝐴𝑇𝑋𝑖)⨂(𝐴∗𝑋𝑝−1−𝑖) ,
Λ = [𝐼𝑛2 , (𝐼⨂(𝐴∗𝑒𝑋)) + ((𝐴𝑇𝑒𝑋)⨂𝐼)Π] ,

(28)

and

Ξ = (𝐼⨂(𝐴∗𝑒𝑋)) + ((𝐴𝑇𝑒𝑋)⨂𝐼)Π. (29)

Proof.

A Using the fact that Ψ(𝐼, 𝐴) = 𝐵−1Λ and (17), we can
easily get

K1
rel =

𝐵−1Λ2 ‖[𝐼, 𝐴]‖𝐹‖𝑋‖𝐹 . (30)

B In this case, we rewrite vec(Δ𝑋) = 𝐵−1ΛΓ as
vec(Δ𝑋) = 𝐵−1Λ 1𝜅, whereΛ 1 = Λdiag([‖𝐼‖𝐹, ‖𝐴‖𝐹])
and 𝜅 = ‖[Δ𝐼/‖𝐼‖𝐹, Δ𝐴/‖𝐴‖𝐹]‖𝐹, then we
have ‖vec(Δ𝑋)‖2 = ‖Δ𝑋‖𝐹. It follows that

‖Δ𝑋‖𝐹 = 𝐵−1Λ𝜅2 ≤ 𝐵−1Λ2 ‖𝜅‖2 = [‖𝐼‖𝐹 𝐵−1,
𝐵−1 ((𝐼⨂(𝐴∗𝑒𝑋)) + ((𝐴𝑇𝑒𝑋)⨂𝐼)Π)]2 ‖𝜅‖2 .

(31)

Finally, using (16) and (31) and Δ 2 = ‖𝜅‖2, we see that
K2
rel =

[‖𝐼‖𝐹 𝐵−1, ‖𝐴‖𝐹 𝐵−1Ξ]2‖𝑋‖𝐹 . (32)

3.2. Mixed and Componentwise Condition Numbers. In this
subsection, we derive the explicit expressions for mixed and
componentwise condition numbers of (1). The following
distance function is introduced before defining mixed and
componentwise condition numbers. For any vectors

𝑢 = [𝑢1, 𝑢2, ⋅ ⋅ ⋅ , 𝑢𝑚]𝑇 ,
V = [V1, V2, ⋅ ⋅ ⋅ , V𝑚]𝑇 ,
we define 𝑢.

V
= [𝑤1, 𝑤2, ⋅ ⋅ ⋅ , 𝑤𝑚]𝑇 .

𝑤𝑖 =
{{{{{{{{{

𝑢𝑖
V𝑖

if V𝑖 ̸= 0,
0 if 𝑢𝑖 = V𝑖 = 0,
∞ otherwise, for all 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑚.

(33)

Now, let us define a distance function

𝑑 (𝑢, V) =  (𝑢 − V) .
V

∞ = max
𝑖
{𝑢𝑖 − V𝑖

 .V𝑖 } . (34)

In the rest of this paper, we assume 𝑑(𝑢, V) is finite for any
pair (𝑢, V), and we extend the function 𝑑 to matrices. That is
for any matrices 𝑋,𝑌, we have, 𝑑(𝑋,𝑌) = 𝑑(vec(𝑋), vec(𝑌)).
For 𝜖 > 0, we denote 𝐵0𝜖(𝑎) = {𝑥 | 𝑑(𝑎, 𝑥) ≤ 𝜖}.

Based on the work by Gohberg and Koltracht [13] on
mixed, componentwise, and structured condition numbers,
we have Definition 9.
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Definition 9. Let 𝐹 : R𝑝 → R𝑞 be a continuous mapping
defined on an open interval set dom(𝐹) ⊂ R𝑝 such that 0 ∉
dom(𝐹) and 𝐹(𝑎) ̸= 0 for a given 𝑎 ∈ R𝑝.

(I) The mixed condition number of 𝐹 at 𝑎 is defined by

𝑚 (𝐹, 𝑎) = lim
𝜖→0

sup
𝑥∈𝐵0𝜖(𝑎)
𝑥 ̸=𝑎

‖𝐹 (𝑥) − 𝐹 (𝑎)‖∞‖𝐹 (𝑎)‖∞
1𝑑 (𝑥, 𝑎) . (35)

(II) The componentwise condition number of 𝐹 at 𝑎 is
defined by

𝑐 (𝐹, 𝑎) = lim
𝜖→0

sup
𝑥∈𝐵0𝜖 (𝑎)
𝑥 ̸=𝑎

𝑑 (𝐹 (𝑥) , 𝐹 (𝑎))𝑑 (𝑥, 𝑎) . (36)

If 𝐹 is Fréchet differentiable at point 𝑎. Then, the explicit
expressions of the mixed and componentwise condition
numbers of 𝐹 at 𝑎 are given by Lemma 10.

Lemma 10 (see [13, 14]). Assume 𝐹 is Fréchet differentiable at
point 𝑎, we have

(1) if 𝐹(𝑎) ̸= 0, then
𝑚 (𝐹, 𝑎) =

𝐹 (𝑎) diag (𝑎)∞‖𝐹 (𝑎)‖∞ =
𝐹 (𝑎) |𝑎|∞‖𝐹 (𝑎)‖∞ , (37)

(2) if 𝐹(𝑎) = [𝑓1(𝑎), 𝑓2(𝑎) ⋅ ⋅ ⋅ , 𝑓𝑞(𝑎)]𝑇 such that 𝑓𝑗(𝑎) ̸=0, for 𝑗 = 1, 2, ⋅ ⋅ ⋅ , 𝑞, then
𝑐 (𝐹, 𝑎) = diag (𝐹 (𝑎))−1 𝐹 (𝑎) diag (𝑎)∞

= 
(𝐹 (𝑎) |𝑎|) .|𝐹 (𝑎)|

∞ . (38)

Now, we derive the explicit expressions for the mixed and
componentwise condition numbers and their upper bounds in
Theorem 11.

Theorem 11. Let 𝑋 be the Hermitian positive definite solution
of (1). Define the mapping

Ψ : (𝐴, 𝐼) → vec (𝑋) = Ψ (𝐴, 𝐼) . (39)

(I) Let 𝑚(Ψ,𝑋) denote the mixed condition number
defined by (35). Then 𝑚(Ψ,𝑋) has the explicit expres-
sion

𝑚(Ψ,𝑋) = ‖Θ‖∞‖𝑋‖max
, (40)

where

Θ = 𝐵−1 vec (|𝐼|)
+ 𝐵−1 (((𝐼⨂(𝐴∗𝑒𝑋)) + ((𝐴𝑇𝑒𝑋)⨂𝐼)Π))
⋅ vec (|𝐴|) ,

(41)

(II) Let 𝑐(Ψ,𝑋) denote the componentwise condition num-
ber defined by (36). Then, 𝑐(Ψ,𝑋) has the explicit
expression

𝑐 (Ψ,𝑋) =  Θ.|vec (𝑋)|
∞ , (42)

where Θ is the same as in item (I).
Moreover, we define two simple upper bounds for 𝑚(Ψ,𝑋)

and 𝑐(Ψ,𝑋) given by

𝑚𝑢𝑝 (Ψ,𝑋)
= ‖𝑋‖−1max (𝐵−1∞ |𝐼| + 2 𝐴∗ 𝑒𝑋 |𝐴|max)
≥ 𝑚 (Ψ, 𝑋)

(43)

and

𝑐𝑢𝑝 (Ψ,𝑋) = diag−1 (vec (|𝑋|)) 𝐵−1∞
⋅ |𝐼| + 2 𝐴∗ 𝑒𝑋 |𝐴|max ≥ 𝑐 (Ψ,𝑋) ,

(44)

respectively.

Proof. We first prove (I) using (1) of Lemma 10. In this case,
for 𝑎 = vec([𝐼, 𝐴]), we obtain that the mixed condition
number is𝑚(Ψ,𝑋) = ‖|Ψ(𝑎)||𝑎|‖∞/‖Ψ(𝑎)‖∞. It follows from
(27) that

𝑚 (Ψ, 𝑋) =
𝐵−1Λ |Γ|∞‖vec (𝑋)‖∞ = ‖Θ‖∞‖𝑋‖max

, (45)

where

Θ = 𝐵−1Λ |Γ| = 𝐵−1 [𝐼𝑛2 ,𝐵−1 (((𝐼⨂(𝐴∗𝑒𝑋)) + ((𝐴𝑇𝑒𝑋)⨂𝐼)Π))]
⋅ [ vec (𝐼)

vec (𝐴)] = 𝐵−1 vec (|𝐼|)
+ 𝐵−1 (((𝐼⨂(𝐴∗𝑒𝑋)) + ((𝐴𝑇𝑒𝑋)⨂𝐼)Π))
⋅ vec (|𝐴|) .

(46)

It also holds that

‖Θ‖∞ = 𝐵−1Λ |Γ|∞ ≤ 𝐵−1 |Λ| |Γ|∞
= 𝐵−1∞ ‖|Λ| |Γ|‖∞
= 𝐵−1∞ |𝐼| + 2 𝐴∗ 𝑒𝑋 |𝐴|max .

(47)

So it follows from (45) that the upper bound of 𝑚(Ψ,𝑋) is
given by

𝑚 (Ψ,𝑋)
≤ ‖𝑋‖−1max (𝐵−1∞ |𝐼| + 2 𝐴∗ 𝑒𝑋 |𝐴|max)
= 𝑚up (Ψ,𝑋) .

(48)



6 Journal of Function Spaces

Table 1: Condition numbers for Example 1 evaluated using different tridiagonal matrices with size 𝑛.
𝑛 K1

rel K2
rel 𝑚(Ψ,𝑋) 𝑐(Ψ,𝑋) cond(X)

4 0.1991 0.5114 0.5066 11.4838 1.0071
6 0.2096 0.5124 0.5066 23.1583 1.0079
8 0.2140 0.5128 0.5066 52.7581 1.0082
10 0.2162 0.5130 0.5066 134.5177 1.0084

Now we prove item (II) for the componentwise condition
number c(Ψ,𝑋) of (1). Using (27) together with item (2) of
Lemma 10 yields

𝑐 (Ψ,𝑋) = 
(Ψ (𝑎) |𝑎|) .|Ψ (𝑎)|

∞ = 
(𝐵−1Λ |Γ|) .|vec (𝑋)|

∞
=  Θ.|vec (𝑋)|

∞ ,
(49)

whereΘ is the same as in item (I).
Likewise, to estimate the upper bound of 𝑐(Ψ,𝑋), we have

𝑐up (Ψ,𝑋) = diag−1 (vec (|𝑋|)) 𝐵−1∞
⋅ |𝐼| + 2 𝐴∗ 𝑒𝑋 |𝐴|max

≥ c (Ψ,𝑋) . (50)

This completes our proof.

4. Numerical Experiments

In this section, we provide some numerical examples and
results. Our tests were carried out in MATLAB mark 22.0
on an Intel(R) Core(TM)i3-4005u CPU@1.7GHz 1.70GHz
with 64-bit operating system. Four examples are consid-
ered. In Example 1, we evaluate normwise, mixed, and
componentwise condition numbers for different tridiagonal
matrix sizes. In Example 2, two cases are considered, in
the first case, a badly scaled input matrix 𝐴 is considered
and the three kinds of condition numbers are computed.
In the second case, a well-known doubly stochastic matrix
of different sizes is considered and the computed condition
numbers are compared. In Example 3, we make some small
random perturbation in matrices 𝐼 and 𝐴 and evaluate the
local upper perturbation bounds for the computed condition
numbers. In Example 4, we consider a symmetric matrix𝐴 with some specified perturbations in the matrices 𝐼 and𝐴 and evaluate condition numbers and their local upper
perturbation bounds.

In each example a comparison table for the computed
condition numbers is provided and a general remark is
provided for all results.

For 𝜖 > 0, we define 𝜖0 = max{𝜖 : |Δ𝐴| ≤ 𝜖|𝐴|,|Δ𝐼| ≤ 𝜖|𝐼|}, 𝐴 = 𝐴 + Δ𝐴, 𝐼 = 𝐼 + Δ𝐼, and 𝑋, 𝑋 are
solutions of (1) and (6), respectively. The solutions 𝑋 and 𝑋
are computed by a fixed point algorithm. We obtain the local
normwise, mixed, and componentwise condition numbers
as follows. 𝜁𝑁 = ‖Δ𝑋‖𝐹/‖𝑋‖𝐹, 𝜁𝑀 = ‖Δ𝑋‖max/‖𝑋‖max,
and 𝜁𝐶 = ‖vec(Δ𝑋)./vec(𝑋)‖max. Then, we also define

Table 2: Normwise and mixed condition numbers for different 𝑝-
values using an ill-conditioned input matrix 𝐴.
𝑝 K1

rel K2
rel 𝑚(Ψ,𝑋)

2 34.6169 22.7843 1.6223
4 6.5804 4.4013 0.8919
6 3.5024 2.3663 0.6400
9 2.0393 1.3890 0.4498

the relative mixed and componentwise local upper pertur-
bation bounds as ‖Δ𝑋‖max/‖𝑋‖max ≤ 𝜖0𝑚up(Ψ,𝑋) and‖vec(Δ𝑋)./vec(𝑋)‖max ≤ 𝜖0𝑐up(Ψ,𝑋), respectively.

Here, we propose a fixed point algorithm to compute the
solutions 𝑋 and 𝑋.
Fixed Point Algorithm

(I) Input an 𝑛×𝑛matrix with 𝜌(𝐴) < 1/𝑒, tolerance error
tol=𝑛×eps, and an initial guess 𝑋0 ≥ 𝐼, where 𝑛 is the
size of matrix 𝐴 and eps ≃ 1.1 × 10−16 is the standard
machine precision.

(II) For 𝑖 = 0, 1, 2, ⋅ ⋅ ⋅ , compute 𝑋𝑖+1 = (𝐼 + 𝐴∗𝑒𝑋𝐴)1/𝑝
and relative residual

res =
𝑋𝑝 − (𝐴∗𝑒𝑋𝐴 + 𝐼)𝐹‖𝑋𝑝‖𝐹 + 𝐴∗𝑒𝑋𝐴 + 𝐼𝐹 . (51)

(III) Exit the loop if res ≤ 𝑡𝑜𝑙. Otherwise, go to step (II).
(IV) Display the solution 𝑋.

Example 1. We consider the tridiagonal matrix 𝐴 = 𝑊𝑛/25,
where𝑊𝑛 = diag(1, 2, 1).

The matrix𝑊𝑛 is generated by a MATLAB function “full
(gallery (‘tridiag’, 𝑛, 1,2,1))”, where 𝑛 denotes the size of matrix𝐴. For 𝑝 = 2 and using fixed point algorithm we evaluate the
solution of (1) and compute relative normwise, mixed, and
componentwise condition numbers. The summary of results
is recorded in Table 1.

Example 2.

(I) We consider (1) with 𝐴 = (2/5) [ 0 0 10−17

2 0 3
1 10−14 0.05

]. Then,
we evaluate the normwise mixed and condition num-
bers for different 𝑝-values. We employ our proposed
fixed point method with 𝑋0=eye(𝑛). A summary of
results is displayed in Table 2.
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Table 3: Normwise and mixed condition numbers evaluated at different doubly stochastic input matrix 𝐴.
(𝑝, 𝑛) K1

rel K2
rel 𝑚(Ψ,𝑋) 𝑐(Ψ,𝑋)

(3,3) 8.7952 5.2523 3.4629 12.6425
(4,4) 3.4727 2.0392 1.4709 9.7038
(5,5) 2.2008 1.2491 0.8735 8.1702

Table 4: Condition numbers and relative upper perturbation bounds for Example 3 evaluated at ℎ = {6, 8, 10, 12} and 𝑛 = 3.
ℎ 6 8 10 12
K1

relΔ1 1.2816×10−7 1.3364×10−9 1.2573×10−11 1.2935×10−13
𝜁
𝑁

3.0635×10−7 2.8668×10−9 2.9382×10−11 2.7542×10−13
𝜁
𝑀

5.6886×10−7 5.0152×10−9 5.7033×10−11 5.9011×10−13
𝜁
𝐶

5.6991×10−7 5.0237×10−9 5.7129×10−11 5.9093×10−13
K2

relΔ2 4.8743×10−6 5.6170×10−8 4.8345×10−10 5.2817×10−12
𝜖
0
𝑚up (Ψ,𝑋) 5.5744×10−6 5.9432×10−8 5.2362×10−10 5.7641×10−12
𝜖
0
𝑐up (Ψ,𝑋) 5.5987×10−6 5.9691×10−8 5.2590×10−10 5.7893×10−12
𝜖
0
cond(𝑋) 1.0861×10−5 1.1579×10−7 1.0202×10−9 1.1230×10−11

(II) We consider (1) with a well-known doubly stochastic
matrix which has applications in communication
theory and graph theory [15]. We generate a doubly
stochastic matrix 𝐴 = (𝑎𝑖𝑗) = 𝐻/𝑁 such that ∑𝑖 𝑎𝑖𝑗 =∑𝑗 𝑎𝑖𝑗 = 1, where 𝐻 =magic(𝑛), 𝑁 =sum(𝐻(1, :)),
and 𝑛 is the size of 𝐴. Then, we apply our proposed
fixed point method with 𝑋0=eye(𝑛). A summary of
results is recorded in Table 3

Remark. In Table 2, the numerical result indicates that the
mixed condition number is much smaller than the normwise
condition number.

Equation (1) converges to a Hermitian positive definite
solution if 𝜌(𝐴) < 1/𝑒 as considered in Theorem 7 and in
our proposed fixed point method. In our several trials such
matrices did not satisfy componentwise condition numbers
to be less than the normwise condition number. Only mixed
condition number yielded the best result.

From Table 3, all the computed condition numbers
decrease as the size of doubly stochastic matrix and 𝑝-values
are increased.

Example 3. In this example, we use the same matrix 𝐴 as in
Example 1 for 𝑛 = 3 and 𝑝 = 2. We also set ΔA = 10−ℎ ×(rand(size(𝐴))/4) and Δ𝐼 = 2Δ𝐴 as the perturbations in the
matrices 𝐴 and 𝐼, respectively. Δ 1 and Δ 2 are used as they
were previously defined and ℎ is a positive integer.

The proposed fixed point algorithm is used to obtain the
solutions of (1) and (6), then a summary of results is recorded
in Table 4.

Example 4. In this example, we consider (1) and (6) in which𝑝 = 2 and
𝐴 = [[

[
0.0382 0.0157 0.0395
0.0157 0 0.0478
0.03395 0.0478 0.1065

]]
]
. (52)

We also suppose that the perturbations in 𝐴 and 𝐼 are

Δ𝐴 = [[[
[

−0.2 −0.3 0.1
0.1 −0.1 0.1
−0.1 0.1 0.2

]]]
]
× 10−ℎ

and Δ𝐼 = [[[
[

−0.3 0.2 0.1
0.1 −0.2 0.3
−0.1 0.1 −0.3

]]]
]
× 10ℎ,

(53)

where ℎ is a positive integer. Then, using the proposed
fixed point algorithm we evaluate solutions 𝑋 and 𝑋 for (1)
and (6), respectively. A summary of results is recorded in
Table 5.

Remarks

(I) In Table 1, both mixed and normwise condition num-
bers indicate that our nonlinear matrix equation is
well-conditioned since the computed condition num-
ber is very small for different matrix sizes used in the
experiment. However, the componentwise condition
number shows that our equation is ill-conditioned.
Moreover, the componentwise and normwise condi-
tion numbers increase as the matrix size increases
whereas the results for the mixed condition number
remains constant.

(II) InTables 4 and 5, all the computed conditionnumbers
are fairly sharp and the local upper perturbation
bounds for the mixed and componentwise condition
numbers exist as it was expected.

(III) In Tables 4 and 5, all condition numbers decrease
as the perturbation in the matrices 𝐼 and 𝐴 are
decreased.
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Table 5: Condition numbers and relative upper perturbation bounds for Example 4 evaluated at ℎ = {6, 8, 10, 12}.
ℎ 6 8 10 12
𝜁
𝑁

1.6657×10−7 1.6657×10−9 1.6656×10−11 1.6601×10−13
K1

relΔ1 1.8385×10−7 1.8385×10−9 1.8385×10−11 1.8385×10−13
𝜁
𝑀

2.9229×10−7 2.9229×10−9 2.9228×10−11 2.9087×10−13
𝜁
𝐶

3.0312×10−7 3.0312×10−9 3.0310×10−11 3.0164×10−13
K2

relΔ2 1.8081×10−6 1.8081×10−8 1.8083×10−10 1.8081×10−12
𝜖0𝑚up (Ψ,𝑋) 1.9060×10−6 1.9060×10−8 1.9060×10−10 1.9060×10−12
𝜖
0
𝑐up (Ψ,𝑋) 1.9376×10−6 1.9376×10−8 1.9376×10−10 1.9376×10−12
𝜖
0
cond(𝑋) 3.3083×10−6 3.3083×10−8 3.3083×10−10 3.3083×10−12

5. Conclusion

In this paper, we studied the normwise, mixed, and com-
ponentwise condition numbers of (1). Also, we derived the
explicit expressions normwise mixed and componentwise
condition numbers. Local upper bounds for the mixed and
componentwise condition numbers exists as it was expected.
A comparative analysis for the studied condition numbers
is carried out. Componentwise condition number showed
the worst results among the computed condition numbers
as shown in Tables 1 and 3. In general, (1) seems to be
well-conditioned since the computed condition numbers are
relatively small. Results in Tables 1, 2, 3, 4, and 5 indicate that
the mixed condition number can reveal the true sensitivity of
the problem when its input data are badly scaled or sparse.
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