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+e aim of this paper is to establish the intrinsic square function characterizations in terms of the intrinsic Littlewood–Paley
g-function, the intrinsic Lusin area function, and the intrinsic g∗λ -function of the variable Hardy–Lorentz space Hp(·),q(Rn), for
p(·) being a measurable function on Rn satisfying 0<p− ≔ ess infx∈Rn p(x)≤ ess supx∈Rn p(x)≕p+ <∞ and the globally log-
Hölder continuity condition and q ∈ (0,∞), via its atomic and Littlewood–Paley function characterizations.

1. Introduction

In recent years, the theory of function spaces with variable
exponents has gained great interest, see, for example, [1–9].
+e variable Lebesgue space is one of the generalizations of
the classical Lp(Rn) space, originally introduced by Orlicz
[10] via replacing p by the variable exponent function
p(·): Rn⟶ (0,∞). In 1991’s, Kováčik and Rákosnı́k [11]
proved some elementary properties for this kind of spaces.
+is space has been extensively studied by many researchers
due to its wide use in different fields such as harmonic
analysis and partial differential equations, see, for example,
[12–15].

+e real variable theory of Hardy spaces Hp(Rn), in-
troduced by Stein and Weiss in [16], is a well-known
generalization of the Lebesgue spaces Lp(Rn). +is theory
was also extended to the variable setting. To be more precise,
under the assumption that the variable exponent p(·) sat-
isfies the globally log-Hölder condition, Nakai and Sawano
[17] introduced the variable Hardy space Hp(·)(Rn) and
established its atomic characterizations which were used to
figure out its dual space and to prove the boundedness of
singular integrals on Hp(·)(Rn) as well. Sawano [18] ex-
tended the atomic characterizations obtained in [17] and
gave other applications of these kinds of Hardy spaces. In an
independent way and under slightly weaker conditions to

that used in [17, 18], Cruz-Uribe andWang [19] also studied
the variable Hardy space Hp(·)(Rn) and constructed its
atomic decomposition and showed the boundedness of
several operators. Moreover, Ho [20] extended the atomic
decompositions established in [17] to the weighted Hardy
spaces with variable exponents and illustrated the relation
between the boundedness of the Hardy–Littlewood maximal
operators on function spaces and the atomic decompositions
of Hardy-type spaces.

+e Lorentz space Lp,q(Rn) tracked back to Lorentz [21] is
another generalization of the classical Lp(Rn) space. +is
space forms a valuable topic in the theory of function spaces
and harmonic analysis, see, for example, [5, 22–26]. +e
theory of Lorentz spaces was generalized to the Har-
dy–Lorentz space. Particularly, Fefferman et al. [27] inves-
tigated the real interpolation of the real Hardy–Lorentz space
Hp,q(Rn), Fefferman and Soria [28] studied H1,∞(Rn) and
established its atomic characterization, Liu [29] established
the atomic decomposition for Hp,∞ with 0<p< 1, and Abu-
Shammala and Torchinsky [22] introduced the Har-
dy–Lorentz space Hp,q(Rn), established its atomic charac-
terizations, and proved the boundedness of singular integrals
on Hp,q(Rn) for p ∈ (0, 1) and q ∈ (0,∞). +e classical
Lorentz spaces Lp,q(Rn) were extended to the variable case,
more precisely, Kempka and Vyb́ıral [30] introduced the
Lorentz spaces Lp(·),q(·)(Rn) and proved that when q(·) is a

Hindawi
Journal of Function Spaces
Volume 2020, Article ID 2681719, 9 pages
https://doi.org/10.1155/2020/2681719

mailto:saibi.khedoudj@yahoo.com
https://orcid.org/0000-0002-5968-3569
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2020/2681719


constant which equals to q, the space Lp(·),q(Rn) is the real
interpolation between L∞(Rn) and the variable Lebesgue
space Lp(·)(Rn), and the authors have also showed that
similar to a classical case that Lp(·),q(·)(Rn) � Lp(·)(Rn)

when p(·) � q(·) and demonstrated that the Marcinkiewicz
interpolation theorem does not work in the variable
Lebesgue space setting.

Recently, Yan et al. [8] introduced the variable weak
Hardy space Hp(·),∞(Rn) by means of the radial grand
maximal function and proved various characterizations in-
cluding the atomic and molecular characterizations and in-
vestigated the boundedness of convolution δ-type and
nonconvolution c-order Caldéron–Zygmund operators via
the atomic characterization established in the same paper.
Very recently, Jiao et al. [4] investigated the variable Har-
dy–Lorentz space Hp(·),q(Rn), constructed the atomic char-
acterizations for this space, figured out its dual space, and
proved the boundedness of singular integrals on Hp(·),q(Rn).

+e study of the intrinsic square function on several
function spaces has attracted steadily increasing interest.
More precisely, in order to settle a conjecture proposed on the
boundedness of the Lusin area function S(f) from the
weighted Lebesgue space L2

M(v)(R
n) to L2

v(Rn), where
v ∈ L1

loc(R
n) and M(v) denotes the Hardy–Littlewood

maximal function of v, Wilson [31] introduced the intrinsic
square functions and proved that they are bounded on the
weighted Lebesgue Lp

w(Rn) with p ∈ (1,∞) and the weight w

being in the Muckenhoupt class Ap(Rn). +e square func-
tions of the form S(f) are all dominated by the intrinsic
square functions; however, these later are not essentially
bigger than any one of them. +e generic nature of these
functions make them pointwise equivalent to each other and
extremely easy to work with, as Fefferman–Stein and
Hardy–Littlewood maximal functions. Furthermore, the in-
trinsic Lusin area function has many advantages of being
comparable at various opening cones which is a well-known
property that does not hold for the classical Lusin area function,
see [31–34]. Recently, Ho [35] broadened the mapping
properties for intrinsic square functions to the weighted Hardy
spaces with variable exponents studied in [20].

Later, the intrinsic square function characterizations of
the weighted Hardy space H1

w(Rn) under the additional
assumption that f ∈ L1

w(Rn) were established by Huang and
Liu [36]. Systematically, Wang and Liu [37] have extended
this result to Hp

w(Rn) for p ∈ (n/(n + α), 1) and α ∈ (0, 1],
under other additional assumptions. Liang and Yang [38]
established the s-order intrinsic square function charac-
terization of the Musielak–Orlicz Hardy space Hφ(Rn),
which was introduced by Ky [39] via g-function and
g∗λ -function with the best range λ ∈ (2 + 2(α + s)/n,∞)

which improve the results obtained in [36, 38]. +ese results
were extended to the variable Hardy space setting by [40]
with λ ∈ (3 + 2(α + s),∞). Recently, Yan [41] extended
these results to the weak Musielak–Orlicz Hardy space
WHφ(Rn) with the same range as in [38], and the same
author also established these characterizations for the var-
iable weak Hardy space Hp(·),∞(Rn) in [42].

Motivated by the series of papers [4, 8, 42], in this work, we
aim to prove that the variable Hardy–Lorentz space

Hp(·),q(Rn) can be characterized by means of the intrinsic
square functions via using the atomic and the Littlewood–Paley
function characterizations established in [4].

We end this introduction by describing the sectionwise
treatment of this article. In Section 2, we recall the defini-
tions and existing results related to our work. Section 3 is
devoted to establish the intrinsic square function charac-
terization of the variable Hardy–Lorentz space.

As usually, throughout the paper, we denote by N and Z

the set of nonnegative integers and the set of integers, re-
spectively. We use C and c to denote positive constants that
are independent of the essential parameters involved but
may differ from line to line.+e symbolA≲BmeansA≤CB,
and the symbol A ∼ B means A≲B and B≲A.

2. Preliminaries

In this section, we recall the definition and some properties
of the variable Lebesgue space, Lorentz space with variable
exponents, and the variable Hardy-Lorentz space, some
lemmas, and existing results used in this work.

2.1. Variable Exponent Lebesgue Spaces. A variable exponent
is a measurable function p(·): Rn⟶ (0,∞). We denote by
P(Rn) the collection of variable exponents satisfying
0<p− ≤p+ <∞, where p− � ess infx∈Rn p(x) and p+ �

ess supx∈Rn p(x). Let p(·) ∈ P(Rn). +e variable Lebesgue
space Lp(·)(Rn) is the set of measurable functions f such that

Rn |f(x)|p(x)dx<∞, equipped with the Luxemburg quasi-

norm

‖f‖Lp(·) Rn( ) � inf λ>0: 
Rn

|f(x)|

λ
 

p(x)

dx≤ 1
⎧⎨

⎩

⎫⎬

⎭. (1)

In the next remark, we collect some basic properties of
the variable Lebesgue spaces. For the proofs, see [12, 17].

Remark 1. Let p(·) ∈ P(Rn) and f ∈ Lp(·)(Rn).

(i) For λ ∈ C, we have ‖λf‖Lp(·)(Rn) � |λ|‖f‖Lp(·)(Rn).

(ii) For s>0, we have ‖|f|s‖Lp(·)(Rn) � ‖f‖s
Lsp(·)(Rn).

(iii) If g ∈ Lp(·)(Rn), then

‖f + g‖
p

Lp(·) Rn( )
≤ ‖f‖

p

Lp(·) Rn( )
+‖g‖

p

Lp(·) Rn( )
, (2)

here and hereafter p � min p− , 1 .
We recall the Fatou Lemma of Lp(·)(Rn) obtained in [12],

+eorem 2.61.

Lemma 1. Let p(·): Rn⟶ [1,∞) and fk k∈N ⊂ Lp(·)

(Rn). If fk⟶ f as k⟶∞ pointwise almost everywhere
in Rn and lim infk⟶∞‖fk‖Lp(·)(Rn) is finite, then
f ∈ Lp(·)(Rn) and

‖f‖Lp(·) Rn( ) ≤ lim inf
k⟶∞

fk

����
����Lp(·) Rn( )

. (3)

We say that the variable exponent p(·) ∈ P(Rn) satisfies
the globally log-Hölder continuity condition, and we write
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p(·) ∈ Clog(Rn) if there exist constants Cp(·), C∞, and p∞
such that, for any x, y ∈ Rn,

|p(x) − p(y)|≤
Cp(·)

log(e + 1/|x − y|)
,

p(x) − p∞


≤
C∞

log(e +|x|)
.

(4)

Let f be a locally integrable function and x ∈ Rn. We
recall that the Hardy–Littlewood maximal operator M is
defined by

M(f)(x) � sup
B∋x

1
|B|


B
|f(y)|dy, (5)

where the supremum is taken over all balls B of Rn con-
taining x.

Lemma 2. Let p(·) ∈ Clog(Rn) with 1<p− ≤p+ <∞. 0en,
there exists a positive constant C such that, for all
f ∈ Lp(·)(Rn), ‖M(f)‖Lp(·)(Rn) ≤C‖f‖Lp(·)(Rn)(see ([13], 0e-
orem 4.3.8) ).

+e vector-valued inequality for the Hardy–Littlewood
maximal function on Lp(·)(Rn) is given in the next lemma,
(see [2], Corollary 2.1).

Lemma 3. Let r ∈ (1,∞) and p(·) ∈ Clog(Rn) with
p− ∈ (1,∞). 0en, there exists a positive constant C such
that, for any sequence fj 

j∈N of measurable functions,



∞

j�1
M fj 




r

⎛⎝ ⎞⎠

1/r�����������

�����������Lp(·) Rn( )

≤C 
∞

j�1
fj




r

⎛⎝ ⎞⎠

1/r�����������

�����������Lp(·) Rn( )

.

(6)

+e next result can be easily proved using the fact that
χκB ≤ κn/r(M(χB))1/r for any κ ∈ [1,∞) and the above
lemma.

Corollary 1. Let p(·) ∈ Clog(Rn), τ ∈ (0, min 1, p− ), and
κ ∈ [1,∞). 0en, for any sequence Bj 

j∈N, there exists a
positive constant C such that


j∈N

χκBj

����������

����������
Lp(·) Rn( )

≤Cκn/τ

j∈N

χBj

����������

����������
Lp(·) Rn( )

. (7)

0e following technical lemma is a variant of [18],
0eorem 4.1.

Lemma 4. Let p(·) ∈ Clog(Rn), r ∈ (0, min 1, p− ), and
q ∈ [1,∞). 0en, there exists a positive constant C such that,
for all sequences Bj 

j∈N of balls, numbers λj 
j∈N ⊂ C, and

measurable functions aj 
j∈N satisfying that, for each j ∈ N,

supp aj ⊂ Bj, and ajLq(Rn) ≤ |Bj|
1/q, it holds true that


j∈N

λjaj




r

⎛⎝ ⎞⎠

1/r�����������

�����������Lp(·) Rn( )

≤C 
j∈N

λjχBj





r
⎛⎝ ⎞⎠

����������

����������

1/r

Lp(·) Rn( ).

(8)

2.2. Lorentz Spaces with Variable Exponents. We now recall
the definition of Lorentz spaces with variable exponents
considered in this paper.

Definition 1. Let p(·) ∈ P(Rn) and 0< q≤∞. +en,
Lp(·),q(Rn) is defined to be the set of all measurable functions
f such that ‖f‖Lp(·),q(Rn) <∞, where

‖f‖Lp(·),q Rn( ) �


∞

0
λq− 1 χ x∈Rn:|f(x)|>λ{ }

�����

�����
q

Lp(·) Rn( )
dλ 

1/q
, if 0< q<∞,

sup
λ>0

λ χ x∈Rn:|f(x)|>λ{ }

�����

�����
Lp(·) Rn( )

, if q �∞.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(9)

Lemma 5 presents an equivalent discrete characteriza-
tion of the quasi-norm ‖·‖Lp(·),q . For the proof, we refer to
[30], Lemma 2.4.

Lemma 5. Let p(·) ∈ P(Rn) and 0< q≤∞. If
f ∈ Lp(·),q(Rn), then

‖f‖Lp(·),q Rn( ) ∼

k∈Z

2kq χ x∈Rn:|f(x)|>2k{ }








q

Lp(·) Rn( )
⎛⎝ ⎞⎠

1/q

, if 0< q<∞,

sup
k∈Z

2k χ x∈Rn:|f(x)|>2k{ }

�����

�����
Lp(·) Rn( )

, if q �∞.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(10)

2.3. Variable Hardy–Lorentz Space and Existing Results.
Denote byS(Rn), the space of all Schwartz functions, and let
S′(Rn) denote its topological dual space. For N ∈ N, let

FN R
n

(  ≔ ψ ∈ S R
n

( : 
β∈Zn

+ ,|β|≤N
sup
x∈Rn

(1 + |x|)
N

D
βψ(x)



 ≤ 1
⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
,

(11)
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where for any β ≔ (β1, . . . , βn) ∈ Zn
+, |β| � β1 + · · · + βn 

and Dβ ≔ (z/zx1)
β1 , . . . , (z/zxn)βn .

For all f ∈ S′(Rn), define radial grand maximal func-
tion f∗N,+ of f by

f
∗
N,+ ≔ sup

f ∗ψt(x)


: t ∈ (0,∞),

ψ ∈FN Rn( )

⎧⎨

⎩

⎫⎬

⎭, (12)

where for all t ∈ (0,∞) and ξ ∈ Rn, ψt ≔ t− nψ(ξ/t).

Definition 2. Let p(·) ∈ Clog(Rn) and N ∈ ((n/p− ) + n + 1,

∞) be a positive integer. +e Hardy–Lorentz space
Hp(·),q(Rn) is defined to be the set of all f ∈ S′(Rn) such
that f∗N,+ ∈ Lp(·),q(Rn), equipped with the quasi-norm

‖f‖Hp(·),q Rn( ) � f
∗
N,+

����
����Lp(·),q Rn( )

. (13)

Next, we recall the definition of the atomic Har-
dy–Lorentz space H

p(·),q
atom,r,s(R

n) given in [4], and before this,
we recall the definition of (p(·), r, s)-atom.

Definition 3. Let p(·) ∈ P(Rn) and r>1. Fix an integer
s ∈ ((n/p− ) − n − 1,∞)∩Z+. A measurable function a on
Rn is called a (p(·), r, s)-atom if there exists a ball B such that

(1) supp a ⊂ B

(2) ‖a‖Lr(Rn) ≤ |B|1/r/‖χB‖Lp(·)(Rn)

(3) 
Rn a(x)xαdx � 0 for all α ∈ Z+ with |α|≤ s

Let p(·) ∈ P(Rn), λk,j 
k∈Z,j∈N be a sequence of num-

bers in C, and Bk,j 
k∈Z,j∈N be a sequence of balls in Rn.

Define

A λk,j 
k∈Z,j∈N, Bk,j 

k∈Z,j∈N  ≔ 
k∈Z


j∈N

λk,j



χBk,j

χBk,j





Lp(·) Rn( )

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

p
⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭

1/p������������

������������

q

Lp(·) Rn( )

⎛⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎠

1/q

. (14)

Definition 4. Let p(·) ∈ P(Rn), r ∈ (1,∞], and s as in
Definition 3. +e variable atomic Hardy–Lorentz space
H

p(·),q
atom,r,s(R

n) is defined to be the space of all functions
f ∈ S′(Rn) which can be decomposed as

f � 
k∈Z


j∈N

λk,jak,j inS′ R
n

( , (15)

where ak,j 
k∈Z,j∈N is a sequence of (p(·), r, s)-atoms, as-

sociated with balls Bk,j 
k∈Z,j∈N, satisfying that, for all x ∈ Rn

and k ∈ Z, j∈NχBk,j
(x)≤A with A being a positive constant

independent of x and k and for all k ∈ Z and j ∈ N, λk,j �

C2k‖χBk,j
‖Lp(·)(Rn) with C being a positive constant inde-

pendent of k and j. Moreover, for any f ∈ H
p(·),q
atom,r,s(R

n), we
define

‖f‖
H

p(·),q

atom,r,s Rn( )
≔ inf A λk,j 

k∈Z,j∈N, Bk,j 
k∈Z,j∈N , (16)

where the infimum is taken over all the decompositions of f
as (15).

+e following result is +eorem 5.4 of [4].

Lemma 6. Let p(·) ∈ Clog(Rn), r ∈ (max p+, 1 ,∞], and s
as in Definition 3. 0en, Hp(·),q(Rn) � H

p(·),q
atom,r,s(R

n) with
equivalent quasi-norms.

Remark 2. Note that if f ∈ H
p(·),q
atom,r,s(R

n), then there exists a
sequence ak,j 

k∈Z,j∈N of (p(·), r, s)-atoms, associated with

balls Bk,j 
k∈Z,j∈N, respectively, satisfying that, for any k ∈ Z,

j∈NχBk,j
(x)≤A, such that f can be decomposed as in (15),

where for all (k ∈ Z) and j ∈ N, λk,j � C2k‖χBk,j
‖Lp(·)(Rn) with

C being a positive constant independent of k and j, and

‖f‖
H

p(·),q

atom,r,s Rn( )
∼ A λk,j 

k∈Z,j∈N, Bk,j 
k∈Z,j∈N . (17)

Moreover, by the definition of λk,j 
k∈Z,j∈N, the fact that

for any k ∈ Z, j∈NχBk,j
(x)≤A, we have

‖f‖
H

p(·),q

atom,r,s Rn( )
∼ 

k∈Z
2kq


j∈N

χBk,j

����������

����������

q

Lp(·) Rn( )

⎛⎜⎝ ⎞⎟⎠

1/q

. (18)

Let ϕ ∈ S(Rn) be a radial function satisfying

suppϕ ⊂ x ∈ Rn
: |x|≤ 1 ,


Rn
ϕ(x)x

cdx � 0 for all c ∈ Z+ with |c|

≤max
n

p−

− n − 1 , 0 ,


∞

0
|ϕ(ξt)|

2dt

t
� 1 for all ξ ∈ Rn

\ 0
→

n .

(19)

Recall that the Littlewood–Paley g-function and the
g∗λ -function with λ>0 are defined for all f ∈ S′(Rn) and
x ∈ Rn by

g(f)(x) ≔ 
∞

0
f ∗ ϕt(x)



2 dt

t
 

1/2

,

g
∗
λ(f)(x) ≔ 

∞

0

Rn

t

t +|x − y|
 

λn

f ∗ ϕt(y)



2dt

t
⎛⎝ ⎞⎠

1/2

.

(20)

We recall that a functionf ∈ S′(Rn) is vanishing weakly
at infinity if for any ϕ ∈ S(Rn), f ∗ ϕt⟶ 0 in S′(Rn) as
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t⟶∞. +e following two propositions are just +eorem
8.2 and 8.3 in [4].

Proposition 1. Let p(·) ∈ Clog(Rn) and q ∈ (0,∞). 0en,
f ∈ Hp(·),q(Rn) if and only if f ∈ S′(Rn), f vanishes weakly
at infinity, and g(f) ∈ Lp(·),q(Rn). Moreover, for all
f ∈ Hp(·),q(Rn),

C
− 1

‖g(f)‖Lp(·),q Rn( ) ≤ ‖f‖Hp(·),q Rn( ) ≤C‖g(f)‖Lp(·),q Rn( ),

(21)

where C is a positive constant independent of f.

Proposition 2. Let p(·) ∈ Clog(Rn), q ∈ (0,∞), and
λ ∈ (1 + (2/min p− , 2 ),∞). 0en, f ∈ Hp(·),q(Rn) if and
only if f ∈ S′(Rn), f vanishes weakly at infinity, and
g∗λ(f) ∈ Lp(·),q(Rn). Moreover, for all f ∈ Hp(·),q(Rn),

C
− 1

g
∗
λ(f)

����
����Lp(·),q Rn( )

≤ ‖f‖Hp(·),q Rn( ) ≤C g
∗
λ(f)

����
����Lp(·),q Rn( )

,

(22)

where C is a positive constant independent of f.

3. Intrinsic Square Function Characterizations

In this section, we prove that the variable Hardy–Lorentz space
can be characterized bymeans of the intrinsic square functions.
We firstly begin by introducing some terminologies.

Let s ∈ Z+ denote the set of all functions with continuous
classical derivatives up to an order less or equal to s by
Cs(Rn). For α ∈ (0, 1] and s ∈ Z+, let Cα,s(R

n) denote the set
of all functions ϕ ∈ Cs(Rn) satisfying

suppϕ ⊂ x ∈ Rn
: |x|≤ 1 ,


Rn
ϕ(x)x

cdx � 0 for all c ∈ Zn
+ with |c|≤ s,

(23)

and for all x1, x2 ∈ Rn and ] ∈ Zn
+ with |]| � s,

D
]ϕ x1(  − D

]ϕ x2( 


≤ x1 − x2



α
. (24)

For all f ∈ L1
loc(R

n) and (y, t) ∈ Rn × (0,∞), let

Aα,s(f)(y, t) ≔ sup
ϕ∈Cα,s Rn( )

f∗ϕt(y)


. (25)

+e intrinsic g-function, the intrinsic Lusin area integral,
and the intrinsic g∗λ -function of f are defined, respectively,
for all x ∈ Rn and λ>0 by

gα,s(f)(x) ≔ 
∞

0
Aα,s(f)(x, t)



2dt

t
 

1/2

,

Sα,s(f)(x) ≔ 
Γ(x)

Aα,s(f)(x, t)



2 dt

tn+1 

1/2

,

g
∗
λ,α,s(f)(x) ≔ 

∞

0

Rn

t

t +|x − y|
 

λn

Aα,s(f)(x, t)



2dt

t
⎛⎝ ⎞⎠

1/2

.

(26)

For α ∈ (0, 1], s ∈ Z+, and ϵ ∈ (0,∞), let C(α,ε),s(R
n)

denote the set of all functions ϕ ∈ Cs(Rn) satisfying for all

x ∈ Rn, c ∈ Zn
+ with |c|≤ s, |Dcϕ(x)|≤ (1 + |x|)− n− ε,


Rnϕ(x)xcdx � 0, and for all x1, x2 ∈ Rn and ] ∈ Zn

+ with
|]| � s,

D
]ϕ x1(  − D

]ϕ x2( 


≤ x1 − x2



α 1 + x1


 

− n− ε


+ 1 + x2


 
− n− ε

.
(27)

It is worth noting that the parameter ϵ has to be chosen
large enough.

For all functions f such that

|f(·)|(1 +| · |)
− n− ε ∈ L

1
R

n
(  (28)

and (y, t) ∈ Rn × (0,∞), define

A(α,ε),s(y, t) ≔ sup
ϕ∈C(α,ε),s Rn( )

f∗ ϕt(y)


. (29)

For all x ∈ Rn and λ>0, define

g(α,ε),s(f)(x) ≔ 
∞

0
A(α,ε),s(f)(x, t)



2dt

t
 

1/2

,

S(α,ε),s(f)(x) ≔ 
Γ(x)

A(α,ε),s(f)(x, t)



2 dt

tn+1 

1/2

,

g
∗
λ,α,s(f)(x) ≔ 

∞

0

Rn

t

t +|x − y|
 

λn

A(α,ε),s(f)(x, t)



2dt

t
⎛⎝ ⎞⎠

1/2

.

(30)

Remark 3. For s � 0, the intrinsic square functions were
introduced byWilson [31] and for s ∈ Z+ by Liang and Yang
in [38].

+e next lemma is just [38], Proposition 2.4. For the case
s � 0, it was proved in [31], p. 784.

Lemma 7. Let α ∈ (0, 1], s ∈ Z+, and ε ∈ (0,∞). 0en, for
all f satisfying (28) and x ∈ Rn,

gα,s(f)(x) ∼ Sα,s(f)(x),

g(α,ε),s(f)(x) ∼ S(α,ε),s(f)(x),
(31)

where the implicit positive constants are independent of f.

+e next lemma is just [38], +eorem 2.6. For the case
s � 0, it was proved in [31], p. 775.

Lemma 8. Let α ∈ (0, 1], s ∈ Z+, and ε ∈ (max α, s{ },∞).
0en, there exists a positive constant C such that, for all f
satisfying (28) and x ∈ Rn,

C
− 1

gα,s(f)(x)≤ g(α,ε),s(f)(x)≤Cgα,s(f)(x), (32)

where the implicit positive constants are independent of f.

+e following lemma is just [38], Proposition 3.2.

Lemma 9. Let α ∈ (0, 1], s ∈ Z+, and q ∈ (1,∞). 0en,
there exists a positive constant C such that, for all measurable
function f,
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Rn

gα,s(f)(x) 
q
dx≤C

Rn
|f(x)|

qdx. (33)

0e main results of this work are stated as follows.

Theorem 1. Let p(·) ∈ Clog(Rn) with p+ ∈ (0, 1]. Assume
that α ∈ (0, 1], s ∈ Z+, and p− ∈ (n/(n + α + s), 1].

(1) If f ∈ (C(α,ε),s(R
n))∗, with (C(α,ε),s(R

n))∗ denoting
the dual space of C(α,ε),s(R

n), then there exists a
positive constant C such that, for all f ∈ Hp(·),q(Rn),
it holds true that

gα,s(f)
����

����Lp(·),q Rn( )
≤C‖f‖Hp(·),q Rn( ). (34)

(2) If f ∈ S′(Rn), f vanishes weakly at infinity, and
gα,s(f) ∈ Lp(·),q(Rn), then f ∈ Hp(·),q(Rn). More-
over, there exists a positive constant C such that

‖f‖Hp(·),q Rn( ) ≤C gα,s(f)
����

����Lp(·),q Rn( )
. (35)

Theorem 2. Let p(·) ∈ Clog(Rn) with p+ ∈ (0, 1]. Assume
that α ∈ (0, 1], s ∈ Z+, p− ∈ ((n/(n + α + s)), 1], and
λ ∈ (3 + ((2(α + s))/n),∞).

(1) If f ∈ (C(α,ε),s(R
n))∗, with (C(α,ε),s(R

n))∗ denoting
the dual space of C(α,ε),s(R

n), then there exists a
positive constant C such that, for all f ∈ Hp(·),q(Rn),
it holds true that

g
∗
λ,α,s(f)

����
����Lp(·),q Rn( )

≤C‖f‖Hp(·),q Rn( ). (36)

(2) If f ∈ S′(Rn), f vanishes weakly at infinity, and
gα,s(f) ∈ Lp(·),q(Rn), then f ∈ Hp(·),q(Rn). More-
over, there exists a positive constant C such that

‖f‖Hp(·),q Rn( ) ≤C g
∗
λ,α,s(f)






Lp(·),q Rn( )

. (37)

Remark 4

(i) +e same results in +eorem 1 hold true if we replace
gα,s by Sα,s, gα,s, and Sα,s with ε ∈ (max α, s{ },∞).

(ii) +e same results in+eorem 2 hold true if we replace
g∗λ,α,s by gλ,(α,ε),s with ε ∈ (max α, s{ },∞).

Proof of 0eorem 1. By Lemmas 7 and 8, we know that, for
ε ∈ (max α, s{ },∞), the functions gα,s, Sα,s, gα,s, and Sα,s are
pointwise comparable, and we will prove the theorem just
for gα,s.

We begin by proving (i). Let f ∈ Hp(·),q(Rn) and
r ∈ (1,∞). Note that since α ∈ (0, 1], s ∈ Z+, and
p− ∈ (n/(n + α + s), 1], it follows that
s ∈ ((n/p− ) − n − 1,∞)∩Z+. +en, by Lemma 6 and Re-
mark 2, there exists a sequence ak,j 

k∈Z,j∈N of

(p(·), r, s)-atoms, associated with balls Bk,j 
k∈Z,j∈N, re-

spectively, satisfying that, for any k ∈ Z, j∈NχBk,j
(x)≤A,

and λk,j 
k∈Z,j∈N ⊂ C such that, for all k ∈ Z and j ∈ N, λk,j �

C2k‖χBk,j
‖Lp(·)(Rn) with C being a positive constant inde-

pendent of k and j such that f can be decomposed as

f � 
k∈Z


j∈N

λk,jak,j inS′ Rn
( ,

‖f‖Hp(·),q Rn( ) ∼ ‖f‖
H

p(·),q

atom,r,s Rn( )
∼ 

k∈Z
2kq


j∈N

χBk,j

����������

����������

q

Lp(·) Rn( )

⎛⎜⎝ ⎞⎟⎠

1/q

.

(38)
Fix k0 ∈ Z. We write f as

f � 

k0− 1

k�− ∞

j∈N

λk,jak,j + 
∞

k�k0


j∈N

λk,jak,j≕f1 + f2, (39)

and let Ak0
� ∪∞k�k0
∪j∈N(2Bk,j). +us, we get

χ x∈Rn:gα,s(f)(x)>2k0{ }

�����

�����Lp(·) Rn( )
≲ χ x∈Rn:gα,s f1( )(x)>2k0 − 1{ }

�����

�����Lp(·) Rn( )
+ χ

x∈Ak0:gα,s f2( )(x)>2k0 − 1 

��������

��������
Lp(·) Rn( )

+ χ
x∈Ac

k0
:gα,s f2( )(x)>2k0 − 1 

��������

��������
Lp(·) Rn( )

≕ I1 + I2 + I3.

(40)

Note that

I1 ≲ χ
x∈Rn: 

k0 − 1

k�− ∞
j∈Nλk,jgα,s ak,j( χ2Bk,j

(x)>2k0 − 2 

�����������

�����������
Lp(·) Rn( )

+ χ
x∈Rn: 

k0 − 1

k�− ∞
j∈Nλk,jgα,s ak,j( χ

2Bk,j( )
c(x)>2k0 − 2 








Lp(·) Rn( )

≔ J1 + J2.

(41)
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We firstly deal with J1. Let β1 ∈ (0, min p− , q ),
η1 ∈ (1, min r, (1/β1) ), and σ1 ∈ (0, 1 − (1/η1)), and by the
Hölder inequality, we have



k0− 1

k�− ∞

j∈N

λk,jgα,s ak,j ≤ 

k0− 1

k�− ∞
2kσ1η1′⎛⎝ ⎞⎠

1/η1′



k0− 1

k�− ∞
2− kσ1η1 

j∈N
λk,jgα,s ak,j ⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

η1
⎛⎝ ⎞⎠

1/η1

. (42)

Let v � r/η1. +en, by Lemma 9, we know that, for all
k ∈ Z and j ∈ N,

χBk,j

�����

�����
Lp(·) Rn( )

gα,s ak,j  
η1
χ2Bk,j

������

������
Lv Rn( )
≲ Bk,j




1/v

. (43)

+us, following the argument used for (5.8) in [4], we
can prove that


k0 ∈ Z

2k0q
J

q
1

⎛⎝ ⎞⎠

1/q

≲ ‖f‖
H

p(·),q

atom,r,s Rn( )
. (44)

To estimate J2, by [42], (2.7), we know that, for all k ∈ Z
and j ∈ N, we have

gα,s ak,j (x)≲ χBk,j

�����

�����
− 1

Lp(·) Rn( )
M χBk,j

  
(n+α+s)/n

. (45)

+us, for β2 ∈ (0, min n/(n + α + s), q ), η2 ∈ (n/(n +

α + s)β2, 1/β2), and σ2 ∈ (0, 1 − 1/η2), it was proved in [42]
that

J2 ≲ 2
− k0η2 1− σ2( ) 

k0− 1

k�− ∞
2 1− σ2( )kη2β2 

j∈N
χBk,j

����������

����������
Lp(·)/β2 Rn( )

⎛⎜⎝ ⎞⎟⎠

1/β2

� 2− k0η2 1− σ2( ) 

k0− 1

k�− ∞
2 1− σ2( )kη2β2 

j∈N
χBk,j

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭

1/β2








β2

Lp(·) Rn( )

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

1/β2

.

(46)

+en, by taking c2 ∈ (1, (1 − σ2)η2), the Hölder in-
equality for ((q − β2)/q) + (β2/q) � 1 yields to

J2 ≲ 2
− k0η2 1− σ2( ) 

k0− 1

k�− ∞
2 1− σ2( )kη2β2− kc2β2+kc2β2⎛⎝

· 
j∈N

χBk,j

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭

1/β2
������������

������������

β2

Lp(·) Rn( )

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

1/β2

≲ 2− k0c2 

k0− 1

k�− ∞
2kqc2 

j∈N
χBk,j

����������

����������

q

Lp(·) Rn( )

⎛⎜⎝ ⎞⎟⎠

1/q

.

(47)

+erefore,


k0∈Z

2k0q
J

q
2 ≲ 

k0∈Z
2k0q2− k0c2q



k0− 1

k�− ∞
2kqc2 

j∈N
χBk,j









q

Lp(·) Rn( )

� 
∞

k�− ∞
2kqc2 

j∈N
χBk,j

����������

����������

q

Lp(·) Rn( )



∞

k0�k+1
2k0q 1− c2( )

≲ 
k∈Z

2kq

j∈N

χBk,j









q

Lp(·) Rn( )

.

(48)

+us, by (38), we have


k0 ∈ Z

2k0q
J

q
2

⎛⎝ ⎞⎠

1/q

≲ ‖f‖
H

p(·),q

atom,r,s Rn( )
. (49)

Now, we pass to estimate I2. For this end, let
β3 ∈ (0, min p− , q ) and c3 ∈ (0, 1). +en, by Remark 1(ii),
Lemmas 1 and 2.5, Remark 2, and the Hölder inequality, we
obtain

I2 ≤ χAk0

������

������Lp(·) Rn( )
≤ 
∞

k�k0


j∈N

χ2Bk,j

��������

��������Lp(·) Rn( )

≲ 
∞

k�k0


j∈N

χBk,j

����������

����������
Lp(·) Rn( )

≲ 
∞

k�k0


j∈N

χBk,j

����������

����������

β3

Lp(·) Rn( )

⎛⎜⎝ ⎞⎟⎠

1/β3

� 
∞

k�k0

2kc3β32− kc3β3 
j∈N

χBk,j

����������

����������

β3

Lp(·) Rn( )

⎛⎜⎝ ⎞⎟⎠

1/β3

≲ 
∞

k�k0

2kc3q

j∈N

χBk,j

����������

����������

q

Lp(·) Rn( )

⎛⎜⎝ ⎞⎟⎠

1/q

· 
∞

k�k0

2− kc3β3 q/ q− β3( )( )⎛⎝ ⎞⎠

q− β3( )/qβ3

≲ 2− k0c3 

∞

k�k0

2kc3q

j∈N

χBk,j

����������

����������

q

Lp(·) Rn( )

⎛⎜⎝ ⎞⎟⎠

1/q

.

(50)

+en,
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∞

k0�− ∞
2k0I2 

q
≲ 
∞

k0�− ∞
2k0q2− k0c3q



∞

k�k0

2kqc3 
j∈N

χBk,j

����������

����������

q

Lp(·) Rn( )

≲ 
∞

k�− ∞
2kqc3 

j∈N
χBk,j

����������

����������

q

Lp(·) Rn( )



k

k0�− ∞
2k0q 1− c3( )

≲ 
∞

k�− ∞
2kq


j∈N

χBk,j

����������

����������

q

Lp(·) Rn( )

.

(51)

+us, by (38), we have


k0 ∈ Z

2k0q
I

q
2

⎛⎝ ⎞⎠

1/q

≲f
H

p(·),q

atom,r,s Rn( )
. (52)

We turn to estimate I3. Let σ4 ∈ (0,∞) such that
σ4 ∈ ((n/p− (n + α + s)), 1) (such that σ4 exists since
p− ∈ (n/(n + α + s), 1)) and β4 ∈ (0, min n/σ4(n + α+

s), q}). +us, by Remark 1(ii), Lemmas 1 and 2, and Remark
2, we get

I3 ≲ 2
− k0σ4 

∞

k�k0


j∈N

λk,jgα,s ak,j  
σ4χAc

k0

����������

����������
Lp(·) Rn( )

≲ 2− k0σ4 

∞

k�k0


j∈N

λk,jgα,s ak,j  
σ4χAc

k0

⎛⎝ ⎞⎠

β4
�����������

�����������Lp(·)/β4 Rn( )

⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠

1/β4

.

(53)

Let c4 ∈ (σ4, 1). +en, by (45), Lemma 3, and the Hölder
inequality, we have

I3 ≲ 2
− k0σ4 

∞

k�k0

2kσ4β4 
j∈N

M χBk,j
 

1/β4
 

β4
����������

����������
Lp(·)/β4 Rn( )

⎛⎜⎝ ⎞⎟⎠

1/β4

≲ 2− k0σ4 

∞

k�k0

2kσ4β4 
j∈N

χBk,j

����������

����������

β4

Lp(·) Rn( )

⎛⎜⎝ ⎞⎟⎠

1/β4

≲ 2− k0σ4 

∞

k�k0

2kσ4β42− kc4β42kc4β4 
j∈N

χBk,j

����������

����������

β4

Lp(·) Rn( )

⎛⎜⎝ ⎞⎟⎠

1/β4

≲ 2− kσ4 

∞

k�k0

2kβ4 σ4− c4( ) q/q− β4( )⎛⎝ ⎞⎠

q− β4( )/qβ4

· 
∞

k�k0

2kc4q

j∈N

χBk,j

����������

����������

q

Lp(·) Rn( )

⎛⎜⎝ ⎞⎟⎠

�����������

1/q

≲ 2− k0c4 

∞

k�k0

2kc4q

j∈N

χBk,j

����������

����������

q

Lp(·) Rn( )

⎛⎜⎝ ⎞⎟⎠

1/q

.

(54)

+en, following the argument used for (52), we can prove
that


k0 ∈ Z

2k0q
I

q
3

⎛⎝ ⎞⎠

1/q

≲ ‖f‖
H

p(·),q

atom,r,s Rn( )
. (55)

Combining the estimates (44), (49), (52), and (55), we get

gα,s(f)
����

����Lp(·),q Rn( )
≤C‖f‖

H
p(·),q

atom,r,s Rn( )
∼ ||f||Hp(·),q Rn( ). (56)

To prove (ii), note that, for any x ∈ Rn, we have

g(f)(x) ≲gα,s(f)(x). (57)

By this and the fact that f ∈ S′(Rn) vanishes weakly at
infinity, gα,s(f) ∈ Lp(·),q(Rn), and Proposition 1, we deduce
that f ∈ Hp(·),q(Rn) and

fHp(·),q Rn( ) ≲ ‖g(f)‖Lp(·),q Rn( ) ≲ gα,s(f)
����

����Lp(·),q Rn( )
. (58)

+e proof is complete. □

Proof of 0eorem 2. We begin by proving (i). Let
f ∈ Hp(·),q(Rn). Following the argument used in [40], p.
1566, we can prove that, for any α ∈ (0, 1], s ∈
Z+, ε ∈ (max α, s{ },∞), λ ∈ (3 + 2(α + s)/n,∞) and x ∈ Rn,

g
∗
λ,(α,ε),s(f)(x)≲ S(α,ε),s(f)(x). (59)

+us, by +eorem 1, we conclude that

g
∗
λ,α,s(f)

����
����Lp(·),q Rn( )

≲ g
∗
λ,(α,ε),s(f)

����
����

Lp(·),q Rn( )

≲ S(α,ε),s(f)
����

����Lp(·),q Rn( )
≲ ‖f‖Hp(·),q Rn( ).

(60)

We turn to prove (ii). Let f ∈ S′(Rn), f vanishes weakly
at infinity, and g∗λ,α,s(f) ∈ Lp(·),q(Rn). Note that since
α ∈ (0, 1], s ∈ Z+, p− ∈ (n/(n + α + s), 1] and λ ∈ (3 + 2(α+

s)/n,∞), we have

λ>1 +
2

min p− , 2 
. (61)

By this, the fact that, for all x ∈ Rn,

g
∗
λ(f)(x) ≲g

∗
λ,α,s(f)(x)≲ g

∗
λ,(α,ε),s(f)(x), (62)

and Proposition 2, we deduce that f ∈ Hp(·),q(Rn) and

‖f‖Hp(·),q Rn( ) ≲ g
∗
(f)

����
����Lp(·),q Rn( )

≲ g
∗
λ,α,s(f)

����
����Lp(·),q Rn( )

≲ g
∗λ, (α, ε), s(f)

����
����Lp(·),q Rn( )

.
(63)

+is ends the proof. □
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