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Let ∑n
i=11/pi = 1 ðpi > 1Þ, in this paper, by using the method of weight functions and technique of real analysis; it is proved that the

equivalent parameter condition for the validity of multiple integral Hilbert-type inequality
Ð
Rn
+
Kðx1,⋯,xnÞ

Qn
i=1 f iðxiÞ dx1 ⋯ dxn

≤M
Qn

i=1k f ikpi ,αi with homogeneous kernel Kðx1,⋯,xnÞ of order λ is ∑n
i=1αi/pi = λ + n − 1, and the calculation formula of its

optimal constant factor is obtained. The basic theory and method of constructing a Hilbert-type multiple integral inequality
with the homogeneous kernel and optimal constant factor are solved.

1. Preliminary

Assuming that r > 1, f ðxÞ ≥ 0, and α ∈ R, define

Lr,α 0,+∞ð Þ = f xð Þ ≥ 0 : ∥f ∥r,α =
ð+∞
0

xα f r xð Þ dx
� �1/r

<+∞
( )

:

ð1Þ

Particularly, denote Lrð0,+∞Þ = Lr,0ð0,+∞Þ and k f kr =
k f kr,0. If ð1/pÞ + ð1/qÞ = 1 ðp > 1Þ, f ∈ Lpð0,+∞Þ, and g ∈ Lq
ð0,+∞Þ, then there holds the well-known Hilbert’s integral
inequality [1]

ð+∞
0

ð+∞
0

f xð Þg yð Þ
x + y

dxdy < π

sin π/pð Þ fk kp gk kq, ð2Þ

where the constant factor π/ðsin ðπ/pÞÞ is optimal.
In general, let ∑n

i=11/pi = 1 ðpi > 1Þ, αi ∈ R ði = 1, 2,⋯,nÞ,
f iðxiÞ ∈ Lpi ,αið0,+∞Þ, Kðx1,⋯,xnÞ be a nonnegative measur-
able function, and M be a constant; we call

ð
Rn
+

K x1,⋯,xnð Þ
Yn
i=1

f i xið Þdx1 ⋯ dxn ≤M
Yn
i=1

f ik kpi ,ai , ð3Þ

the Hilbert-type multiple integral inequality.
Fruitful results have been obtained for the Hilbert-type

inequality [2–12], but the results of the multi-integral form
are much less, especially for the parameters’ conditions and
the best constant factor for the Hilbert-type multi-integral
inequality. The research for these problems is natural and
important. However, the related references are less. In this
paper, we will discuss the cases for the homogeneous integral
kernel.

Lemma 1. Let n ≥ 2 be an integer, αi ∈ R ði = 1, 2,⋯,nÞ, Kðx1,
⋯,xnÞ be a homogeneous nonnegative measurable function
of order λ, ∑n

i=11/pi = 1 ðpi > 1Þ, and ∑n
i=1αi/pi = λ + n − 1.

Denote

ωj xj
� �

=
ð
Rn−1
+

K x1,⋯,xnð Þ

�
Yn

i=1 i≠jð Þ
x− αi+1ð Þ/pi
i dx1 ⋯ dxj−1dj+1 ⋯ dxn,
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Wj =
ð
Rn−1
+

K u1,⋯,uj−1, 1, uj+1,⋯,un
� �

�
Yn

i=1 i≠jð Þ
u− αi+1ð Þ/pi
i du1 ⋯ duj−1duj+1⋯⋯dun,

ð4Þ

where j = 1, 2,⋯, n. Then, we have

ωj xj
� �

= x
α j+1ð Þ/pjð Þ−1

j Wj, ð5Þ

and W1 =W2 =⋯ =Wn.

Proof. Since Kðx1,⋯,xnÞ is a homogeneous function of order
λ, we have

K x1,⋯,xnð Þ = xλj K
x1
xj
,⋯,

xj−1
xj

, 1,
xj+1
xj

,⋯, xn
xj

 !
, ð6Þ

and then

ωj xj
� �

= xλj

ð
Rn−1
+

K
x1
xj
,⋯,

xj−1
xj

, 1,
xj+1
xj

,⋯, xn
xj

 !

×
Yn

i=1 i≠jð Þ
x− αi+1ð Þ/pi
i dx1 ⋯ dxj−1dxj+1 ⋯ dxn:

ð7Þ

Setting xi/xj = ui ði = 1,⋯,j − 1, j + 1,⋯,nÞ, then we find

∂ x1,⋯,xj−1, xj+1,⋯,xn
� �

∂ u1,⋯,uj−1, uj+1,⋯,un
� � = xn−1j ,

ωj xj
� �

= x
λ+n−1−〠n

i=1 i≠ jð Þ αi+1ð Þ/pi
j

ð
Rn−1
+

K u1,⋯,uj−1, 1, uj+1,⋯,un
� �

×
Yn

i=1 i≠jð Þ
u− αi+1ð Þ/pi
i du1 ⋯ duj−1duj+1 ⋯ dun

= x
α j+1ð Þ/pjð Þ−1

j W j:

ð8Þ

Thus, (5) holds, because for any j, we have

Wj =
ð
Rn−1
+

uλ1K 1, u2
u1

,⋯,
uj−1
u1

, 1
u1

,
uj+1
u1

,⋯, un
u1

� �

×
Yn

i=1 i≠jð Þ
u− αi+1ð Þ/pi
i du1 ⋯ duj−1duj+1 ⋯ dun:

ð9Þ

Setting u2/u1 = v2,⋯, uj−1/u1 = vj−1, 1/u1 = vj, uj+1/u1 =
vj+1,⋯, and un/u1 = vn, then it follows that u1 = 1/vj, u2 =
ð1/vjÞv2,⋯, uj−1 = ð1/vjÞvj−1, uj+1 = ð1/vjÞvj+1,⋯, and un =

ð1/vjÞvn. So we get

Wj =
ð
Rn−1
+

1
vj

 !λ

K 1, v2,⋯,vnð Þ 1
vj

 !− α1+1ð Þ/p1 v2
vj

 !− α2+1ð Þ/p2
⋯

� vj−1
vj

 !− α j−1+1ð Þ/pj−1
×

vj+1
vj

 !− α j+1+1ð Þ/pj+1
⋯

� vn
vj

 !− αn+1ð Þ/pn
v−nj dv2 ⋯ dvn

=
ð
Rn−1
+

K 1, v2,⋯,vnð Þv− α2+1ð Þ/p2
2 ⋯ v

− α j−1+1ð Þ/pj−1
j−1

� v−λ−n+〠
n

i=1 i≠ jð Þ αi+1ð Þ/pi
j × v

− α j+1+1ð Þ/pj+1
j+1 ⋯ v− αn+1ð Þ/pn

n dv2 ⋯ dvn

=
ð
Rn−1
+

K 1, v2,⋯,vnð Þ
Yn
i=2

v− αi+1ð Þ/pi
i dv2 ⋯ dvn =W1:

ð10Þ

Hence, we obtain W1 =W2 =⋯ =Wn.

Lemma 2. Let 0 < a < 2, then

ð+∞
0

min 1, tf g
max 1, tf g t

−a dt = 1
2 − a

+ 1
a
: ð11Þ

Proof. Since 0 < a < 2, we have a − 1 < 1 and a + 1 > 1, so
ð+∞
0

min 1, tf g
max 1, tf g t

−a dt =
ð1
0

t
1 t−a dt+

ð+∞
1

1
t
t−a dt

=
ð1
0

1
ta−1

dt+
ð+∞
1

1
ta+1

dt = 1
2 − a

+ 1
a
:

ð12Þ

2. The Equivalent Conditions for a Hilbert-Type
Multiple Integral Inequality Holding

Theorem 3. Let n ≥ 2 be an integer, ∑n
i=11/pi = 1 ðpi > 1Þ,

αi ∈ R ði = 1, 2,⋯,nÞ, Kðx1,⋯,xnÞ be a homogeneous non-
negative measurable function of order λ, and

Wn =
ð
Rn−1
+

K u1,⋯, un−1, 1ð Þ
Yn−1
i=1

u− αi+1ð Þ/pi
i du1 ⋯ dun−1,

ð13Þ

is convergent, such that

W 1ð Þ
n =

ð1
0
⋯
ð1
0
K u1,⋯,un−1, 1ð Þ

Yn−1
i=1

u− αi+1ð Þ/pi
i du1 ⋯ dun−1 > 0,

W 2ð Þ
n =

ð∞
1
⋯
ð∞
1
K u1,⋯,un−1, 1ð Þ

Yn−1
i=1

u− αi+1ð Þ/pi
i du1 ⋯ dun−1 > 0:

ð14Þ

Then
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(i) For all f iðxiÞ ∈ Lpi ,αið0,+∞Þ ði = 1, 2,⋯,nÞ, there exists
a constantM, such that the Hilbert-type multiple inte-
gral inequality

ð
Rn
+

K x1,⋯, xnð Þ
Yn
i=1

f i xið Þdx1 ⋯ dxn ≤M
Yn
i=1

f ik kpi ,αi , ð15Þ

holds true if and only if ∑n
i=1αi/pi = λ + n − 1.

(ii) If (15) holds, then the best constant factor is inf
M =Wn.

Proof. (i) Suppose that there exists a constant M such that
(15) holds. Denote c =∑n

i=1αi/pi − ðλ + n − 1Þ.
If c > 0, then for 0 < ε < c, we set

f i xið Þ = x −αi−1+εð Þ/pi
i , 0 < xi ≤ 1,
0, xi > 1,

(
ð16Þ

where i = 1, 2,⋯, n. We find

Yn
i=1

ð+∞
0

xαii f
pi
i xið Þ dxi

� �1/pi
=
Yn
i=1

ð1
0
x−1+εi dxi

� �1/pi
= 1
ε
,

ð
Rn
+

K x1; ;⋯, xnð Þ
Yn
i=1

f i xið Þdx1 ⋯ dxn

=
ð1
0
x −αn−1+εð Þ/pn
n

ð1
0
⋯
ð1
0
K x1,⋯,xnð Þ

�

·
Yn−1
i=1

x −αi−1+εð Þ/pi
i dx1 ⋯ dxn−1

�
dxn

=
ð1
0
x −αn−1+εð Þ/pn+λ
n

ð1
0
⋯
ð1
0
K

x1
xn

,⋯, xn−1
xn

, 1
� ��

·
Yn−1
i=1

x −αi−1+εð Þ/pi
i dx1 ⋯ dxn−1

�
dxn =

ð1
0
x −αn−1+εð Þ/pn+λ
n

×
ð1/xn
0

⋯
ð1/xn
0

K t1,⋯,tn−1, 1ð Þxn−1n

Yn−1
i=1

xntið Þ −αi−1+εð Þ/pi
 

· dt1 ⋯ dtn−1

!
dxn =

ð1
0
x

−αn−1+εð Þ/pnð Þ+λ+n−1+〠n−1
i=1 −αi−1+εð Þ/pi

n

×
ð1/xn
0

⋯
ð1/xn
0

K t1,⋯,tn−1, 1ð Þ
Yn−1
i=1

t −αi−1+εð Þ/pi
i dt1 ⋯ dtn−1

 !
dxn

=
ð1
0
x−1−c+εn

ð1/xn
0

⋯
ð1/xn
0

K t1,⋯,tn−1, 1ð Þ
�

·
Yn−1
i=1

t −αi−1+εð Þ/pi
i dt1 ⋯ dtn−1

�
dxn ≥

ð1
0
x−1−c+εn dxn

·
ð1
0
⋯
ð1
0
K t1,⋯,tn−1, 1ð Þ

Yn−1
i=1

t
−αi−1+ε

pi
i dt1 ⋯ dtn−1

 !
:

ð17Þ

Thus, by (15), we get

ð1
0
x−1−c+εn dxn

ð1
0
⋯
ð1
0
K t1,⋯,tn−1, 1ð Þ

Yn−1
i=1

t −αi−1+εð Þ/pi
i dt1 ⋯ dtn−1

 !
≤
M
ε
:

ð18Þ

Since Wð1Þ
n > 0 and ε − c < 0,

Ð 1
0x

−1−c+ε
n dxn is divergent to

+∞. So we get a contradiction that +∞≤M/ε, namely, c > 0,
cannot be held.

If c < 0, then for 0 < ε<−c, we set

f i xið Þ = x −αi−1−εð Þ/pi
i , xi ≥ 1,
0, 0 < xi < 1,

(
ð19Þ

where i = 1, 2,⋯, n. Similarly, we get

ð+∞
1

x−1−c−εn dxn

ð+∞
1

⋯
ð+∞
1

K t1,⋯,tn−1, 1ð Þ
�

·
Yn−1
i=1

t −αi−1−εð Þ/pi
i dt1 ⋯ dtn−1

�
≤
M
ε
:

ð20Þ

SinceWð2Þ
n > 0 and −c − ε > 0, Ð +∞1 x−1−c−εn dxn is divergent

to +∞; also, we get a contradiction that +∞≤M/ε, namely,
c < 0, cannot be held.

From the above discussions, we get c = 0; that is, ∑n
i=1αi/

pi = λ + n − 1.
Conversely, assume that ∑n

i=1αi/pi = λ + n − 1 holds.
Note that

Yn
j=1

x
α j+1ð Þ/pj
j

Yn
i=1

x αi+1ð Þ/pi
i

 !−1/pj

=
Yn
j=1

x
α j+1ð Þ/pj
j

Yn
i=1

x
−αi+1/pi 〠

n

k=11/pk
i

=
Yn
j=1

x
α j+1ð Þ/pj
j

Yn
i=1

x− αi+1ð Þ/pi
i = 1:

ð21Þ

By H€older’s inequality and Lemma 1, we find

ð
Rn
+

K x1; ;⋯, xnð Þ
Yn
i=1

f i xið Þdx1 ⋯ dxn

=
ð
Rn
+

K x1; ;⋯, xnð Þ
Yn
j=1

x
α j+1ð Þ/pj
j

Yn
i=1

x αi+1ð Þ/pi
i

 !−1/pj
f j xj
� �" #

· dx1 ⋯ dxn ≤
Yn
j=1

ð
Rn
+

x
α j+1
j

Yn
i=1

x− αi+1ð Þ/pi
i

 !
f
pj
j xj
� �

K

"

· x1; ;⋯, xnð Þdx1 ⋯ dxn

#1/pj
=
Yn
j=1

ð+∞
0

x
α j+1− α j+1ð Þ/pjð Þ
j f

pj
j

"

· xj
� � ð

Rn−1
+

Yn
i=1 i≠jð Þ

x− αi+1ð Þ/pi
i K x1,⋯,xnð Þ

0
@
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× dx1 ⋯ dxj−1dxj+1 ⋯ dxnÞdxj
#1/pj

=
Yn
j=1

ð+∞
0

x
α j+1− α j+1ð Þ/pjð Þ
j f

pj
j xj
� �

ωj xj
� �

dxj

� �1/pj

=
Yn
j=1

ð+∞
0

x
α j+1− α j+1ð Þ/pjð Þ
j f

pj
j xj
� �

x
α j+1ð Þ/pjð Þ−1

j Wjdxj

� �1/pj

=
Yn
j=1

W
1/pj
j

 !Yn
j=1

ð+∞
0

x
α j

j f
pj
j xj
� �

dxj

� �1/pj

=Wn

Yn
i=1

f ik kpi ,αi :

ð22Þ

So, for all M ≥Wn, (15) holds.
(ii) Next, we prove that when the equality (15) holds,

inf M =Wn. Otherwise, there exists a constant M0 <Wn,
such that

ð
Rn
+

K x1,⋯,xnð Þ
Yn
i=1

f i xið Þdx1 ⋯ dxn ≤M0
Yn
i=1

f ik kpi ,αi : ð23Þ

For a sufficient small ε > 0 and δ > 0, let

f1 x1ð Þ = x −α1−1−εð Þ/p1
1 , x1 ≥ 1,
0, 0 < x1 < 1,

(
ð24Þ

and when i = 2, 3,⋯, n, we let

f i xið Þ = x −αi−1−εð Þ/pi
i , xi ≥ δ,
0, 0 < xi < δ:

(
: ð25Þ

Thus, we get

Yn
i=1

f ik kpi ,αi =
ð+∞
1

x−1−ε1 dx1

� �1/p1 Yn
i=2

ð+∞
δ

x−1−εi dxi

� �1/pi

= 1
ε

Yn
i=2

1
δε

� �1/pi
:

ð26Þ

We still have

ð
Rn
+

K x1,⋯,xnð Þ
Yn
i=1

f i xið Þ dx1 ⋯ dxn

=
ð+∞
1

x− α1+1+εð Þ/p1
1

ð+∞
δ

⋯
ð+∞
δ

K x1,⋯,xnð Þ
 

·
Yn
i=2

x− αi+1+εð Þ/pi
i dx2 ⋯ dxn

!
dx1 =

ð+∞
1

xλ− α1+1+εð Þ/p1ð Þ
1

·
ð+∞
δ

⋯
ð+∞
δ

K 1, x2
x1

x2/x1 ,⋯, xn
x1

� � 

·
Yn
i=2

x− αi+1+εð Þ/pi
i dx2 ⋯ dxn

!
dx1 =

ð+∞
1

xλ− α1+1+εð Þ/p1ð Þ
1

·
ð+∞
δ/x1

⋯
ð+∞
δ/x1

K 1, u2,⋯,unð Þ
Yn
i=2

x1uið Þ− αi+1+εð Þ/pixn−11

 

·du2 ⋯ dun

!
dx1 =

ð+∞
1

x−1−ε1

ð+∞
δ/x1

⋯
ð+∞
δ/x1

K 1, u2,⋯,unð Þ
 

·
Yn
i=2

u− αi+1+εð Þ/pi
i du2 ⋯ dun

!
dx1

≥
ð+∞
1

x−1−ε1

ð+∞
δ

⋯
ð+∞
δ

K 1, u2,⋯,unð Þ
 

·
Yn
i=2

u− αi+1+εð Þ/pi
i du2 ⋯ dun

!
dx1

= 1
ε

ð+∞
δ

⋯
ð+∞
δ

K 1, u2,⋯,unð Þ
Yn
i=2

u− αi+1+εð Þ/pi
i du2 ⋯ dun:

ð27Þ

Combining this with (23) and (26), we obtain

ð+∞
δ

⋯
ð+∞
δ

K 1, u2,⋯,unð Þ
Yn
i=2

u− αi+1+εð Þ/pi
i du2 ⋯ dun

≤M0
Yn
i=2

1
δε

� �1/pi
:

ð28Þ

Let ε⟶ 0+, and then by the Lebesgue dominated
convergence theorem, we have

ð+∞
δ

⋯
ð+∞
δ

K 1, u2,⋯,unð Þ
Yn
i=2

u− αi+1ð Þ/pi
i du2 ⋯ dun ≤M0:

ð29Þ

Taking δ⟶ 0+, we get

Wn =W1 =
ð
Rn−1
+

K 1, u2,⋯,unð Þ
Yn
i=2

u− αi+1ð Þ/pi
i du2 ⋯ dun ≤M0:

ð30Þ

This is a contradiction compared with M0 <Wn, and
then inf M =Wn.

3. Applications

Taking some different integral kernels and different parame-
ters, we can get a great deal of Hilbert-type inequalities in for-
mer literatures and other some new equalities. Moreover, the
necessary and sufficient conditions for the existence of these
inequalities are obtained.
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Corollary 4. Let the integer n ≥ 2,∑n
i=11/pi = 1 ðpi > 1Þ, αi ∈ R,

f iðxiÞ ∈ Lpi ,αið0,+∞Þ ði = 1, 2,⋯,nÞ, and

Wn =
ð
Rn−1
+

min u1,⋯,un−1, 1f g
max u1,⋯,un−1, 1f g

Yn−1
i=1

u− αi+1ð Þ/pi
i du1 ⋯ dun−1,

ð31Þ

convergence. Then, there exists a constant M, such that the
necessary and sufficient condition for the equality hold

ð
Rn
+

min x1,⋯,xnf g
max x1,⋯,xnf g

Yn
i=1

f i xið Þ dx1 ⋯ dxn ≤M
Yn
i=1

f ik kpi ,αi ,

ð32Þ

is ∑n
i=1αi/pi = n − 1. And when equation (32) holds, the best

constant factor is inf M =Wn.

Proof. Let Kðx1,⋯,xnÞ =min fx1,⋯,xng/max fx1,⋯,xng;
then, Kðx1,⋯,xnÞ certainly is a homogeneous nonnegative
measurable function of order λ ð= 0Þ. By Theorem 3, the
corollary holds.

Corollary 5. Let ð1/pÞ + ð1/qÞ = 1 ðp > 1Þ, −1 < α < 2p − 1, −
1 < β < 2q − 1, f ðxÞ ∈ Lp,αð0,+∞Þ, and gðyÞ ∈ Lq,βð0,+∞Þ.
Then, there exists a constant M, such that the necessary and
sufficient condition for the equality hold

ð+∞
0

ð+∞
0

min x, yf g
max x, yf g f xð Þg yð Þdxdy ≤M fk kp,α gk kq,β, ð33Þ

is ðα/pÞ + ðβ/qÞ = 1. And when equation (33) holds, the best
constant factor is inf M = ðp/ðα + 1ÞÞ + ðq/ðβ + 1ÞÞ.

Proof. Since 0 < ðβ + 1Þ/q < 2, by Lemma 2, we have

ð+∞
0

min 1, u2f g
max 1, u2f g u

− β+1ð Þ/q
2 du2 = 2 − β + 1

q

� �−1
+ β + 1

q

� �−1

= p
α + 1 + q

β + 1 :

ð34Þ

Combining this with the case n = 2 of Corollary 4, the
proof is completed.

Remark 6. (i) Letting αi = pi − 1 ði = 1,⋯,nÞ in Corollary 5, we
can get

ð
Rn
+

min x1,⋯,xnf g
max x1,⋯,xnf g

Yn
i=1

f i xið Þ dx1 ⋯ dxn ≤ n!
Yn
i=1

f ik kpi ,pi−1,

ð35Þ

where the constant factor n! is the best possible. The above
equality is the main result in [2].

(ii) Letting α = β = 1 in Corollary 5, we get

ð+∞
0

ð+∞
0

min x, yf g
max x, yf g f xð Þg yð Þ dxdy ≤ pq

2 fk kp,1 gk kq,1, ð36Þ

where the constant factor pq/2 is optimal.
(iii) Letting α = p/2 and β = q/2 in Corollary 5, then we

have

ð+∞
0

ð+∞
0

min x, yf g
max x, yf g f xð Þg yð Þ dxdy

≤
8pq

p + 2ð Þ q + 2ð Þ fk kp,p/2 gk kq,q/2,
ð37Þ

where the constant factor 8pq/ððp + 2Þðq + 2ÞÞ is the best
possible.

(iv) Letting α = ð3/2Þp − 2 and β = ð3/2Þq − 2 in Corollary
5, we obtain

ð+∞
0

ð+∞
0

min x, yf g
max x, yf g f xð Þg yð Þ dxdy

≤
8pq

3p − 2ð Þ 3q − 2ð Þ fk kp,3/2p−2 gk kq,3/2q−2,
ð38Þ

where the constant factor 8pq/ðð3p − 2Þð3q − 2ÞÞ is optimal.
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