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)is paper focuses on the invariance of deficiency indices of second-order symmetric linear difference equations under per-
turbations. By applying the perturbation theory of Hermitian linear relations, the invariance of deficiency indices of the cor-
responding minimal subspaces under bounded and relatively bounded perturbations is built. As a consequence, the invariance of
limit types of second-order symmetric linear difference equations under bounded and relatively bounded perturbations
is obtained.

1. Introduction

Consider the following second-order difference equation:

− ∇(p(t)Δx(t)) + q(t)x(t) � λw(t)x(t), t ∈ I, (1)

where I is the integer set t{ }+∞
t�0 ; Δ and ∇ are the forward and

backward difference operators, respectively, i.e., Δx(t) �

x(t + 1) − x(t),∇x(t) � x(t) − x(t − 1); p(t) and q(t) are
all real-valued with p(t)≠ 0 for t ∈ I and p(− 1)≠ 0; w(t) is
the weight function with w(t)> 0 for t ∈ I; and λ is a
complex spectral parameter.

Equation (1) originates from the discretization of the one-
dimensional Schrödinger equation [1, 2]. It is the simplest
form of formally self-adjoint difference equations. Due to its
wide applications (see [3]), equation (1) has been extensively
studied, and many elegant results have been obtained. In
particular, Atkinson [3] first studied the limit point and limit
circle types for second-order difference equations. Subse-
quently, his work was further developed by Hinton, Jirari,
Clark, Chen, et al. (see [4–7]). Later, Sun and Shi [8, 9] studied
the eigenvalue problems of second-order difference equations
with coupled boundary conditions and periodic and anti-
periodic boundary conditions, respectively. Tx’hey proved the
existence of eigenvalues and calculated the numbers of ei-
genvalues. )en, by applying the Glazman–Krein–Naimark

theory for Hermitian linear relations, self-adjoint extensions
for second-order symmetric linear difference equations were
completely characterized in terms of boundary conditions
[10]. Recently, we studied regular approximations of spectra
of singular second-order symmetric linear difference equa-
tions. It was shown that spectral inclusion and spectral ex-
actness hold in the limit point and limit circle case, separately
[11–13]. For more results about second-order difference
equations, the reader is referred to [14, 15]. In this paper, we
are interested in the stability of deficiency indices of the
minimal subspaces generated by these singular second-order
difference equations under bounded and relatively bounded
perturbations.

It is well known that the deficiency indices of closed
symmetric operators or Hermitian linear relations play an
important role in the theory of self-adjoint extension.
According to the generalized von Neumann theory [16] and
the GKN theory [17], a closed symmetric operator or a
Hermitian linear relation has a self-adjoint extension if and
only if its positive and negative deficiency indices are equal
and its self-adjoint extension domains have a close rela-
tionship with its deficiency indices. So, it is of great sig-
nificance to determine the deficiency indices of both
differential equations and difference equations. No doubt,
perturbation theory is one of the important research tools.
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Stability of deficiency indices of differential operators
under perturbations has been extensively studied, and
many elegant results have been obtained. In 1910, Weyl
first studied the deficiency indices of second-order for-
mally self-adjoint differential equations [18]. It was shown
that the deficiency index equals to the number of linearly
independent square integrable solutions of the differential
equation for each spectral parameter λ ∈ C/R (where C
and R denote the sets of the complex and real number,
respectively). Later, Atkinson studied the maximal defi-
ciency index of Hamiltonian differential systems [3]. He
showed that the maximal deficiency index is invariant
under bounded perturbation. In particular, the stability of
deficiency indices of symmetric operators under pertur-
bations was studied systematically by Behncke and Focke
[19]. )ey proved the invariance of deficiency index of a
symmetric operator under relatively bounded perturba-
tion with relative bound less than 1.)is result extends the
well known self-adjointness result [20]. In the relative
bound one case, however, the deficiency index may shrink
(for more results about the stability of the deficiency
indices of symmetric operators, see [21–23] and some
references cited therein).

In the study of spectral theory of difference expression
(1) as well as the general linear discrete Hamiltonian systems,
it was found that the minimal operator may be not densely
defined or not well defined as an operator; that is, it is
multivalued [13]. )is fact is ignored in previous literature,
including [24–26]. So, the classical perturbation theory of
deficiency indices of symmetric operators is not available in
this case. Motivated by the need to consider the operators of
this kind, Neumann [27] first introduced linear relations
into functional analysis, and then Arens [28] andmany other
scholars further studied and developed the fundamental
theory of linear relations. A linear relation is also called a
linear subspace (briefly, subspace). In particular, motivated
by the study of the stability of deficiency indices of (1), we
generalized the corresponding results in [19] for symmetric
operators to Hermitian linear relations and established the
perturbation theory of deficiency indices of Hermitian linear
relations [29]. In addition, the invariance of self-adjointness
of linear relations was obtained in [30]. In this paper, we
shall apply these results given in [29] to discuss the stability
of deficiency indices of (1) under bounded and relatively
bounded perturbations.

To the best of our knowledge, there seem a few results
about the stability of the deficiency indices of Hermitian
subspaces under perturbations, though there are many re-
sults about the deficiency indices of Hermitian relations (see
[3, 4, 17, 26, 31–36]). In 1998, Cross introduced concepts of
boundedness, relative boundedness, and deficiencies of
linear relations and showed that the deficiency of a subspace
are stable under bounded perturbation with certain addi-
tional conditions ([35], Corollary III. 7.6).)e deficiency of a
linear relation has a close relationship with its deficiency
indices. In 2013, Zheng [36] obtained the invariance of the
minimal and maximal deficiency indices under bounded
perturbation for discrete Hamiltonian systems. In the
present paper, we focus on the study of the invariance of the

deficiency indices of (1) under bounded and relatively
bounded perturbations. )ese results obtained in this paper
provide an alternate way to determine the limit types of these
difference equations, some of which improve and extend
some previous results (see Remark 1 and Example 1).

In the study of stability of deficiency indices of equation
(1), we encounter a difficulty that the minimal subspaces
generated by the unperturbed and perturbed equations are
defined in different spaces in the case that a perturbation of
weight function occurs. So, it is difficult to study the stability
of their deficiency indices by using the results given in [29]
(see Lemma 1). In order to overcome this difficulty, we take
one transformation to convert the weight function to 1.

)e rest of this paper is organized as follows. In Section
2, some basic concepts and useful fundamental results about
linear relations are introduced. In Section 3, the invariance
of deficiency indices of the minimal subspaces corre-
sponding to (1) under bounded and relatively bounded
perturbations is built. As a consequence, the invariance of
limit types of second-order symmetric linear difference
equations under bounded and relatively bounded pertur-
bations is obtained.

2. Preliminaries

In this section, some basic concepts and fundamental results
about linear relations and second-order symmetric linear
difference equations are introduced.

2.1. Some Basic Concepts and Useful Results of Linear
Relations. Let X be a complex Hilbert space with inner
product 〈·, ·〉, T and S be two linear relations in the product
space X2 ≔ X × X, and α ∈ C. Denote

D(T) ≔ x ∈ X: (x, f) ∈ T for somef ∈ X ,

R(T) ≔ f ∈ X: (x, f) ∈ T for somex ∈ X ,

T(x) ≔ f ∈ X: (x, f) ∈ T ,

T
∗ ≔ (y, g) ∈ X

2
: 〈g, x〉 � 〈y, f〉for all (x, f) ∈ T ,

αT ≔ (x, αf): (x, f) ∈ T ,

T + S ≔ (x, f + g): (x, f) ∈ T, (x, g) ∈ S .

(2)

A linear relation T is called closed if it is a closed sub-
space in X2. A linear relation T ⊂ X2 is called a Hermitian
relation if T ⊂ T∗, and it is called a self-adjoint relation if
T � T∗.

Definition 1 (see [17], Definition 2.3). Let T be a linear
relation in X2. )e subspace R(T − λI)⊥ is called the defi-
ciency space of T and λ, and the number dλ(T) ≔
dimR(T − λI)⊥ is called the deficiency index of T and λ.

It can be easily verified that the deficiency indices of T
and its closure with the same λ are equal. In addition, by
[17] ()eorem 2.3), dλ(T) is constant in the upper and
lower half-planes; that is, dλ(T) � d+(T) for all λ ∈ C with
Im λ> 0 and dλ(T) � d− (T), for all λ ∈ C with Im λ< 0,
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where d±(T) � d±i(T). )e pair (d+(T), d− (T)) is called
the deficiency indices of T, and d+(T) and d− (T) are called
the positive and negative deficiency indices of T,
respectively.

We shall recall concepts of the norm of a linear relation
and relative boundedness of two linear relations as follows.

Let T be a linear relation in X2. )e quotient space
X/T(0) is a Hilbert space [20] with the inner product:

〈[x], [y]〉 �〈x⊥, y
⊥〉,

[x], [y] ∈ X/T(0),
(3)

where x � x0 + x⊥ and y � y0 + y⊥ with x0, y0 ∈ T(0) and
x⊥, y⊥ ∈ T(0)⊥.

Now, define the following natural quotient map:

QT: X⟶ X/T(0), x⟼ [x]. (4)

Furthermore, we define
Ts � G QT( T, (5)

where G(QT) is the graph of QT. )en, Ts is a linear operator
with domain D(T) ([35], Proposition II.1.2). )e norm of T
at x ∈ D(T) and the norm of T are defined, respectively (see
[35], II.1),

||T(x)|| ≔ Ts(x)
����

����,

‖T‖ ≔ Ts





 � sup Ts(x)

����
����: x ∈ D(T)with ‖x‖≤ 1 .

(6)

Definition 2 (see [35], Definition VII.2.1). Let S and T be two
linear relations in X2.

(1) S is said to be T-bounded if D(T) ⊂ D(S), and there
exists a constant c≥ 0 such that

||S(x)||≤ c(‖x‖ + ||T(x)||), x ∈ D(T). (7)

(2) If S is T-bounded, then the infimum of all numbers
b≥ 0 for which a constant a≥ 0 exists such that

‖S(x)‖≤ a‖x‖ + b‖T(x)‖, x ∈ D(T), (8)

is called the T-bound of S.

Lemma 1 (see [29], Corollary 3.1). Let Tand S be Hermitian
relations in X2 with D(T) ⊂ D(S) and S(0) ⊂ T(0). If S is T-
bounded with T-bound less than 1, then d±(T + S) � d±(T).

2.2. Basic Concepts and Results of Second-Order Symmetric
Linear Difference Equations. In this subsection, we intro-
duce the concepts of maximal, preminimal and minimal
subspaces, and then list some useful results about (1).

)e natural difference operator corresponding to (1) is
denoted by

L(x)(t) ≔ − ∇(p(t)Δx(t)) + q(t)x(t), t ∈ I. (9)

Denote

l
2
w(0,∞) ≔ x � x(t){ }

∞
t�− 1 ⊂ C: 

∞

t�0
w(t)|x(t)|

2 < +∞
⎧⎨

⎩

⎫⎬

⎭,

(10)

with the inner product 〈x, y〉w ≔ 
∞
t�0w(t)y(t)x(t) and the

norm ‖x‖w ≔ (〈x, x〉)1/2 for any x, y ∈ l2w(0,∞). When
w(t) ≡ 1 for t ∈ I, l2w(0,∞) and ‖x‖w are denoted by
l2(0,∞) and ‖x‖, respectively. For convenience, x is called to
be square summable if ‖x‖ ∈ l2w(0,∞).

Denote

H ≔ (x, f) ∈ l
2
w(I) 

2
: L(x)(t) � w(t)f(t), t ∈ I ,

H00 ≔ (x, f) ∈ H: there exist two integers t0, t1 ∈ Iwith t0 < t1 such thatx(t) � 0 for t≤ t0 and t≥ t1 ,

(11)

where H and H00 are called the maximal and preminimal
subspaces corresponding to L or (1), respectively. )e
subspace H0 ≔ H00 is called the minimal subspace corre-
sponding to L or (1). By Corollary 3.1 and )eorem 3.3 in
[10], H00 and H0 are nondensely defined Hermitian oper-
ators in l2w(0,∞). So, the results about stability of deficiency
indices for symmetric operators under perturbations given
in [19] cannot be applied to study the invariance of defi-
ciency indices of H0 under perturbations. We shall apply the
results about invariance of deficiency indices for Hermitian
relations under perturbations established in [29] to study
this problem.

By n±(H0) denote the number of linearly independent
square summable solutions of (1) with λ � ± i in l2w(0,∞).
By (13) of Lemma 3.5 in [10], we have that d±(H0) �

n±(H0). In addition, by the largest defect index theorem
(see [3], )eorem 5.6.1, or [5], )eorem 3.2.7), either
d+(H0) � d− (H0) � 1 or d+(H0) � d− (H0) � 2; that is, L
is either in the limit point type (briefly, l.p.c.) or in the limit
circle case (briefly, l.c.c.) at t � +∞.

To the end, we introduce a criterion of limit circle case for (1).

Lemma 2 (see [7], Corollary 3.2). If the coefficients of (1)
satisfy

Journal of Function Spaces 3



δ � lim
t⟶∞

sup
w(t + 1)

w(t − 1)

r(t)r(t − 1)

p(t)p(t − 1)
−

p(t − 1)

p(t)
 

2⎧⎨

⎩

+
w(t)

w(t − 1)

r(t − 1)

p(t − 1)
 

2

+
1

w(t − 2)
w(t + 1)

r(t)

p(t)
 

2
⎛⎝

+ w(t))
p(t − 2)

p(t − 1)
 

2⎫⎬

⎭ < 1,

(12)
where r(t) � p(t) + p(t − 1) + q(t) for t ∈ I, then (1) is in
l.c.c. at t � +∞.

3. Main Results

In this section, we shall study the invariance of deficiency in-
dices of the minimal subspace corresponding to (1) with co-
efficients under bounded and relatively bounded perturbations.
As a consequence, the invariance of limit types of (1) under
bounded and relatively bounded perturbations is obtained.

Consider the perturbed difference equation with p, q,
and w perturbed by p, q, and w, respectively, i.e.,

L(x)(t) ≔ − ∇(p(t)Δx(t)) + q(t)x(t) � λw(t)x(t), t ∈ I,

(13)

where p, q, and w are real-valued with p(t)≠ 0 for t ∈ t{ }∞t�− 1
and w(t)> 0 for t ∈ t{ }∞t�0. Similarly, l2w(0,∞), 〈·, ·〉w, ‖ · ‖w,
H, H00, H0, and n±( H0) are defined as in Section 2.2.

We first consider the case that w(t) � w(t) ≡ 1.

Theorem 1. Assume that w(t) � w(t) ≡ 1 for t ∈ I. If there
exists a constant b satisfying |b|<

�
2

√
/2 such that

p(t) − p(t) � bp(t) + c1(t), t≥ − 1,

q(t) − q(t) � bq(t) + c2(t), t≥ 0,
(14)

where c1(t) and c2(t) are bounded functions of t and
c1(− 1) � 0. 8en, d±(H0) � d±(

H0); that is, L is in l.c.c.
(l.p.c.) at t � +∞ if and only if L is in l.c.c. (l.p.c.) at t � +∞.

Proof. By the definition of the preminimal subspace, we have
D(H00) � D( H00). Let S � H00 − H00. )en, S is Hermitian
since H00 and H00 are Hermitian. For any (x, f) ∈ H00 and
(x, g) ∈ S, we have (x, f + g) ∈ H00. )us, L(x)(t) � f(t)

and L(x)(t) � f(t) + g(t) for t ∈ I. From (14) and that
c1(t) and c2(t) are bounded with c1(− 1) � 0, it follows that

||g||
2

� ||(f + g) − f||
2

� 

∞

t�0
| L(x)(t) − L(x)(t)|

2

� 
∞

t�0
| − ∇[(p(t) − p(t))Δx(t)] +(q(t) − q(t))x(t)|

2

� 
∞

t�0
− ∇ bp(t) + c1(t)( Δx(t)  + bq(t) + c2(t)( x(t)



2

≤ 2b
2
||f||

2
+ M‖x‖

2
,

(15)

whereM is a positive constant. )erefore, S is H00-bounded
with H00-bound less than 1 since |b|<

�
2

√
/2. Hence,

d±(H00) � d±(
H00) by Lemma 1. )is implies that

d±(H0) � d±( H0). )is completes the proof.
)e following result can be directly derived from

)eorem 1. □

Corollary 1. Assume that w(t) � w(t) ≡ 1 for t ∈ I. If
p(t) − p(t) 

∞
t�0 and q(t) − q(t) 

∞
t�0 are bounded, and

|p(− 1) − p(− 1)|< (
�
2

√
/2)|p(− 1)|, then d±(H0) � d±( H0);

that is, L is in l.c.c. (l.p.c.) at t � +∞ if and only if L is in
l.c.c. (l.p.c.) at t � +∞.

Remark 1. In [7] (Lemma 2.4), Chen and Shi showed the
invariance of the limit point and limit circle cases for (1) with
the potential function under bounded perturbation in the
case that the weight function w(t) � w(t) ≡ 1 for t ∈ I.
)eorem 1 contains this result.

Now, we consider the case that w(t) � w(t) ≡ 1 for t ∈ I.
We first introduce the following transform:

y(t) � w(t)
1/2

x(t),

R(t) � (p(t) + p(t − 1) + q(t))w(t)
− 1

,

P(t) � p(t)(w(t)w(t + 1))
− 1/2

,

Q(t) � R(t) − P(t) − P(t − 1),

(16)

where w(− 1) defined. Applying it, we can convert (1) and
(13) to (17) and (18), respectively, that is,

− ∇(P(t)Δy(t)) + Q(t)y(t) � λy(t), t ∈ I, (17)

− ∇(P(t)Δy(t)) + Q(t)y(t) � λy(t), t ∈ I. (18)

According to )eorem 1, we get the following result.

Theorem 2. Let w(t) � w(t) for t≥ − 1. If there exists a
constant b satisfying |b|< (

�
2

√
/2) such that

p(t) − p(t) � bp(t) + c1(t)(w(t)w(t + 1))
1/2

, t≥ − 1,

q(t) − q(t) � bq(t) + c2(t)w(t) − w(t)
1/2∇

· c1(t) w(t + 1)
1/2

− w(t)
1/2

  , t≥ 0,

(19)
where c1(t) and c2(t) are bounded functions of t and
c1(− 1) � 0. 8en, d±(H0) � d±( H0); that is, L is in l.c.c.
(l.p.c.) at t � +∞ if and only if L is in l.c.c. (l.p.c.) at t � +∞.

Corollary 2. Let w(t) � w(t) for t≥ − 1. If
(p(t) − p(t))(w(t)w(t + 1))− 1/2

 
∞
t�0 and (p(t) + p(t−

1) + q(t) − p(t) − p(t − 1) − q(t))w(t)− 1}∞t�0 are bounded,
and |p(− 1) − p(− 1)|< (

�
2

√
/2)|p(− 1)|, then d±(H0) �

d±( H0); that is,L is in l.c.c. (l.p.c.) at t � +∞ if and only if L

is in l.c.c. (l.p.c.) at t � +∞.

Next, we shall consider the case that p(t) � p(t) for
t ∈ t{ }∞t�− 1 and q(t) � q(t) for t ∈ I.

Lemma 3. Let p(t) � p(t) for t ∈ t{ }∞t�− 1 and q(t) � q(t) for
t ∈ I. If there exists a constant α> 0 and t0 ∈ I such that
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w(t)≤ αw(t), t≥ t0, (20)

then d±(H0)≤ d±(
H0).

Proof. In view of p(t) � p(t) for t ∈ t{ }∞t�− 1 and q(t) � q(t)

for t ∈ I, it follows that (1) and (13) with λ � 0 have the
same solutions. On the contrary, by (20), we have that
l2w(0,∞) ⊂ l2w(0,∞). )erefore, it follows from the maxi-
mal defect index theorem (see [3], )eorem 5.6.1, or [5],
)eorem 3.2.7) that d±(H0)≤d±( H0). )is completes the
proof.

)e following result can be directly derived from
Lemma 3. □

Theorem 3. Let p(t) � p(t) for t ∈ t{ }∞t�− 1 and q(t) � q(t)

for t ∈ I. If there exist constants α, β> 0, and t0 ∈ I such that

βw(t)≤ w(t)≤ αw(t), t≥ t0, (21)

then d±(H0) � d±(
H0).

Combing )eorems 2 and 3, we can get the following
result.

Theorem 4. If (19) and (21) hold, then d±(H0) � d±( H0);
that is, L is in l.c.c. (l.p.c.) at t � +∞ if and only if L is in
l.c.c. (l.p.c.) at t � +∞.

To conclude this section, we shall give an example to
illustrate the results obtained in this paper.

Example 1. Let p(t) � 4t for t≥ − 1, q(t) � − 4t and w(t) �

t + 1 for t≥ 0 in (1). )en,

L(x)(t) � − ∇ 4tΔx(t)  − 4t
x(t) � λ(t + 1)x(t), t ∈ I,

(22)

is in l.c.c. at t � +∞ by Lemma 2 with δ � (21/128)< 1. )is
implies that d±(H0) � 2.

Consider the perturbed difference equation:

L(x)(t) ≔ − ∇(p(t)Δx(t)) + q(t)x(t) � λw(t)x(t), t ∈ I,

(23)

with p(− 1) � 1/8,
p(t) � 2 · 4t− 1

+
�����������
(t + 1)(t + 2)


,

q(t) � − 2 · 4t− 1
+ 3t + 3 −

�����������
(t + 1)(t + 2)


−

�������
t(t + 1)


,

w(t) � 5t + 3, t≥ 0.

(24)

In order to avoid complicated calculation for (12), it is
convenient to treat the perturbed equation by using
)eorem 4 instead of Lemma 2. It can be easily verified that
the conditions in )eorem 4 are satisfied with b � − 1/2,
c1(t) � c2(t) � 1, for t≥ 0, α � 5, and β � 1. )us, it follows
from )eorem 4 that d±( H0) � d±(H0) � 2. )erefore, L

is also in l.c.c. at t � +∞.

4. Conclusions

As we have mentioned in the first section, it is very im-
portant for us to study the stability of deficiency indices of
both differential equations and difference equations because
the deficiency indices play an important role in theory of
self-adjoint extension.

)is paper is concerned with stability of deficiency in-
dices of second-order symmetric linear difference equations
with one singular endpoint under bounded and relatively
bounded perturbations. By applying the perturbation theory
of Hermitian linear relations, several criteria of stability of
deficiency indices of second-order symmetric linear differ-
ence equations are established. )ese results obtained in this
paper provide an alternate way to determine the limit types
of these difference equations, some of which improve and
extend some previous results (see Remark 1 and Example 1).
In addition, since the deficiency index equals to the number
of linearly independent square summable solutions of (1)
with λ ∈ C/R, the results given in this paper may also be used
to determine the number of linearly independent square
summable solutions. )ese results obtained in the present
paper will be a foundation of research on stability of spectra
of these difference equations. Finally, we shall remark that
the ideas and methods used in this paper are still available in
the study of invariance of the deficiency indices of discrete
Hamiltonian systems. And, we shall discuss this problem in
the near future.
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