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By using fixed-point index theory, we consider the existence of multiple positive solutions for a system of nonlinear Caputo-type
fractional differential equations with the Riemann-Stieltjes boundary conditions.

1. Introduction

Fractional order calculus is more widely used than integer
order calculus (see [1]). Based on it, many researchers have
been focused on the study of the existence of positive solu-
tions for various fractional differential equations with some
boundary conditions. We can refer to [2–35] for some recent
works about fractional boundary value problems.

In [14], Ma and Cui discussed the following fractional
boundary value problem:

cDθ
0+p yð Þ + µf y, p yð Þð Þ = 0, y ∈ 0, 1½ �,

p 0ð Þ = p″ 0ð Þ = 0,

p 1ð Þ =
ð1
0
p yð ÞdA yð Þ,

8>>>><
>>>>:

ð1Þ

where θ ∈ ð2, 3Þ, cDθ
0+ is the Caputo fractional derivative,

f ∈ Cð½0, 1� × ½0, +∞Þ, ½0, +∞ÞÞ, µ > 0 is a parameter. By
using the Guo-Krasnosel’skii fixed-point theorem, they
proved that the fractional differential equation has at least
a positive solution when μ satisfies some conditions.

A few researchers have studied the existence of solutions
for the systems of nonlinear fractional differential equations
(see [23–35]). For example, in [24], by monotone iterative
technique and cone theory, Zhang et al. have studied the

uniqueness of a solution for fractional systems with the
Riemann-Stieltjes integral boundary condition. Hao et al.
[32] have studied a system of fractional boundary value prob-
lems with two parameters; by using the Guo-Krasnosel’skii
fixed-point theorem, they obtained the existence of positive
solutions for the system in terms of different values of param-
eters. Meanwhile, a few researchers have been considering
the systems for nonlinear integer order boundary value prob-
lems, such as in [33], where the researchers considered the
existence of multiple positive solutions for a system of non-
linear third-order differential equations. In [34], by Banach’s
contraction principle, the researchers considered the exis-
tence of a unique solution for a system of second order differ-
ential equations with coupled integral boundary conditions.

Inspired by [14, 23–35], in this paper, we want to study
the following system of fractional differential equations:

−cDθ1
0+x tð Þ = f1 t, x tð Þ, y tð Þð Þ, t ∈ 0, 1½ �,

−cDθ2
0+y tð Þ = f2 t, x tð Þ, y tð Þð Þ, t ∈ 0, 1½ �,

x 0ð Þ = x″ 0ð Þ = 0, x 1ð Þ =
ð1
0
x tð ÞdA1 tð Þ,

y 0ð Þ = y″ 0ð Þ = 0, y 1ð Þ =
ð1
0
y tð ÞdA2 tð Þ,

8>>>>>>>>>><
>>>>>>>>>>:

ð2Þ
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where f i : ½0, 1� × ½0, +∞Þ × ½0, +∞Þ⟶ ½0, +∞Þ is continu-
ous; θi ∈ ð2, 3Þ ; cDθi

0+ is the Caputo fractional derivative; Ai
is a bounded variation function with positive measure with
Bi =

Ð 1
0tdAiðtÞ < 1, i = 1, 2.

The main purpose of this paper is that we prove that sys-
tem (2) has one and multiple positive solutions by the fixed-
point index theory.

2. Preliminaries

In this section, we only give the definition of Caputo’s
fractional derivative. For some of the other definitions and
properties of Caputo’s fractional derivative, we can refer to
[2]. We mainly give the relevant Green functions and the
used lemmas.

Definition 1 (see [2, 14]). For a function x ∈ Cn½0, +∞Þ, we
define Caputo’s fractional derivative of order θ > 0 as follows:

cDθ
0+x tð Þ = 1

Γ n − θð Þ
ðt
0
t − sð Þn−θ−1xn sð Þds, n − 1 < θ < n,

ð3Þ

where n is the smallest integer greater than or equal to θ.

From [14], we have the following lemmas.

Lemma 2 (see [14]). Let u ∈ C½0, 1� and θ1, θ2 ∈ ð2, 3Þ. Then
p is the solution of the linear Caputo fractional differential
equation

cDθi
0+p tð Þ + u tð Þ = 0, t ∈ 0, 1½ �,

p 0ð Þ = p″ 0ð Þ = 0,

p 1ð Þ =
ð1
0
p tð ÞdAi tð Þ,

8>>>><
>>>>:

ð4Þ

if and only if p is the solution of the integral equation

p tð Þ =
ð1
0
Ki t, sð Þu sð Þds, ð5Þ

where

and Bi =
Ð 1
0tdAiðtÞ < 1, i = 1, 2.

Lemma 3 (see [14]). The above Green’s function Kiðt, sÞði =
1, 2Þ has the following properties:

(i) ΓðθiÞKiðt, sÞ ≤ ð1/ð1 − BiÞÞð1 − sÞθi−1, for t, s ∈ ½0, 1�
(ii) ΓðθiÞKiðt, sÞ ≥Nið1 − sÞθi−1, for t ∈ ½ð1/4Þ, ð3/4Þ�, s ∈

½0, 1�
where

Ni = min 1 −
Ð 1
0t

θi−1dAi tð Þ
4 1 − Bið Þ , min

t∈ 1/4ð Þ, 3/4ð Þ½ �
t 1 − tθi−2
� �( )

,

 i = 1, 2:
ð7Þ

Lemma 4 (see [36]). Let E be a Banach space and P ⊂ E be
a cone. Define Dr = fu ∈ P : kuk < rg, where r > 0. Suppose
that T : �Dr ⟶ P is completely continuous, and Tu ≠ u, for
u ∈ ∂Dr .

(i) If kTuk ≤ kuk, ∀u ∈ ∂Dr , then iðT ,Dr , PÞ = 1

(ii) If kTuk ≥ kuk, ∀u ∈ ∂Dr , then iðT ,Dr , PÞ = 0

3. Main Results

Let E = C½0, 1� × C½0, 1� be a Banach space with the norm
kðu, vÞkE = kuk + kvk on E, where kuk =max

0≤t≤1
juðtÞj:

Define the cone

P =
�

u, vð Þ ∈ E : u ≥ 0, v ≥ 0, min
1/4ð Þ≤t≤ 3/4ð Þ

u tð Þ + v tð Þð Þ

≥ K u, vð Þk kE
�
,

ð8Þ

where

K =min N1 1 − B1ð Þ,N2 1 − B2ð Þf g < 1: ð9Þ

N1 and N2 are defined by (7), and the nonlinear opera-
tors T1, T2, and T are defined by

Ki t, sð Þ = 1
Γ θið Þ

t
1 − Bi

1 − sð Þθi−1 −
ð1
s
t − sð Þθi−1dAi tð Þ

� �
− t − sð Þθi−1, 0 ≤ s, t ≤ 1,

t
1 − Bi

1 − sð Þθi−1 −
ð1
s
t − sð Þθi−1dAi tð Þ

� �
, 0 ≤ t ≤ s ≤ 1,

8>>><
>>>:

ð6Þ
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T1 x, yð Þ tð Þ =
ð1
0
K1 t, sð Þf1 s, x sð Þ, y sð Þð Þds, t ∈ 0, 1½ �,

T2 x, yð Þ tð Þ =
ð1
0
K2 t, sð Þf2 s, x sð Þ, y sð Þð Þds, t ∈ 0, 1½ �,

T x, yð Þ = T1 x, yð Þ, T2 x, yð Þð Þ,  x, yð Þ ∈ E,
ð10Þ

where Kiðt, sÞði = 1, 2Þ is defined by (6).
It is known that fixed points of the operator T in P are

positive solutions of the system (2).

Lemma 5. The operator T : P⟶ P is completely continuous.

Proof. For ðx, yÞ ∈ P, when t ∈ ½0, 1�, we have T1ðx, yÞðtÞ ≥
0, T2ðx, yÞðtÞ ≥ 0.

When

t ∈
1
4 ,

3
4

� �
, ð11Þ

by Lemma 3, we obtain

T1 x, yð Þ tð Þ =
ð1
0
K1 t, sð Þf1 s, x sð Þ, y sð Þð Þds

≥
N1

Γ θ1ð Þ
ð1
0
1 − sð Þθ1−1 f1 s, x sð Þ, y sð Þð Þds

= N1 1 − B1ð Þ
Γ θ1ð Þ

ð1
0

1 − sð Þθ1−1
1 − B1ð Þ f1 s, x sð Þ, y sð Þð Þds

≥N1 1 − B1ð Þ max
t∈ 0,1½ �

ð1
0
K1 t, sð Þf1 s, x sð Þ, y sð Þð Þds

=N1 1 − B1ð Þ T1 x, yð Þk k:
ð12Þ

Similar to the proof of (12), for

x, yð Þ ∈ P,

t ∈
1
4 ,

3
4

� �
,

ð13Þ

we have

T2 x, yð Þ tð Þ ≥N2 1 − B2ð Þ T2 x, yð Þk k: ð14Þ

By (12) and (14), we get

min
t∈ 1/4ð Þ, 3/4ð Þ½ �

T1 x, yð Þ tð Þ + T2 x, yð Þ tð Þð Þ

≥N1 1 − B1ð Þ T1 x, yð Þk k +N2 1 − B2ð Þ T2 x, yð Þk k
≥ K T x, yð Þk kE:

ð15Þ

By (15), TðPÞ ⊂ P. Similar to the proof of Lemma 6 in
[14], we know that T1, T2 : C½0, 1�⟶ C½0, 1� are completely
continuous. So T : P⟶ P is completely continuous.

For convenience, some marks and assumptions are given.
Some of the marks are as follows:

g0 = lim
x,yð Þ→ 0+,0+ð Þ

f1 t, x, yð Þ
x + y

,

�g0 = lim
x,yð Þ→ 0+,0+ð Þ

f2 t, x, yð Þ
x + y

,

g∞ = lim
x,yð Þ→ +∞,+∞ð Þ

f1 t, x, yð Þ
x + y

,

�g∞ = lim
x,yð Þ→ +∞,+∞ð Þ

f2 t, x, yð Þ
x + y

,

k1 =
N1K
Γ θ1ð Þ

ð 3/4ð Þ

1/4ð Þ
1 − sð Þθ1−1ds,

k3 =
N2K
Γ θ2ð Þ

ð 3/4ð Þ

1/4ð Þ
1 − sð Þθ2−1ds,

ð16Þ

where K is defined by (9).

k2 =
1

Γ θ1ð Þ 1 − B1ð Þ
ð1
0
1 − sð Þθ1−1ds,

k4 =
1

Γ θ2ð Þ 1 − B2ð Þ
ð1
0
1 − sð Þθ2−1ds,

 k =min k1, k3f g, h =max k2, k4f g:

ð17Þ

Some of the assumptions are as follows:
S1. There exist a > 0 and b2 > b1 > 0 such that

(i) f1ðt, x, yÞ ≥ aðx + yÞ, f2ðt, x, yÞ ≥ aðx + yÞ, ∀t ∈ ½0, 1�,
0 ≤ x, y ≤ b1

(ii) f1ðt, x, yÞ < ðb2/2hÞ, f2ðt, x, yÞ < ðb2/2hÞ, ∀t ∈ ½0, 1�,
0 ≤ x, y ≤ b2

where a also satisfies ak > ð1/2Þ, k and h are defined by (17).
S2. There exists q > 0 such that

f1 t, x, yð Þ > Kq
2k ,

f2 t, x, yð Þ > Kq
2k ,

 ∀t ∈ 0, 1½ �, x + y ∈ Kq, q½ �,

ð18Þ

where K is defined by (9) and k is defined by (17).

Theorem 6. Suppose that g0 = �g0 =∞ and g∞ = �g∞ = 0 uni-
formly on t ∈ ½0, 1�. Then, system (2) has a positive solution.
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Proof. By g0 = �g0 =∞, we know that there exist r1 > 0 and
m1 > 0 such that

f1 t, x, yð Þ ≥m1 x + yð Þ,
f2 t, x, yð Þ ≥m1 x + yð Þ,

 ∀0 ≤ x, y ≤ r1, t ∈ 0, 1½ �,
ð19Þ

and m1k1 > ð1/2Þ, m1k3 > ð1/2Þ.
Set Pr1

= fðx, yÞ ∈ P : kðx, yÞkE < r1g. By Lemma 3 and
(19), for ðx, yÞ ∈ ∂Pr1

, t ∈ ½ð1/4Þ, ð3/4Þ�, we have

T1 x, yð Þ tð Þ =
ð1
0
K1 t, sð Þf1 s, x sð Þ, y sð Þð Þds

≥
N1m1
Γ θ1ð Þ

ð3/4
1/4

1 − sð Þθ1−1 x sð Þ + y sð Þð Þds

≥m1
N1K
Γ θ1ð Þ

ð3/4
1/4

1 − sð Þθ1−1ds xk k + yk kð Þ

=m1k1 x, yð Þk kE >
1
2 x, yð Þk kE:

ð20Þ

Similar to the proof of (20), we have

T2 x, yð Þ tð Þ > 1
2 x, yð Þk kE , ∀ x, yð Þ ∈ ∂Pr1

: ð21Þ

So by (20) and (21), we have

T x, yð Þk kE = T1 x, yð Þk k + T2 x, yð Þk k
> x, yð Þk kE , ∀ x, yð Þ ∈ ∂Pr1

:
ð22Þ

By Lemma 4 and (22), we have

i T , Pr1
, P

� 	
= 0: ð23Þ

From g∞ = �g∞ = 0, we know that there exist ~r > r1 > 0
and m2 > 0 such that

f1 t, x, yð Þ ≤m2 x + yð Þ,
f2 t, x, yð Þ ≤m2 x + yð Þ,

∀x + y ≥~r, t ∈ 0, 1½ �,
ð24Þ

and m2h < ð1/4Þ. In this part, we divide two cases. One
case is that f1 and f2 are bounded. Namely, there exists W
> 0 such that

f1 t, x, yð Þ ≤W,
f2 t, x, yð Þ ≤W,
 ∀x, y ∈ 0, +∞½ Þ, t ∈ 0, 1½ �:

ð25Þ

Take r2 > max f2Wh, r1g. Set Pr2
= fðx, yÞ ∈ P : kðx, yÞkE

< r2g. For ðx, yÞ ∈ ∂Pr2
and t ∈ ½0, 1�, we get

T1 x, yð Þ tð Þ =
ð1
0
K1 t, sð Þf1 s, x sð Þ, y sð Þð Þds

≤W
ð1
0
K1 t, sð Þds ≤ W

Γ θ1ð Þ 1 − B1ð Þ
ð1
0
1 − sð Þθ1−1ds

≤Wh < r2
2 = 1

2 x, yð Þk kE:
ð26Þ

The other case is that f1 and f2 are unbounded. By the
continuity of f1, there exists r2 > max fr1,~rg such that

f1 t, x, yð Þ ≤ f1 t, r2, r2ð Þ, for 0 < x, y ≤ r2: ð27Þ

Hence, set Pr2
= fðx, yÞ ∈ P : kðx, yÞkE < r2g. For ðx, yÞ ∈

∂Pr2
and t ∈ ½0, 1� we get

T1 x, yð Þ tð Þ =
ð1
0
K1 t, sð Þf1 s, x sð Þ, y sð Þð Þds

≤
1

Γ θ1ð Þ 1 − B1ð Þ
ð1
0
1 − sð Þθ1−1 f1 s, r2, r2ð Þds

≤
1

Γ θ1ð Þ 1 − B1ð Þ
ð1
0
1 − sð Þθ1−1m2 r2 + r2ð Þds

= 2m2k2r2 = 2m2k2 x, yð Þk kE < 2m2h x, yð Þk kE
< 1
2 x, yð Þk kE:

ð28Þ

So in either case, there always exists r2 > r1 such that

T1 x, yð Þk k < 1
2 x, yð Þk kE, ∀ x, yð Þ ∈ ∂Pr2

: ð29Þ

Similarly, we have

T2 x, yð Þk k < 1
2 x, yð Þk kE, ∀ x, yð Þ ∈ ∂Pr2

: ð30Þ

So by (29) and (30), we have

T x, yð Þk kE = T1 x, yð Þk k + T2 x, yð Þk k
< x, yð Þk kE, ∀ x, yð Þ ∈ ∂Pr2

:
ð31Þ

By Lemma 4 and (31), we have

i T , Pr2
, P

� 	
= 1: ð32Þ

From (23) and (32), we obtain

i T , Pr2
\ �Pr1

, P
� 	

= i T , Pr2
, P

� 	
− i T , Pr1

, P
� 	

= 1: ð33Þ
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So T has a fixed point ðx, yÞ in Pr2
\ �Pr1

. It is obvious that
ðx, yÞ is a positive solution of system (2).

Theorem 7. Suppose that S1 holds and g∞ = �g∞ =∞. Then,
the system (2) has two positive solutions.

Proof. Set Pb1
= fðx, yÞ ∈ P : kðx, yÞkE < b1g. By Lemma 3 and

S1 (i), for ðx, yÞ ∈ ∂Pb1
and t ∈ ½ð1/4Þ, ð3/4Þ�, we get

T1 x, yð Þ tð Þ =
ð1
0
K1 t, sð Þf1 s, x sð Þ, y sð Þð Þds

≥
N1

Γ θ1ð Þ
ð3/4
1/4

1 − sð Þθ1−1 f1 s, x sð Þ, y sð Þð Þds

≥
N1a
Γ θ1ð Þ

ð3/4
1/4

1 − sð Þθ1−1 x sð Þ + y sð Þð Þds

≥
N1aK
Γ θ1ð Þ

ð3/4
1/4

1 − sð Þθ1−1ds xk k + yk kð Þ

= ak1 x, yð Þk kE ≥ ak x, yð Þk kE ≥
1
2 x, yð Þk kE:

ð34Þ

So

T1 x, yð Þk k > 1
2 x, yð Þk kE, ∀ x, yð Þ ∈ ∂Pb1

: ð35Þ

Similar to the proof of (35), we have

T2 x, yð Þk k > 1
2 x, yð Þk kE, ∀ x, yð Þ ∈ ∂Pb1

: ð36Þ

So by (35) and (36), we have

T x, yð Þk kE = T1 x, yð Þk k + T2 x, yð Þk k
> x, yð Þk kE, ∀ x, yð Þ ∈ ∂Pb1

:
ð37Þ

By Lemma 4 and (37), we have

i T , Pb1
, P

� 	
= 0: ð38Þ

Set Pb2
= fðx, yÞ ∈ P : kðx, yÞkE < b2g. By Lemma 3 and S1

(ii), for ðx, yÞ ∈ ∂Pb2
and t ∈ ½0, 1�, we get

T1 x, yð Þ tð Þ =
ð1
0
K1 t, sð Þf1 s, x sð Þ, y sð Þð Þds

≤
1

Γ θ1ð Þ 1 − B1ð Þ
ð1
0
1 − sð Þθ1−1 f1 s, x sð Þ, y sð Þð Þds

< b2
2hΓ θ1ð Þ 1 − B1ð Þ

ð1
0
1 − sð Þθ1−1ds = b2k2

2h

≤
b2
2 = 1

2 x, yð Þk kE:
ð39Þ

So

T1 x, yð Þk k < 1
2 x, yð Þk kE , ∀ x, yð Þ ∈ ∂Pb2

: ð40Þ

Similarly,

T2 x, yð Þk k < 1
2 x, yð Þk kE , ∀ x, yð Þ ∈ ∂Pb2

: ð41Þ

So by (40) and (41), we have

T x, yð Þk kE = T1 x, yð Þk k + T2 x, yð Þk k
< x, yð Þk kE , ∀ x, yð Þ ∈ ∂Pb2

:
ð42Þ

By Lemma 4 and (42), we have

i T , Pb2
, P

� 	
= 1: ð43Þ

By g∞ = �g∞ =∞, there exist m3 > 0 and b > b2 such that

f1 t, x, yð Þ ≥m3 x + yð Þ,
f2 t, x, yð Þ ≥m3 x + yð Þ,
 ∀x + y ≥ b, t ∈ 0, 1½ �,

ð44Þ

and m3k > ð1/2Þ.
Choose b3 > max fb2, ðb/KÞg. Set Pb3

= fðx, yÞ ∈ P :

kðx, yÞkE < b3g. For ðx, yÞ ∈ ∂Pb3

min
t∈ 1/4ð Þ, 3/4ð Þ½ �

x tð Þ + y tð Þð Þ ≥ K xk k + yk kð Þ = Kb3 > b: ð45Þ

Then, by (44) and Lemma 3, we get

T1 x, yð Þ tð Þ =
ð1
0
K1 t, sð Þf1 s, x sð Þ, y sð Þð Þds

≥
N1

Γ θ1ð Þ
ð3/4
1/4

1 − sð Þθ1−1 f1 s, x sð Þ, y sð Þð Þds

≥
N1m3
Γ θ1ð Þ

ð3/4
1/4

1 − sð Þθ1−1 x sð Þ + y sð Þð Þds

≥
N1m3K
Γ θ1ð Þ

ð3/4
1/4

1 − sð Þθ1−1ds xk k + yk kð Þ

=m3k1 x, yð Þk kE ≥m3k x, yð Þk kE >
1
2 x, yð Þk kE:

ð46Þ

So

T1 x, yð Þk k > 1
2 x, yð Þk kE , ∀ x, yð Þ ∈ ∂Pb3

: ð47Þ

Similarly,

T2 x, yð Þk k > 1
2 x, yð Þk kE , ∀ x, yð Þ ∈ ∂Pb3

: ð48Þ

5Journal of Function Spaces



So by (47) and (48), we have

T x, yð Þk kE = T1 x, yð Þk k + T2 x, yð Þk k
> x, yð Þk kE, ∀ x, yð Þ ∈ ∂Pb3

:
ð49Þ

By Lemma 4 and (49), we have

i T , Pb3
, P

� 	
= 0: ð50Þ

Since 0 < b1 < b2 < b3, by (38), (43), and (50), we get

i T , Pb3
\ �Pb2

, P
� 	

= i T , Pb3
, P

� 	
− i T , Pb2

, P
� 	

= −1, ð51Þ

i T , Pb2
\ �Pb1

, P
� 	

= i T , Pb2
, P

� 	
− i T , Pb1

, P
� 	

= 1: ð52Þ

From (51), we know that T has a fixed point ðx1, y1Þ ∈
ðPb3

\ �Pb2
Þ. From (52), we know that T has another fixed

pointðx2, y2Þ ∈ ðPb2
\ Pb1

Þ. So the system (2) has two positive
solutionsðx1, y1Þ and ðx2, y2Þ, with 0 < kðx2, y2ÞkE < b2 <
kðx1, y1ÞkE .

Theorem 8. Let g0 = �g0 = 0 and g∞ = �g∞ = 0. In addition,
suppose that S2 holds. Then, system (2) has two positive
solutions.

Proof. By g0 = �g0 = 0, we know that there exist c1 > 0 and h1
∈ ð0, qÞ such that

f1 t, x, yð Þ ≤ c1 x + yð Þ,
f2 t, x, yð Þ ≤ c1 x + yð Þ,

 ∀0 ≤ x, y ≤ h1, t ∈ 0, 1½ �,
ð53Þ

and c1h < ð1/2Þ. Set Ph1
= fðx, yÞ ∈ P : kðx, yÞkE < h1g.

By Lemma 3 and (53), for ðx, yÞ ∈ ∂Ph1
and t ∈ ½0, 1�,

we get

T1 x, yð Þ tð Þ =
ð1
0
K1 t, sð Þf1 s, x sð Þ, y sð Þð Þds

≤
c1

Γ θ1ð Þ 1 − B1ð Þ
ð1
0
1 − sð Þθ1−1 x sð Þ + y sð Þð Þds

≤
c1 xk k + yk kð Þ
Γ θ1ð Þ 1 − B1ð Þ

ð1
0
1 − sð Þθ1−1ds

= c1k2 x, yð Þk kE < c1h x, yð Þk kE <
1
2 x, yð Þk kE:

ð54Þ

So

T1 x, yð Þk k < 1
2 x, yð Þk kE , ∀ x, yð Þ ∈ ∂Ph1

: ð55Þ

Similarly,

T2 x, yð Þk k < 1
2 x, yð Þk kE, ∀ x, yð Þ ∈ ∂Ph1

: ð56Þ

So by (55) and (56), we have

T x, yð Þk kE = T1 x, yð Þk k + T2 x, yð Þk k
< x, yð Þk kE, ∀ x, yð Þ ∈ ∂Ph1

:
ð57Þ

By Lemma 4 and (57), we have

i T , Ph1
, P

� 	
= 1: ð58Þ

From g∞ = �g∞ = 0, we know that there exist c2 > 0
and H > h1 such that

f1 t, x, yð Þ ≤ c2 x + yð Þ,
f2 t, x, yð Þ ≤ c2 x + yð Þ,
 ∀x + y ≥H, t ∈ 0, 1½ �,

ð59Þ

and c2h < ð1/4Þ. In this part, we divide two cases. One case
is that f1 and f2 are bounded. Namely, there exists W > 0
such that

f1 t, x, yð Þ ≤W,
f2 t, x, yð Þ ≤W,
 ∀x, y ∈ 0, +∞½ Þ, t ∈ 0, 1½ �:

ð60Þ

Take h2 > max f2Wh, qg. Set Ph2
= fðx, yÞ ∈ P :

kðx, yÞkE < h2g. For ðx, yÞ ∈ ∂Ph2
and t ∈ ½0, 1�, we get

T1 x, yð Þ tð Þ =
ð1
0
K1 t, sð Þf1 s, x sð Þ, y sð Þð Þds ≤W

ð1
0
K1 t, sð Þds

≤
W

Γ θ1ð Þ 1 − B1ð Þ
ð1
0
1 − sð Þθ1−1ds ≤Wh < h2

2

= 1
2 x, yð Þk kE:

ð61Þ

Another case is that f1 and f2 are unbounded. By the
continuity of f1, there exists h2 > max fh1, q,Hg such that

f1 t, x, yð Þ ≤ f1 t, h2, h2ð Þ, for 0 < x, y ≤ h2: ð62Þ

Hence, set Ph2
= fðx, yÞ ∈ P : kðx, yÞkE < h2g. For ðx, yÞ

∈ ∂Ph2
, we get
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T1 x, yð Þ tð Þ =
ð1
0
K1 t, sð Þf1 s, x sð Þ, y sð Þð Þds

≤
1

Γ θ1ð Þ 1 − B1ð Þ
ð1
0
1 − sð Þθ1−1 f1 s, h2, h2ð Þds

≤
1

Γ θ1ð Þ 1 − B1ð Þ
ð1
0
1 − sð Þθ1−1c2 h2 + h2ð Þds

= 2c2k2h2 = 2c2k2 x, yð Þk kE < 2c2h x, yð Þk kE
< 1
2 x, yð Þk kE:

ð63Þ

So in either case, there always exists h2 > max fh1, qg
such that

T1 x, yð Þk k < 1
2 x, yð Þk kE , ∀ x, yð Þ ∈ ∂Ph2

: ð64Þ

Similarly, we have

T2 x, yð Þk k < 1
2 x, yð Þk kE , ∀ x, yð Þ ∈ ∂Ph2

: ð65Þ

Thus

T x, yð Þk kE = T1 x, yð Þk k + T2 x, yð Þk k
< x, yð Þk kE , ∀ x, yð Þ ∈ ∂Ph2

:
ð66Þ

So by Lemma 4 and (66), we get

i T , Ph2
, P

� 	
= 1: ð67Þ

Set Pq = fðx, yÞ ∈ P : kðx, yÞkE < qg. For ðx, yÞ ∈ ∂Pq

min
t∈ 1/4ð Þ, 3/4ð Þ½ �

x tð Þ + y tð Þð Þ ≥ K xk k + yk kð Þ = Kq: ð68Þ

Then, by S2 and Lemma 3, we get

T1 x, yð Þ tð Þ =
ð1
0
K1 t, sð Þf1 s, x sð Þ, y sð Þð Þds

≥
N1

Γ θ1ð Þ
ð3/4
1/4

1 − sð Þθ1−1 f1 s, x sð Þ, y sð Þð Þds

> N1Kq
2kΓ θ1ð Þ

ð3/4
1/4

1 − sð Þθ1−1ds > q
2 = 1

2 x, yð Þk kE:

ð69Þ

So

T1 x, yð Þk k > 1
2 x, yð Þk kE, ∀ x, yð Þ ∈ ∂Pq: ð70Þ

Similarly,

T2 x, yð Þk k > 1
2 x, yð Þk kE, ∀ x, yð Þ ∈ ∂Pq: ð71Þ

So by (70) and (71), we have

T x, yð Þk kE = T1 x, yð Þk k + T2 x, yð Þk k
> x, yð Þk kE, ∀ x, yð Þ ∈ ∂Pq:

ð72Þ

By Lemma 4 and (72), we have

i T , Pq, q
� 	

= 0: ð73Þ

Since 0 < h1 < q < h2, by (58), (67), and (73), we get i
ðT , Pq \ �Ph1

, PÞ = iðT , Pq, PÞ − iðT , Ph1
, PÞ = −1. So T has a

fixed point ðx1, y1Þ ∈ ðPq \ �Ph1
Þ.iðT , Ph2

\ �Pq, PÞ = iðT , Ph2
,

PÞ − iðT , Pq, PÞ = 1. So T has another fixed point ðx2, y2Þ
∈ Ph2

\ �Pq. Therefore, system (2) has at least two positive
solutions.

4. Applications

Example 9. We study the following Caputo-type fractional
system:

−cD 5/2ð Þ
0+ x tð Þ = 2 + 3tð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x tð Þ + y tð Þ

p
, t ∈ 0, 1½ �,

−cD 5/2ð Þ
0+ y tð Þ = 1 + t2 + t4

� 	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x tð Þ + y tð Þ5

p
, t ∈ 0, 1½ �,

x 0ð Þ = x″ 0ð Þ = 0, x 1ð Þ = 1
2

ð1
0
x tð Þdt,

y 0ð Þ = y″ 0ð Þ = 0, y 1ð Þ = 1
2

ð1
0
y tð Þdt,

8>>>>>>>>>><
>>>>>>>>>>:

ð74Þ

where θ1 = θ2 = 5/2, A1ðtÞ = A2ðtÞ = ð1/2Þt, B1 = B2 = 1/4, f1
ðt, x, yÞ = ð2 + 3tÞ ffiffiffiffiffiffiffiffiffiffi

x + y
p

, and f2ðt, x, yÞ = ð1 + t2 + t4Þ ffiffiffiffiffiffiffiffiffiffi
x + y5

p
.

Obviously, g0 = �g0 =∞ and g∞ = �g∞ = 0. From Theorem 6,
system (74) has a positive solution.

Example 10. We study the following Caputo-type fractional
system:

−cD5/2
0+ x tð Þ = f1 t, x tð Þ, y tð Þð Þ, t ∈ 0, 1½ �,

−cD5/2
0+ y tð Þ = f2 t, x tð Þ, y tð Þð Þ, t ∈ 0, 1½ �,

x 0ð Þ = x″ 0ð Þ = 0, x 1ð Þ = 1
2

ð1
0
x tð Þdt,

y 0ð Þ = y″ 0ð Þ = 0, y 1ð Þ = 1
2

ð1
0
y tð Þdt,

8>>>>>>>>>><
>>>>>>>>>>:

ð75Þ

where θ1 = θ2 = 5/2,A1ðtÞ = A2ðtÞ = ð1/2Þt, and B1 = B2 = 1/4.
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Take

f1 t, x, yð Þ =

104 t + 1ð Þ, t ∈ 0, 1½ �, 0 ≤ x, y ≤ 1
2 ,

104 t + 1ð Þ x + yð Þ, t ∈ 0, 1½ �, 12 ≤ x, y ≤ 1,

2 × 104 t + 1ð Þ, t ∈ 0, 1½ �, 1 ≤ x, y ≤ 106,

10−8 t + 1
2

� �
x + yð Þ2, t ∈ 0, 1½ �, x, y ≥ 106,

8>>>>>>>>>><
>>>>>>>>>>:

ð76Þ

and

f2 t, x, yð Þ =

104 t + 1ð Þ, t ∈ 0, 1½ �, 0 ≤ x, y ≤ 1
2 ,

104 t + 1ð Þ x + yð Þ, t ∈ 0, 1½ �, 12 ≤ x, y ≤ 1,

2 × 104 t + 1ð Þ, t ∈ 0, 1½ �, 1 ≤ x, y ≤ 106,

10−14 t + 1
4

� �
x + yð Þ3, t ∈ 0, 1½ �, x, y ≥ 106:

8>>>>>>>>>><
>>>>>>>>>>:

ð77Þ

By simple computation, we get K = 9/256, k = ð9ð9ffiffiffiffiffiffiffiffiffiffi
3 − 1

p ÞÞ/ð327680 ffiffiffi
π

p Þ, and h = 32/ð45 ffiffiffi
π

p Þ.
Choose a = 7000, b2 = 106, and b1 = 1, then ðb2/2hÞ =

ðð45 ffiffiffi
π

p Þ/64Þ ⋅ 106.
When 0 ≤ x, y ≤ b1 = 1,

(1) 0 ≤ x, y ≤ ð1/2Þ, f1ðt, x, yÞ = 104ðt + 1Þ ≥ 104 ≥ 7000ðx
+ yÞ; f2ðt, x, yÞ = 104ðt + 1Þ ≥ 104 ≥ 7000ðx + yÞ

(2) ð1/2Þ ≤ x, y ≤ 1, f1ðt, x, yÞ = 104ðt + 1Þðx + yÞ ≥ 104ðx
+ yÞ ≥ 7000ðx + yÞ; f2ðt, x, yÞ = 104ðt + 1Þðx + yÞ ≥ 1
04ðx + yÞ ≥ 7000ðx + yÞ

When 0 ≤ x, y ≤ b2 = 106,

(1) 0 ≤ x, y ≤ ð1/2Þ, f1ðt, x, yÞ = 104ðt + 1Þ ≤ 2 × 104 <
ðð45 ffiffiffi

π
p Þ/64Þ ⋅ 106; f2ðt, x, yÞ = 104ðt + 1Þ ≤ 2 × 104 <

ðð45 ffiffiffi
π

p Þ/64Þ ⋅ 106

(2) ð1/2Þ ≤ x, y ≤ 1, f1ðt, x, yÞ = 104ðt + 1Þðx + yÞ ≤ 4 ×
104 < ðð45 ffiffiffi

π
p Þ/64Þ ⋅ 106; f2ðt, x, yÞ = 104ðt + 1Þðx +

yÞ ≤ 4 × 104 < ðð45 ffiffiffi
π

p Þ/64Þ ⋅ 106

(3) 1 ≤ x, y ≤ 106, f1ðt, x, yÞ = 2 × 104ðt + 1Þ ≤ 4 × 104 <
ðð45 ffiffiffi

π
p Þ/64Þ ⋅ 106; f2ðt, x, yÞ = 2 × 104ðt + 1Þ ≤ 4 ×

104 < ðð45 ffiffiffi
π

p Þ/64Þ ⋅ 106

Obviously, g∞ = �g∞ =∞. So by Theorem 7, system (74)
has at least two positive solutions.

Example 11. We study the following Caputo-type fractional
system:

−cD5/2
0+ x tð Þ = f1 t, x tð Þ, y tð Þð Þ, t ∈ 0, 1½ �,

−cD5/2
0+ y tð Þ = f2 t, x tð Þ, y tð Þð Þ, t ∈ 0, 1½ �,

x 0ð Þ = x″ 0ð Þ = 0, x 1ð Þ = 1
2

ð1
0
x tð Þdt,

y 0ð Þ = y″ 0ð Þ = 0, y 1ð Þ = 1
2

ð1
0
y tð Þdt,

8>>>>>>>>>><
>>>>>>>>>>:

ð78Þ

where θ1 = θ2 = ð5/2Þ, A1ðtÞ = A2ðtÞ = ð1/2Þt, and B1 = B2 =
ð1/4Þ.

Take

f1 t, x, yð Þ =

1
2 × 108 t + 1ð Þ x + yð Þ2, t ∈ 0, 1½ �, 0 ≤ x, y ≤ 10−4,

104 t + 1ð Þ x + yð Þ, t ∈ 0, 1½ �, 10−4 ≤ x, y ≤ 10−2,
4 t + 1ð Þ
x + y

, t ∈ 0, 1½ �, x, y ≥ 10−2,

8>>>>><
>>>>>:

ð79Þ

and

f2 t, x, yð Þ =

1
2 × 108 t + 1ð Þ x + yð Þ2, t ∈ 0, 1½ �, 0 ≤ x, y ≤ 10−4,

104 t + 1ð Þ x + yð Þ, t ∈ 0, 1½ �, 10−4 ≤ x, y ≤ 10−2,
8 × 10−2 t + 1ð Þ

x + yð Þ2 , t ∈ 0, 1½ �, x, y ≥ 10−2:

8>>>>>><
>>>>>>:

ð80Þ

Take q = 0:001, then Kq = ð9/25600Þ, ðKq/2kÞ ≈ 0:7778.
When x + y ∈ ½Kq, q�, f1ðt, x, yÞ = f2ðt, x, yÞ = 104ðt + 1Þðx +
yÞ ≥ 2 ≥ ðKq/2kÞ. Obviously, g0 = �g0 = 0 and g∞ = �g∞ = 0.
So, by Theorem 8, system (78) has at least two positive
solutions.
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