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Let Y, 1/p; =1 (p; > 1), in this paper, by using the method of weight functions and technique of real analysis; it is proved that the
equivalent parameter condition for the validity of multiple integral Hilbert-type inequality [, K(x,++x,)[],f;(x;) dx; -+ dx,

SMH?:lnfin.,a with homogeneous kernel K (x,,---,x,) of order A is Y a;/p;=A+n—1, and the calculation formula of its

optimal constant factor is obtained. The basic theory and method of constructing a Hilbert-type multiple integral inequality
with the homogeneous kernel and optimal constant factor are solved.

1. Preliminary

Assuming that r > 1, f(x) >0, and « € R, define

+00 1/r
L4 (0,+00) = {f(x) >0 [fll o = (j xf (x) dx) <+oo}.
(1)

Particularly, denote L,(0,+00) =L, (0,+00) and ||f]|, =
1fll,0- I (1/p) + (1/q) =1 (p>1), f € L,(0,+00), and g € L,
(0,400), then there holds the well-known Hilbert’s integral
inequality [1]

s
dxdy < ——<||fll,lgll,  (2)

[, ], S

o Jo Xty

where the constant factor 7/(sin (7/p)) is optimal.

In general, let Y 1/p,=1 (p,>1), a; €R(i=1,2,---,n),
fi(x;) €L, 4 (0,+00), K(x;,+x,) be a nonnegative measur-
able function, and M be a constant; we call

| Koo [T -+ dsy s MTT Wil @)

: i=1

the Hilbert-type multiple integral inequality.

Fruitful results have been obtained for the Hilbert-type
inequality [2-12], but the results of the multi-integral form
are much less, especially for the parameters’ conditions and
the best constant factor for the Hilbert-type multi-integral
inequality. The research for these problems is natural and
important. However, the related references are less. In this
paper, we will discuss the cases for the homogeneous integral
kernel.

Lemma 1. Let n > 2 be an integer, a; € R (i=1,2,---,n), K(x,

-+x,) be a homogeneous nonnegative measurable function
of order A\, Y7 1/p;=1 (p;>1), and Y a;/p,=A+n—1
Denote
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w; :J IK(ul,m,uj_], 1, ujﬂ,-'-,un)
R*

n
—(a+1)/p;
H u, du, - duj_ldujﬂ ----- du,,,
i=1(i#j)

where j=1,2,---,n. Then, we have

wj<xj) :x]((al+1)/P1)_1 Wj’ (5)

and W, =W,=-..=W,.

Proof. Since K(x,,-
A, we have

-,x,,) is @ homogeneous function of order

X X
K(xl,m,xn)=x?f<(ﬁ,---,f—1,1, J-) (6)

and then

<
[
R

dx;_ydx;,, - dx,,.

—(a:+1)/p:
% H x,<“‘+)"'dx1-~- :

=1(i#)

Settlngx/x =u;(i=1,--,j—1,j+ 1,---,n), then we find
Xy Xy %) s

a(ul,...’ D uj+1,...’un)

/\+nlz

(e +1)/p,
wj(xj) =X; ‘JRn 1K(ul, g L, u]ﬂ,...,un)

n
X H u;(aiJrl)/P" duy - du;duj,, - du
i=1(i#))

:x]((aﬁl)/pj)—le.

n

Thus, (5) holds, because for any j, we have

U, 1 u; u
2 U, 1 +1
WJ:J ulK( ,_)...,]_,_’J_,...’_")
R u U, U U u;
" ©)
—(«+1)/p;
X H u; duy - duy_ydug,, - du

i=1(i)

ne

Setting u,/u; =v,, -+,
-, and u,/u; =v,
(l/v)

wifuy=vip, Uy =v,uj,/uy =
, then it follows that u, = l/vj, u,
D Ui = (”V ) Vier =% and U, =

Vig *

(1/1/]-)1/2, ki =
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(1/v;)v,. So we get

1 A 1 —(a+1)/py v —(ay+1)/p,
2
W]:J — K(]"VZ’.”’Vn) — _Z vee
LN Vi Vi
—(a;_+1)/p; (o +1)/p;,
() )
Vi Vi
(@, +1)/p,
Vn —Nn
|5 vihdvy e dv,
j

I, e e

—A-n+ 1)/p; ~(a;+1)/p;, B
v, Lo vjff’ Pyt gy ey,
n 1 /
:J K(1,vy,-+v,) v,-_<a"+ Vb dv, - dv, = W,.
R 2
(10)
Hence, we obtain W, =W, =---=W,.

Lemma 2. Let 0< a < 2, then

J min {1, t} o gy 1 1. (11)
o max {I,t} 2-a a

Proof. Since 0 <a<2,wehavea-1<landa+1>1,s0

+ min {1, ¢ Ly +00 1
J {}t_“dt:J —t‘”dt+J —t7dt
o max {1,t} ! ,
LS| +0o 1 1
= dt+ dt=—— +=.
tal ta+1 2—a a

(12)

2. The Equivalent Conditions for a Hilbert-Type
Multiple Integral Inequality Holding

Theorem 3. Let n>2 be an integer, Y. 1/p,=1(p;>1),
a;eR(i=1,2,--,n), K(x;,--~x,) be a homogeneous non-
negative measurable function of order A, and

n—1
_ (e +1)/p,
w, —J IK(ul, Uy, g1 I | u; ‘du, - du,_,,
R} i=1

(13)

is convergent, such that

—

1 1 n—
w =J J Kty sty 1) u-_<a"+1>/p"du1 cedu, >0,

i
0

L
[

1

°° © +1)/
W<2) :J "'J K ul’ . Vl 1;1>H Dt deul 'du,,kl > 0.
=1
(14)

Then
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(i) For all f,(x;) € L, , (0:+00) (i=1,2,:+,n), there exists
a constant M, such that the Hilbert-type multiple inte-
gral inequality

n

JRzK(xf’ o x,) [T £ e, -

i=1

n
dxn S]\/Il_[ ||fin,.,ai’ (15)
i=1

holds true if and only if Y\_ ja;/p;=A+n— 1.

(ii) If (15) holds, then the best constant factor is inf
M=W,.

Proof. (i) Suppose that there exists a constant M such that
(15) holds. Denote c= Y a;/p; — (A +n—1).
If ¢> 0, then for 0 < € < ¢, we set

(—o;=1+¢)/p;
X; , 0<x;<1,
f,-(xi)={ ’ (16)
0

y x; > 1,

wherei=1,2,---,n. We find

n +00 1/p; n 1 p; 1
a P _ ~l+e —

I I (J x;' 13 (%) dxi) = (J Xi dxi) s

i=1 0 i=1 0

-[ x17,',xn)Hf dx, - dx,

1
x( a,~1+e)/p, ([ . [ K(x,0005%,)
0 J0

xf TPy e dx,, 1>d :

1

1 1 1
- [reonan ([ [ (2200
Jo 0 0 Xn Xn

1
(—a;=1+€)/p; —a,—1+€)/p,+A
x, dx, - dx,_, )dx, = | x{ P
Jo

1/x, 1/x, n-1
x J J K(tyeentyps 1 T () o0
i=1

1 n-1
—a,—1+e)/p, A+n—1 _, (-a;—1+e)/p;
) di’l df,,_l)dxn :J x’(q( a,~1+€)/p, ) +A+n +ZH( a-1+¢)/p,
0

1/x, l/x,, n-l alee)/
x J J K(tyoot,p ) [ 6757 Pty - dt,, | dx,

0 0 i=1

1 r1/x,
_ —l—cte ..
_J " (J

0 0 0

=

r1/x,
| Kt
n—-1

1
tg—zx,-l+8)/17,dtl dtn%)dx” ZJ x;l—c+e dx”
0

i=1

. <JO JK(tl, ot Ht ”'Iﬂdt1 - )

Thus, by (15), we get

! —l-cte ! ! = (—o;=1+e)/p; M
Oxn dx, 0' . Kt sty gt dty - dt, g?_
(18)

Since W) >0 and e — ¢ <0, fo x; 17 dx, is divergent to

+00. So we get a contradiction that +co<M/e, namely, ¢ > 0,
cannot be held.
If ¢ < 0, then for 0 < e<—c, we set

(-a1-e)p,
ey =17 > Azl (19)
0, 0<x;<1,

where i = 1,2, -+, n. Similarly, we get

+00 +00 +00
J x;l—c—a dxn (J J K(tl)...
1 1 1

n-1
e 1-e)ip, M
ey dtn_1> <=,
&€

’tn—l > 1)
(20)

i=1

Since W?) > 0and —c — & > 0, 17,7 dx,, is divergent
to +00; also, we get a contradiction that +00<M/e, namely,
¢ <0, cannot be held.

From the above discussions, we get ¢ = 0; that is, Y a;/
pi=A+n—-1L

Conversely, assume that Y a,/p;
Note that

=A+n-1 holds.

-1/p;
n J
a;+1)/p; 1)/

x]( j ) j xf‘x* )i
j=1 i=1

_ ﬁx(aj+l)/pj ﬁxi—(xﬁl/pi Zzzlllpk (21)

J
j=1 i=1
n n
a;+1)/p; —(e;+1)/p;
— xJ(J ) Jllxi(ax )plzl.
j=1 i=1

By Holder’s inequality and Lemma 1, we find
K(xq,, %, Jx)dxy - dx,
J s T

n Dip, [+ +1 s
=LnK(Xm'“»xn)H[xJ(W )ip; (sz(“ )/p,-> fj(xj)}

i=1

- dx, ~-~dx,, < |:J xj‘wl (Hxi—(a,ﬂ)/P,-)f?J (xj>K

i=1

[T ap1-((a1)ip) L,
U o)
1



1p;
Xdxy - dxydxj,y dxn)dxj:|

=

<

OOy +1-((a; . : o - p;
X +1-(( JH)/PJ)ff] (xj)x_(( 1+1)/p;) IWjdxj) ’

|
B
‘Ngv—t
=
~
—=
VRS
—
o +
8
R
A
s
S~—
Qu
Ra
~__
=

(22)
So, for all M >W,, (15) holds.
(ii) Next, we prove that when the equality (15) holds,

inf M =W,. Otherwise, there exists a constant M, < W,,
such that

|| o) T - sy <M T Wil 29
+ i=1

i=1
For a sufficient small € >0 and 6 > 0, let

(~oq-1-€)/p;

X s X121,

filx) = (24)
0, 0<x, <1,

and when i =2, 3, ---, n, we let
(—a—1-¢)/p;

X; , x>0,

filx)=1<" ' - (25)
0, 0<x;<0.

Thus, we get

n +00 . 1ipy n +00 . 1/p;
H||f,-||p,,a,.=(j % d) (j . d>
i=1 ! w2 \J&

14" ( 1 > 1/p;
eis o°
We still have

JRWK(xl,...,xn) [1/.() dx, - d,

i=1

oo —(a; +1+€)/p oo oo
:J X ! 1 J J K(xl’...’xn)
1 8 8

a (a;+1+¢)/, *
—(a; €
X pi d

i M ,,dxn) dx, = J (s

i=2 1
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+00 +00 xz xn

. s K 1’7x2/x ey —
1

5 5 X1 Xy

n +00
xi—(zx,+l+£)/pi dx, .- dxn> dx, :J xr((aluﬂ)/pl)
i=2 1

+00 +00 n
. [ J K(l, ”2"“a”n) H (xlui)—(tx,-+1+s)/P,-xrl1—1

S/x, O/x, i=2

+00 +00 +00
.duz dun de:J XII_S J J K(l’ uz)...)un)
1 S/x, 8/x,

[T duy - d””) .

i=2
+00 +00 +00

ZJ xIl_s J ...J K(l’ uz)...’un)
1 S S

n
—(a;+1+¢)/p;
u; du, -+ du,, |dx,

=2

L [ree oo ! —(a;+1+€)/p
- | ka,u,- ~( idu - du.
e L Ja (1, sy 1:2[ U; U U,
(27)
Combining this with (23) and (26), we obtain
oo oo u —(a;+1+€)/p;
K(l) uz’...,un)Hui duz dun
é é i=2
n 1 1/p; (28)
<M —
0 g (6€>

Let ¢ — 0%, and then by the Lebesgue dominated
convergence theorem, we have

+00 +00 n_o 1)
J J K(l,uz,m,un)Hui(a* ipi du, -+ du, < M,.
8 ) i=2

(29)

Taking § — 0%, we get

W, =W, :J K(1, uy,e-+5u,,) u; du, - du, <M.

n-1
R}

(30)

This is a contradiction compared with M, < W,, and
then inf M=W,.

3. Applications

Taking some different integral kernels and different parame-
ters, we can get a great deal of Hilbert-type inequalities in for-
mer literatures and other some new equalities. Moreover, the
necessary and sufficient conditions for the existence of these
inequalities are obtained.
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Corollary 4. Let the mtegern>2 Y llp,=1(p;>1),a €R,
filx;) el _)ai(0+oo) (i=1,2,--,n), and

min {up,u,_p, 1A

~(a;+1)
w,=| A A
Rt Max {up,e i, 1} 44

(31)

convergence. Then, there exists a constant M, such that the
necessary and sufficient condition for the equality hold

J min {x,,"-+,x, }Hf ) dx, -

re MAX {x),00 05X,

n
dxn < MH ”fi”pi,(x,-’
i=1

(32)

is YL o;/p,=n— 1. And when equation (32) holds, the best
constant factor is inf M =W .

Proof. Let
then, K(x,, -
measurable function of order A (=
corollary holds.

K(xy,++x,) =min {x;,--x, }/max {x;,--+.x, };
-,x,) certainly is a homogeneous nonnegative
0). By Theorem 3, the

Corollary 5. Let (1/p)+(1/q)=1(p>1), -1<a<2p-1, —
1<B<29-1 f(x)eL,,(0+00), and g(y)€L,z(0,+00).
Then, there exists a constant M, such that the necessary and
sufficient condition for the equality hold

J+°° J*“’ min {x, y}

) max {xy}

—— S g)dxdy <M | f]l, N9l (33)

(Blq) = 1. And when equation (33) holds, the best
(q/(B+1)).

Proof. Since 0 < (+ 1)/q < 2, by Lemma 2, we have

(o (5

p q
_a+1+ﬁ+1'

is (alp) +
constant factor is inf M = (p/(a+ 1)) +

J*"O min {1, uz}

o max {1, uz}

(34)

Combining this with the case n =2 of Corollary 4, the
proof is completed.

Remark 6. (i) Letting at; = p, — 1
can get

(i=1,--+,n) in Corollary 5, we

n} H dxl

”11

J min {xl, .

g Max {xl,

n
dxn <nl H ||fint,pl—1’
i=1

(35)

where the constant factor n! is the best possible. The above
equality is the main result in [2].

(ii) Letting a = B =1 in Corollary 5, we get
J+00J+oo min {X,)/}
0

o max{xy}

— Sl )dxdys%llfllp,lllg\lq,p (36)

where the constant factor pq/2 is optimal.
(iii) Letting o = p/2 and S =q/2 in Corollary 5, then we
have

j T B fg0) ddy

o max {x,y}
8pq
W”fHP,I)/ZHqu,q/Z’

(37)

where the constant factor 8pq/((p+2)(q+2)) is the best
possible.

(iv) Letting o =
5, we obtain

Emjm R 0 YT )9(y) dxdy

o max (%}

8pq
: (3p-2)(39-2) 1 1p32p-2 1191l 437220

(3/2)p -2 and = (3/2)g — 2 in Corollary

(38)

where the constant factor 8pq/((3p —2)(3g —2)) is optimal.
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