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In this paper, we study the general dual Orlicz geominimal surface area by the general dual Orlicz mixed volume which was
introduced by Gardner et al. (2019). We find the conditions to the existence of the general dual Orlicz-Petty body and hence prove
the continuity of the general geominimal surface area in the Orlicz setting (2010 Mathematics Subject Classification:
52A20, 53A15).

1. Introduction

In the Euclidean space Rn, we call a compact and convex
subset K ⊂ Rn a convex body if K has nonempty interior. Let
Kn be the family of all convex bodies in Rn and Kn

0 be the
family of the convex bodies containing the origin in their
interiors. We use the standard notations 〈·, ·〉 and |·| to
denote the inner product and the Euclidean norm in Rn. Let
|K| denote the volume of a set K and Bn

2 denote the unit ball
in Rn, i.e., Bn

2 � x ∈ Rn: |x|≤ 1{ }; the volume of Bn
2 is

denoted by ωn. Let Sn− 1 � x ∈ Rn: |x| � 1{ } be the unit
sphere and σ denote the spheral measure.

*e geominimal surface area and its extension play
important roles in connecting the relative differential ge-
ometry with Minkowski geometry. *e geominimal surface
area was firstly introduced by Petty in 1974 (see [1]). *e Lp
geominimal surface area was investigated by Lutwak (see
[2]) and others (see, e.g., [3–5]). Recently, Lutwak et al. (see
[6, 7]) developed the Orlicz–Brunn–Minkowski theory, a
new extension of Brunn–Minkowski theory. Simulta-
neously, the geominimal surface area in Orlicz setting was
studied in [8, 9]. *e dual Lp Brunn–Minkowski theory was
introduced in [10, 11]. In 2011,Wang andQi [12] introduced
the Lp geominimal surface area in dual theory which is dual
to the Lp geominimal surface area. Moreover, they estab-
lished some affine isoperimetric inequalities, for example,
the Blaschke Santaló-type inequality for the Lp dual

geominimal surface area. *e dual Brunn–Minkowski the-
ory in Orlicz setting has already been introduced by Gardner
et al. [13, 14], Ye [15], and Zhu et al. [16]. For more results on
the geominimal surface area, one can refer to
[3, 4, 12, 17–20] and so on.

*e Orlicz–Brunn–Minkowski theory for the general
volume was established by Gardner et al. [21], and the
general dual mixed volume Vϕ,φ(K, L) in Orlicz setting was
also introduced (see [21], p13), i.e., for two star bodies K
and L:

Vϕ,φ(K, L) �
1
n


Sn− 1

ϕ ρK(u)u( φ
ρL(u)

ρK(u)
 ρK(u)

ndσ(u),

(1)

where ϕ: Rn\ 0{ }⟶ (0,∞) is a continuous function,
φ: (0,∞)⟶ (0,∞) is also a continuous function, and ρK

denotes the radial function of K (see Section 2 for undefined
and unexplained notations). *ere is a natural problem:
whether there is a convex body T ∈Kn

0 with |T∘| � ωn, such
that it is a solution to the following problem:

inf n Vϕ,φ(K, M): M ∈Kn
0 and M

∘
 � ωn . (2)

Here, M∘ is the polar of M (see Section 2).
If ϕ(x) � |x|q− n for q ∈ R and x ∈ Rn, we show this

problem is solvable. For instance, we obtain one of the main
results.

Hindawi
Journal of Function Spaces
Volume 2020, Article ID 1387269, 6 pages
https://doi.org/10.1155/2020/1387269

mailto:shuangmou92@163.com
https://orcid.org/0000-0001-5642-0707
https://orcid.org/0000-0003-3401-4630
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2020/1387269


Theorem 1. Let K ∈Ln
0 be a star body. If the function

φ: (0,∞)⟶ (0,∞) is increasing and q ∈ R, there is a
convex body T ∈Kn

0 with |T∘| � ωn, such that

nVq,φ(K, T) � inf nVq,φ(K, M): M ∈Kn
0 and M

∘
 � ωn .

(3)

In addition, if φ is convex, the solution T is unique.
Here, Vq,φ(K, L) can be formulated by (1) and ϕ(x) �

|x|q− n for q ∈ R, i.e.,

Vq,φ(K, L) �
1
n


Sn− 1

φ
ρL(u)

ρK(u)
 ρK(u)

qdσ(u). (4)

2. Background and Notation

For any set K ∈Kn, it can be determined by its support
function hK(u) � max 〈x, u〉: x ∈ K{ } for u ∈ Sn− 1. Obvi-
ously, hK ≥ 0 if K ∈Kn and hK > 0 if K ∈Kn

0. A set K will be
called a star set about the origin 0 if every line passes through
0 and meets K with only a line segment. Moreover, if K is a
star set about 0, its radial function ρK: Sn− 1⟶ (0,∞) can
be defined by the formula ρK � max t> 0: tu ∈ K{ } for all
u ∈ Sn− 1. If λ> 0, one obtains

ρλK(u) � λρK(u) and ρK(λu) � λ− 1ρK(u), for all u ∈ S
n− 1

.

(5)

If the radial function ρK of a star set K about the origin 0
is continuous and positive, then K is called a star body about
the origin 0. Denote by Ln

0 the family of star bodies in Rn

endowed with radial metric; that is, the distance between
K, L ∈Ln

0 is defined as ‖ρK − ρL‖∞, where ‖·‖∞ is max-
norm in Hausdorff metric space. Suppose there exist a se-
quence Ki i≥1 ⊂L

n
0 and a set K ∈Ln

0 such that Ki⟶ K,
then the radial function ρKi

(u) is uniformly convergent to
ρK(u).

For a convex body K ∈Kn, the polar K∘ of K is also a
convex body in Rn, that is,

K
∘

� x ∈ Rn
: 〈x, y〉≤ 1 for eachy ∈ K . (6)

It has been proved that (K∘)∘ � K if K ∈Kn
0. Moreover,

if K ∈Kn
0, the following formulas hold:

hK∘(u) �
1

ρK(u)
,

ρK∘(u) �
1

hK(u)
,

for all u ∈ S
n− 1

.

(7)

We use the notation GL(n) to denote the set of all in-
vertible and linear transforms onRn and detA to denote the
determinant of A ∈ GL(n). Especially, SL(n) � A: A ∈{

GL(n) and detA � ±1}. By At and A− t, we mean the
transpose of A and the inverse of the transpose of A, re-
spectively. From definitions of the radial function and the
support function, we observe immediately that for
A ∈ SL(n), L ∈Ln

0, and K ∈Kn
0, one has

ρAL(u) � ρL A
− 1

u ,

hAK(u) � hK A
t
u ,

for all u ∈ S
n− 1

.

(8)

By formulas (7) and (8), if K ∈Kn
0, we have

(AK)
∘

� A
− t

K
∘
. (9)

For any K, L ∈Ln
0 and λ, μ> 0, the harmonic radial

combination λ∘K + − 1μ∘L is defined by (see [22])

ρ− 1
λ∘K+− 1μ∘L

(u) � λρ− 1
K (u) + μρ− 1

L (u) for all u ∈ S
n− 1

, (10)

where λ ∘K defines the radial multiplication, i.e.,
λ ∘K � λ− 1K. Obviously, the harmonic radial combination
of two convex bodies K, L ∈Kn

0 is still a convex body
according to formulas (7) and (10). For q ∈ R, the qth dual
mixed volume of two star bodies K, L ∈Ln

0 is given by (see
[2])

Vq(K, L) �
1
n


Sn− 1

ρn− q
K (u)ρq

L(u)dσ(u). (11)

Letting L � Bn
2, then Vq(K, Bn

2) � (1/n)
Sn− 1ρ

n− q
K

(u)dσ(u). By the Hölder inequality, one has for q> 0 (see
[10])

Vq K, B
n
2( ≤V(K)

(q/n)ω(n− q)/n
n , (12)

with equality iff K is a ball. If q< 0, the reverse inequality of
(12) holds. Obviously,

Vq(K, K) � |K|, (13)

where |K| � (1/n)
Sn− 1ρn

K(u)dσ(u) is the volume of star
body K ∈Ln

0.
In convex geometry, the Blaschke selection theorem is

very useful (see, e.g., [23, 24]), which means that if a se-
quence Kn  of convex bodies is bounded, there is a sub-
sequence Knm

 of Kn  and a convex set K such that Knm

converges to K.

Lemma 1 (see [2]). Suppose Ki i≥1 ⊂K
n
0 is a convergent

sequence such that Ki⟶ K0 in the Hausdorff distance. If
|K∘i | i≥1 is bounded, then K0 ∈K

n
0.

Lemma 2 (see [25]). If Ki i≥1 ⊂K
n
0 is a bounded sequence

and the sequence |K∘i | i≥1 is also bounded, there is a sub-
sequence Kij

j≥1 and a body K ∈Kn
0 such that Kij

⟶ K. In
addition, if |K∘i | � ωn, then |K∘| � ωn.

3. Properties for the General Dual Mixed
Volume Vq,φ(K, L)

In this section, we will discuss some properties of the general
dual Orlicz mixed volume, which is defined as follows [21]:
Let K, L ∈Ln

0; if ϕ: Rn\ 0{ }⟶ (0,∞) is continuous and
φ ∈ C+(0,∞), the general dual Orlicz mixed volume is
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Vϕ,φ(K, L) �
1
n


Sn− 1

ϕ ρK(u)u( φ
ρL(u)

ρK(u)
 ρn

K(u)dσ(u).

(14)

Here, C(I) denotes the family of all the continuous
functions on interval I ⊂ R, and C+(I) is the set of f ∈ C(I)

such that f> 0. Let

I � φ ∈ C
+
(0,∞): φ(t) is increasing functionwith lim

t⟶∞
φ(t) �∞ and lim

t⟶0
φ(t) � 0 ,

D � φ ∈ C
+
(0,∞): φ(t) is decreasing functionwith lim

t⟶∞
φ(t) � 0 and lim

t⟶0
φ(t) �∞ .

(15)

In this paper, we will consider the function φ ∈ I∪D
and ϕ(x) � |x|q− n for q ∈ R, that is

Vq,φ(K, L) �
1
n


Sn− 1

φ
ρL(u)

ρK(u)
 ρq

K(u)dσ(u). (16)

We will now prove the continuity of the general dual
Orlicz mixed volume as follows.

Proposition 1. Let Ki 
∞
i�1 ⊂L

n
0 and Li 

∞
i�1 ⊂L

n
0 be two

sequences of star bodies such that Ki⟶ K ∈Ln
0 and

Li⟶ L ∈Ln
0 as i⟶∞. If φ ∈ I∪D and q ∈ R, then

Vq,φ Ki, Li( ⟶ Vq,φ(K, L) as i⟶∞. (17)

Proof. Since Ki⟶ K ∈Ln
0 and Li⟶ L ∈Ln

0 as
i⟶∞, then ρKi

⟶ ρK and ρLi
⟶ ρL uniformly on Sn− 1,

and thus, there are two constants m, M> 0 such that

mB
n
2 ⊂ Ki, K, Li, L ⊂MB

n
2. (18)

*en, for any i≥ 1 and u ∈ Sn− 1, we have

m

M
≤
ρLi

(u)

ρKi
(u)

,
ρL(u)

ρK(u)
≤

M

m
. (19)

From the continuity of φ on interval [(m/M), (M/m)],
we have

φ
ρLi

(u)

ρKi
(u)

 ρKi
(u)

q⟶ φ
ρL(u)

ρK(u)
 ρK(u)

q uniformly on S
n− 1

,

(20)

Hence, one has

lim
i⟶∞

Vq,φ Ki, Li(  � lim
i⟶∞

1
n


Sn− 1

φ
ρLi

(u)

ρKi
(u)

 ρq
Ki

(u)dσ(u)

�
1
n


Sn− 1

φ
ρL(u)

ρK(u)
 ρq

K(u)dσ(u)

� Vq,φ(K, L).

(21)

*e next proposition is necessary to prove our main
results. □

Proposition 2. Let Ki i≥1 ⊂L
n
0 be a sequence and K ∈Ln

0
such that Ki⟶ K as i⟶∞. If Li i≥1 ⊂L

n
0 is a sequence

such that Vq,φ(Ki, Li) 
i≥1 is bounded for φ ∈ I and q ∈ R,

then Li i≥ 1 is bounded.

Proof. *e boundedness of Vq,φ(Ki, Li) 
i≥1 shows that

there is a M> 0 such that Vq,φ(Ki, Li)<M for all i≥ 1. We
now assume Li i≥1 is unbounded, that is, supi≥1Ri �∞,
where Ri � max ρLi

(u): u ∈ Sn− 1 . Hence, there is a constant
D> 0 such that Ri >D. Let R � max ρK(u): u ∈ Sn− 1  and
r � min ρK(u): u ∈ Sn− 1 . Combining with continuity of the
radial function, φ ∈ I, and Fatou’s lemma, one has

M> lim
i⟶∞

Vq,φ Ki, Li( 

� lim
i⟶∞

1
n


Sn− 1

φ
ρLi

(u)

ρKi
(u)

 ρq
Ki

(u)dσ(u)

≥ lim
i⟶∞

1
n


Sn− 1

φ
D

ρKi
(u)

 ρq
Ki

(u)dσ(u)

≥
1
n


Sn− 1

lim inf
i⟶∞

φ
D

ρKi
(u)

 ρq
Ki

(u)dσ(u)

� φ
D

R
 r

qωn.

(22)

Let D⟶∞; then, one has a contradiction M≥∞.
*us, Li i≥1 is bounded. □

4. Continuity of the General Dual Orlicz-
Petty Body

In this section, we firstly define the general dual Orlicz
geominimal surface area, denoted by Gq,φ(K), and prove the
existence and uniqueness of the general dual Orlicz-Petty
body. Moreover, we will also provide some properties of the
general dual Orlicz-Petty body. Finally, the continuity of
Gq,φ(K) will be established.

Definition 1. Suppose K ∈Ln
0 is a star body. For φ ∈ I and

q ∈ R, define the general dual Orlicz geominimal surface
area of K by

Gq,φ(K) � inf nVq,φ(K, L): L ∈Kn
0 with L

∘
 � ωn . (23)
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*e affine invariance of the general dual Orlicz geo-
minimal surface area can be shown in the following
consequence.

Proposition 3. Let K ∈Ln
0 and A ∈ SL(n). If q ∈ R and

φ ∈ I, then

Gq,φ(AK) � Gq,φ(K). (24)

Proof. For any x ∈ Rn\ 0{ }, let x � x/|x|. From Definition 1,
together with formulas (8), (9), and (16), we have

Gq,φ(AK)

� inf nVq,φ(AK, L): L ∈Kn
0 with L

∘
 � ωn 

� inf 
Sn− 1

φ
ρL(u)

ρAK(u)
 ρq

AK(u)dσ(u): L ∈Kn
0 with L

∘
 � ωn 

� inf 
Sn− 1

φ
ρA− 1L A− 1u( 

ρK A− 1u( 
 ρq

K A
− 1

u dσ(u): L ∈Kn
0 with L

∘
 � ωn 

� inf 
Sn− 1

φ
ρA− 1L A− 1u( 

ρK A− 1u( 
 ρq

K A
− 1

u dσ AA
− 1

u : A
− 1

L ∈Kn
0 with A

− 1
L 
∘

 � ωn 

� inf 
Sn− 1

φ
ρA− 1L A− 1u

ρK A− 1u

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠ρq

K A− 1u dσ A− 1u : A
− 1

L ∈Kn
0 with A

− 1
L 
∘

 � ωn

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭

� Gq,φ(K).

(25)

We now prove the existence of the general dual Orlicz-
Petty body as follows. □

Theorem 2. Suppose K ∈Ln
0 is a star body. If φ ∈ I and

q ∈ R, then there is a convex body T ∈Kn
0 such that

Gq,φ(K) � nVq,φ(K, T) and T
∘
 � ωn. (26)

In addition, if φ is convex, the body T is unique.

Proof. From Definition 1, there is a sequence Ti i≥1 ⊂K
n
o

with |T∘i | � ωn, such that Vq,φ(K, Bn
2)≥ Vq,φ(K, Ti) for each

i≥ 1 and nVq,φ(K, Ti)⟶ Gq,φ(K). We now prove that the
sequence Ti i≥1 is bounded. Similar to Proposition 2, as-
sume that Ti i≥1 is unbounded, let
Ri � max ρTi

(u): u ∈ Sn− 1 , and thus supi≥1Ri �∞; there
exists a constant sequence Di i≥1 and a constantD such that
Ri >Di and Di⟶ D as i⟶∞. Let
R � max ρK(u): u ∈ Sn− 1  and r � min ρK(u): u ∈ Sn− 1 .
By formula (16) and Fatou’s lemma, we have

Vq,φ K, B
n
2(  � lim

i⟶∞
Vq,φ K, Ti( 

� lim
i⟶∞

1
n


Sn− 1

φ
ρTi

(u)

ρK(u)
 ρq

K(u)dσ(u)

≥ lim
i⟶∞

1
n


Sn− 1

φ
Di

ρK(u)
 ρq

K(u)dσ(u)

≥
1
n


Sn− 1

lim inf
i⟶∞

φ
Di

ρK(u)
 ρq

K(u)dσ(u)

� φ
D

R
 r

qωn.

(27)

*is will not hold if D⟶∞ as i⟶∞. Hence,
Ti i≥1 ⊂K

n
0 is bounded; then by the Blaschke selection

theorem, there is one subsequence Tij
 

j≥ 1
⊂ Ti i≥1 and

one compact convex set T so that Tij
⟶ T as j⟶∞; it

also implies that T∘ij⟶ T∘. Since |T∘ij | � ωn, by Lemma 2,
we have |T∘| � ωn and by Lemma 1 we have T ∈Kn

0. *is
together with Proposition 1 shows that
Gq,φ(K) � lim

i⟶∞
nVq,φ K, Ti(  � nVq,φ(K, T)with T

∘
 � ωn.

(28)
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If φ is convex, assume that there are two convex bodies
T1, T2 ∈K

n
0 such that |T∘1| � |T∘2| � ωn and

Gq,φ(K) � nVq,φ(K, T1) � nVq,φ(K, T2). Define a body T by

T �
1
2
∘T1 + − 1

1
2
∘T2. (29)

Obviously

T
∘

�
1
2
T
∘
1 +

1
2
T
∘
2. (30)

*us, T is a convex body and T ∈Kn
0 by formulas (7) and

(10). By the Brunn–Minkowski inequality, we have |T∘|≥ωn

with equality iff T1 � T2. Since both f(t) � t− 1 and φ ∈ I
are convex functions, we have

n Vq,φ(K, T) � 
Sn− 1

φ
ρT(u)

ρK(u)
 ρq

K(u)dσ(u)

� 
Sn− 1

φ
ρ

(1/2)∘T1 +− 1(1/2)∘T2
(u)

ρK(u)
 ρq

K(u)dσ(u)

� 
Sn− 1

φ
(1/2)ρT1

(u)− 1 +(1/2)ρT2
(u)− 1

 
− 1

ρK(u)
⎛⎝ ⎞⎠ρq

K(u)dσ(u)

≤
Sn− 1

φ
(1/2)ρT1

(u) +(1/2)ρT2
(u)

ρK(u)
 ρq

K(u)dσ(u)

≤
Sn− 1

1
2
φ

ρT1
(u)

ρK(u)
  +

1
2
φ

ρT2
(u)

ρK(u)
  ρq

K(u)dσ(u)

�
1
2

nVq,φ K, T1(  +
1
2

nVq,φ K, T2( 

� nVq,φ K, T1( 

� nVq,φ K, T2( .

(31)

With equality iff T1 � T2. *us, if T1 ≠T2, we have

nVq,φ(K, T)< nVq,φ K, T1(  � nVq,φ K, T2( , (32)

which is a contradiction with the definition of Gq,φ(K). *is
finishes the proof. □

Remark 1. *e body T in *eorem 2 is usually called as the
general dual Orlicz-Petty body and is denoted by

Tq,φ(K) � T: Gq,φ(K) � nVq,φ(K, T)with T
∘
 � ωn .

(33)

Since T is unique if the function φ is convex by *eorem
2, the mapping Tq,φ(K) contains only one element.

In the next theorem, we prove the continuity of the
general geominimal surface area Gq,φ(K).

Theorem 3. Let Ki 
∞
i�1 ⊂L

n
0 and K ∈Ln

0 such that
Ki⟶ K as i⟶∞. If φ ∈ I and q ∈ R, then
Gq,φ(Ki)⟶ Gq,φ(K).

Proof. Let Ki 
∞
i�1 ⊂L

n
0 and K ∈Ln

0 such that Ki⟶ K as
i⟶∞. For any real number ϵ> 0, from Definition 1 and
Proposition 1, there is a convex body Tε ∈K

n
0 so that |T∘ε| �

ωn and

Gq,φ(K) + ε> nVq,φ K, Tε( 

� limi⟶∞nVq,φ Ki, Tε( 

� lim supi⟶∞nVq,φ Ki, Tε( 

≥ lim supi⟶∞
Gq,φ Ki( .

(34)

Since ε> 0 is arbitrary,
Gq,φ(K)≥ lim sup

i⟶∞
Gq,φ Ki( . (35)

Let Ti ∈ Tq,φ(Ki) for each Ki ∈L
n
0, that is,

Gq,φ(Ki) � n Vq,φ(Ki, Ti). *is, together with formula (35),
implies that the sequence Vq,φ(Ki, Ti) is bounded and thus
the sequence Ti i≥ 1 is bounded by Proposition 2. Suppose

Kijk

 
k≥ 1
⊂ Ki i≥ 1 is a subsequence so that

lim
k⟶∞

Gq,φ Kijk

  � lim inf
i⟶∞

Gq,φ Ki( . (36)

Since Tij
 

j≥ 1
is uniformly bounded, then by Lemma 1,

there is a subsequence Tijk

 
k≥ 1
⊂ Tij

 
j≥ 1

and a convex

body T ∈Kn
0 such that limk⟶∞Tijk

� T. According to
Definition 1, Proposition 1, and *eorem 2, one has

Gq,φ(K)≤ nVq,φ(K, T)

� n lim
k⟶∞

Vq,φ Kijk

, Tijk

 

� lim
k⟶∞

Gq,φ Kijk

 

� lim inf
i⟶∞

Gq,φ Ki( .

(37)

Combining (35) and (37), one obtains

lim
i⟶∞

Gq,φ Ki(  � Gq,φ(K). (38)

Similar to the statement of Remark 1, the mapping
Tq,φ(K) contains only one element if the function φ is
convex, so it can define an operator. Moreover, we can prove
this operator is continuous as follows. □

Theorem 4. Let Ki 
∞
i�1 ⊂L

n
0 and K ∈Ln

0 such that
Ki⟶ K as i⟶∞. If q ∈ R and φ ∈ I are convex, then
Tq,φ(Ki)⟶ Tq,φ(K).

Proof. Let T � Tq,φ(K) and Ti � Tq,φ(Ki) by the uniqueness
of Tq,φ(K) and Tq,φ(Ki) when φ ∈ I is convex. By the

subsequence Kij
 

j≥1
of Ki i≥1 such that Kij

⟶ K as

j⟶∞ and *eorem 3, then there is a subsequence

Tij
 

j≥1
⊂ Ti i≥1 such that

Gq,φ(K) � lim
j⟶∞

Gq,φ Kij
  � lim

j⟶∞
nVq,φ Kij

, Tij
 . (39)

*is implies that Vq,φ(Kij
, Tij

) is bounded, and hence,

Tij
 

j≥1
is bounded by Proposition 2. *us, according to

Lemma 2, there are a subsequence Tijk

 
k≥1
⊂ Tij

 
j≥1

and a
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body T0 ∈K
n
0 so that limk⟶∞Tijk

� T0 and |T∘0| � ωn. By
Proposition 1 and formula (18), we have

Gq,φ(K) � lim
k⟶∞

Gq,φ Kijk

  � lim
k⟶∞

nVq,φ Kijk

, Tijk

 

� nVq,φ K, T0( .

(40)

On the other hand, since T ∈ Tq,φ(K), T satisfies |T∘| �

ωn and Gq,φ(K) � nVq,φ(K, T). *e convexity of φ ∈ I, by
*eorem 2, implies T � T0; that is, limi⟶∞Ti � T. Hence,
Tq,φ(Ki)⟶ Tq,φ(K). □
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