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In this article, fractional order g-integrals and g-derivatives involving a basic analogue of multivariable H-function have been
obtained. We give an application concerning the basic analogue of multivariable H-function and g-extension of the Leibniz rule
for the fractional g-derivative for a product of two basic functions. We also give the corollary concerning basic analogue of

multivariable Meijer’s G-function as a particular case of the main result.

1. Introduction and Preliminaries

The g-calculus is not of recent appearance, it was introduced
in the twenties of last century. In 1910, Jackson [1] intro-
duced and developed g-calculus systematically. The frac-
tional g-calculus is the expansion of ordinary fractional
calculus in the g-theory. Recently, there was a significant
work done by many authors in the area of g-calculus due to
lots of applications in mathematics, statistics, and physics.
Since special functions play significant roles in mathemat-
ical physics, it is persuaded to think that some deformation of
the ordinary special functions based on the g-calculus can also
play comparable roles in this area of research. Further, many
authors have derived images of various g-special functions
under fractional g-calculus operators; see, for example,
[2-7], and may more. The g-fractional integrals and deriva-
tives was firstly studied by Al-Salam [8] (see also, [9]). Many
researchers have used these operators to evaluate fractional
g-calculus formulas for various special function, general
class of g-polynomials, basic analogue of Fox’s H-function,

fractional g-calculus formulas for various special function,
and etc. One may refer to the recent work [2-7, 10-14] on
fractional g-calculus. Throughout this article, let Z, C, R, R,,
and N be the sets of integers, complex numbers, real num-
bers, positive real numbers, and positive integers, respec-
tively, and let. N, :== N U {0}.

The objective of this article is to establish fractional
g-integral and g-derivative of Riemann-Liouville type
involving a basic analogue of multivariable H-function.
We also give an application of g-Leibniz formula.

In the g-calculus theory, for a real parameter g € R* \ {1},
we have a g-real number [a]g

and g-shifted factorial (g-analogue of the Pochhammer
symbol) as given by

—

@, 2L (asq),=

=g | (l—aqi)(aeR,neNU{oo}).
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The g-Factorial function is defined by

1,ifn=0
5 = n=1 2
(a34), H (l—aqk),ifnelN. @)
k=0
Its extension is
) = (@9 3
(a’q)n_(uqn,q)oo(ne )’ ( )

which can be elaborated to n = « € C, given by

(a59)c0

(@30)0= g @€ Gl <D (@)

where the principal value of g* is taken.
In terms of the g-gamma function, (2) can be written as

. zl"q(a+n)(1—q)"
(a’q)n Fq(a)

(aeR\{0,-1,-2,}),  (5)

where the g-gamma function [15] is given by
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The g-analogue of the familiar Riemann-Liouville
fractional integral operator of a function f(x)is defined by
(see Al-Salam [8])

1
I'y(#)

L{f(x)}= JZ(x—l‘q),,flf(f)dqf(m(M) >0,]q| <1),

(8)

also g-analogue of the power function is defined as

[ee)

(X—y)ﬁxv(%;q)v=xvﬂ[%}x¢o. (9)

The basic integral is given by (see Gasper and Rahman

(15])

|2 rwdp=si-a 3 () a0

The equation (8) in conjunction with (10) yield the
following series representation of the Riemann-Liouville
fractional integral operator

)= Ly 1] () an

A

In particular, for f(x) =x*"!, we have [4]

. _ 1-a .
39) oo -q r
A1 = q —
(6) Iq<x ) Fq(/\+‘u)x/1+” IRA+u)>0). (12)
obviously, 2. Basic Analogue of Multivariable H-Function
In this section, we introduce the basic analogue of multivar-
Iy(a+1)= [a]qfq(a)q!(|q| <1). (7) iable H-function [16, 17], given by the following manner:
Z
ol (" - (r) ()
0,121, 11, 30+ 311 (a]’ ’ ’Ocj )117 (C]’y )l’pl) ’ (C] & )1Pr
H(z1.2,39) = HP:q,1P11)5111;)'“;,’l’r:q)y ' 4 ’ (r) Y (r) (r)
(bj Bl B )1,q' : (dj, 8 )l)ql, (dj 6! )1,% (13)
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where w = /-1, and

I15.6 (ql“f*zf’l“ﬁ%")
¢(51’”°’5r > q) =

5-71+1G< E Z’lxl S’)HJ 1 < - berz;lﬁ;i)S")

(14)
moaf g4 s iy,
R CaD T OaD
91‘ (Sl > ‘J) = 1 d +8 !) ()ﬂ/(‘x‘)& - ] >
H; m+1 H; n+1 ;= G(q S’) sin 7ts;
here,i=1,---,7r and The contour L; in the complex s;-plane is of the Mellin-
Barnes type which runs from —woo to woo with indentations,
-1 0
G(q°) = ﬁ (1-g*"| = 1 (15) if necessary to make certain that all the poles of G(g" )+ )
n=0 (93 @)oo (j=1,--,m;) are separated from those of, G(q" '+ 5!‘)

ro (i)
(i= 1,---,ni)G(q17“f+Z":1“f *)(j=1,-+-,n). For large values of

The integers ,p, q, m;, 1;, p;, q; are constrained by the |s;|, the integrals converge if R(s log (z;) —log sin 7s;) <0

inequalities 0<n<p,0<q’,1<m;<qand0<m;<p,i=1, (i=1,-7).
-+, 1. The poles of mtegrand are assumed tn be SImI:Ie. Tl(li()e If the quantities ocﬁi) (= 1,meep) W;i) (=1p) ;ﬁj(-i)
quantltlesa (j=1,-+p);c (] =1p) 5 b(j=1-9"); d )
. (j=1,-9");8;"(j=1,+-g;)=1fori=1,---,r, then the

(j=1,-gp1i=1, ,r) are complex numbers and the following j i

0] g iz ", basic analogue of multivariable H-function reduces in basic
quantltles & (=1p)sy ( Leeopy)s B (= 10)5 analogue of multivariable Meijer’s G-function defined by
8;1 (j=1,--q;i=1,-r)are posmve real numbers. Khadia and Goyal [18], we obtain

Z1

Onmlnl MmN,

G(Zl’“"zr;q) - P‘I 1415 5P4, 4 h (r)
(6, () e (4 >q1 (16)
Zr
1 T
= ot s [[odss @)y - zdys, - ds,

(2nw) JLI L, : ,IJ
where where i=1,---,r; the integers n,p,q,m;n;p;,q; are con-
strained by the inequalities 0<n<p,0<q’,1<m;<gq; and
s 0<n;<p,i=1,-,r. The poles of integrand are assumed

" G(gr T . e (i) Y

U(sp s, 30) = — l_ililz g q, )1h.+z' —~., to be simple. The 4quant1t1es oc](» )(] =1,p);s c§ >(] =1p) 5
Hj:nHG(q j 121‘)1_[-:1G<q j T Zi=1 '> b](_lz 1”q’))d§1)(]= 1’“"qi;i= 1’...,7’) are Complex

" s, A6 g s, numbers.
=G4 16 The contour L; in the complex s;-plane is of the

U(Sl ;q): > . .
1% 016 ( +S>H . ( ) G(g~*) sin 75, M.elhn'—Barnes. type. which runs from -woo to woo
with 1ndentat1ons, if necessary to ensure that all the

(17)  poles of G(qdf +5; i*)(j=1,---,m;) are separated from



those of G(qlfcy)ﬂ,ﬂ)(i =1,--,1,)G(q" "% Z=%) (j = 1,---,n). For
large values of [s;], the integrals converge if R(slog (z;) -
log sin 7s;) < 0(i=1,--+,7).

3. Main Results

In this section, we establish two fractional g-integral formulas
about the basic analogue of multivariable H-function.
Let

Usmpnyssman;sV=p,4q55054,5

_ o (r) B= (/4 () ") .
A—(aj,(xj,"',(xj )1)P’B_(Cj)y )l,pla"’; (C] ay] )l)pr)

o (bj;ﬁj,---,ﬁ]‘.’))l’q, D= (d;,a’)l’ql, (dj.”,a;’))l,qr.
(18)

Theorem 1. Let R(u) > 0, |q| < 1, the Riemann-Liouville frac-
tional g-integral of a product of two basic functions exists, and
we have

P1

z,;x
) ALgonU g A:B
q I, ;
Py C:D
z,x™"
lepz
=(1- )Mka—lHo,nu:U L (I=Asppp,)A:B
- q p+1,q'+1:V ’q R
C(I —/\—‘u;pl,...’pr): D
zler

where p; € N, R(s log (z;) —log sin ms;) <Ofori=1,---,r.

Proof. To prove the result (19), we consider the left hand side
of equation (19) (say I) and take the definitions (8) and (13)
into account, we have

1 X y/\—l
I= x-yq) _ ’J J T P(s15m+08, 5
T JO( Vet ey L (51 q)

: Hei(si 5q) X2\ ZryP P d sy e ds,dy.
i1
(20)
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Interchanging the order of integrations which is permis-
sible under the given conditions, we obtain

r

r i=1

S,

0i(s;39)2y 2y

x
X J o (x —yq)a_l{meJr'“PrS,*A’l}dqydqsl qu,-

(21)

The above equation writes

1
I: r‘[ J ﬂr S,t; 0 s; ...Grs; Zsl...zfr
awrl, . ¢(s:159)01(s59) -+ 0,(s3 )z,

r

t] yoprsit4ps+A-1
qu{x 11 }dqs1 dgs,.

(22)

Now using the result (12), then the equation (22)
reduces as

1
T=_ | s )0, (s1q) - O.(559)2 - 2P
(zﬂw)f JLI JL T ¢(S q) 1(5 q) r(s q)zl Zy
Fq(p1$1+‘ PSSt /\) APPSR AL

Ly(pysitopps, + A+ p)

r

(23)

Next, interpreting the g-Mellin-Barnes multiple integrals
contour in terms of the basic analogue of multivariable
H-function, then we get the desired result (19).

If we replace y by —u in Theorem 1, and use the fractional
q- derivative operator defined as

LH{f(x)} = Diyf (%) =

1 "X
Ty @i (3,0 <0),

(24)
and power function formula

L
ch‘)q{x’\ }_mx’”‘ (A#-1,-2,-),  (25)

then we have the following result:
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Theorem 2. Let R(p) > 0, |g| < 1 the Riemann Liouville frac-
tional g-derivative of a product of two basic functions exists,
and given by

ZIxPJ
DH x)leO,n:U A:B
4q "
iy C:D
2,xPr
ZIX‘D’
=(1- )*Mx/\—H—IHO,nH:U (I=Asppep)A s B
- q p+1,q'+1:V
CU=A+psppp,): D
z.xPr

where p, € N, R(slog (z;) —log sin 7ts;) < Ofori=1,---,1.

Proof. The proof of result asserted by Theorem 2 runs parallel
to that of Theorem 1.
The details are, therefore, being omitted.

4. Leibniz’s Application

In this section, we give an application concerning the basic
analogue of multivariable H-function and g-extension of
the Leibniz rule for the fractional g-derivative for a product
of two basic functions.

We have the g-extension of the Leibniz rule for the frac-
tional g-derivatives for a product of two basic functions in
terms of a series involving the fractional g-derivatives of the
function, in the following manner [9]:

Lemma 3.

DL {WH)Y(x)}

& (=)t g D2 gmu
= Z_:O( 1) q (q’q)[q H’q]”Dg,;n{w(an)}D;‘,q{Y(x)},

(27)

where W (x) and Y (x) are two regular functions.

Theorem 4. Let R(u) < 0,, then the Riemann-Liouville frac-
tional g-derivative of a product of two basic function exists
and given by

ZIXPI

(I=Asppop,), A B

O,n+1:U
p+1q +1:V

C(I=A+usppnp,): D

erpY
i (_I)nqn)w(n(n—])/z) [q—y : q]
= (439),(459),

ZIxPJ

n ryon+1:U
p+Lg +1:V

(<2

(05pp-p,)A s B
;q >
C(nspprop,): D

erpy
(28)

where p; € N, R(s log (z;) —log sin ms;) <Ofori=1,---,r.

Proof. For applying g-Leibniz rule, we let

lepl

A:B
W(x) =x*" and Y(x)HO’”:,F]V T sq
P C:D

erpr

By using the lemma 3, we have

lepl

A:B

U A=1170,n:U . .
Digq ¥ Hp,q’;v 4

C:D

z,xPr

n n(n-1

v (-1 2 i -n n\A-1 n
- 3 C S e (aqr f,

.{H(lepl’...)zrxpr )q)}

Next, by setting A =1 and using the Theorem 2, we
arrive at



D;,q{H(lePl I ,,erPr > q)}

lepl

(05p+p,)A : B
3 q ,
C(nspyenp,): D

— o\ Ml 0,n+1:U
(1-q)"x ><H;ﬁ-l,t]'+l:V

P,
z,xPr

(31)
where p; € N, R(s log (z;) —log sin 7zs;) < 0(i=1,---,r).

Now, by using (25) and (31) we obtain the desired result
(28) after several algebraic manipulations.

5. Particular Case

In this section, the basic analogue of multivariable H-func-
tion reduces in basic analogue of multivariable Meijer’s G
-function [18].
Let
U=m,n; ;-

;mr’nr;V:pl’ql;'“;pr’qr;

A= (aj)l’P ;B = (CJ)LPI’ . (Cgf))l’p ;C (bj)l,q' ;

Dy = (dj),, - (‘é‘”)l,qy'

(32)
Corollary 5.
ZIXPI
A=1 ~On+1:U g A; 1B
x,q p+lg +1:V C1 : Dl
erpv
= OZO: (_l)nqn}w("(”_l)u) [q_ﬂ > Q]n GO,n+1:U (33)
. A , ' .
n=0 4g:9), (q ; q) - plg +1:V
ZIxPI
(05 PP, )AL 2 By
Cp (nsppesp,): Dy
z,xPr

where p; € N, R(s log (z;) —log sin ms;) <Ofori=1,---,r.

Remark 6. If the basic analogue of multivariable H-function
reduces in basic analogue of Srivastava-Daout function [19],
then we obtain the results given by Purohit et al. [20].
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Remark 7. If the basic analogue of multivariable H-function
reduces in basic analogue of H-function of two variables
defined by Saxena et al. [21], we obtain the result due to
Yadav et al. [7]. Further, if the basic analogue of multivariable
H-function reduces in basic analogue of H-function of one
variable defined by Saxena et al. [22], then we can easily
obtain the similar result.

6. Conclusion

In the present article, we have proposed the fractional order g
-integrals and g-derivatives involving a basic analogue of
multivariable H-function. The significance of our derived
results lies in their diverse generality. By specializing the var-
ious parameters as well as variables in the basic analogue of
multivariable H-function, we can obtain a large number of
results involving a remarkably wide range of useful basic
functions (or product of such basic functions) of one and sev-
eral variables. Hence, the derived formulas in this article are
most general in character and may reaffirm to be useful in
several interesting cases appearing in literature.
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