
Research Article
A Remark on Isometries of Absolutely Continuous Spaces

Alireza Ranjbar-Motlagh

Department of Mathematical Sciences, Sharif University of Technology, P. O. Box, 11365-9415 Tehran, Iran

Correspondence should be addressed to Alireza Ranjbar-Motlagh; ranjbarm@sharif.edu

Received 4 November 2019; Accepted 28 January 2020; Published 24 February 2020

Academic Editor: Adrian Petrusel

Copyright © 2020 Alireza Ranjbar-Motlagh. +is is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

+e purpose of this article is to study the isometries between vector-valued absolutely continuous function spaces, over compact
subsets of the real line. Indeed, under certain conditions, it is shown that such isometries can be represented as a weighted
composition operator.

1. Introduction

Suppose that (V, ‖·‖) and (W, ‖·‖) are Banach spaces (real
or complex) and X and Y are compact subsets of the real
line (with the induced distance and order from R). A map
f: X⟶ V is absolutely continuous, if for every ε> 0, there
exists a δ > 0 such that 

n
i�1 ‖f(bi) − f(ai)‖< ε, whenever

ai, bi 1≤ i≤ n is a (finite) sequence of mutually disjoint in-
tervals in R whose end points are in X and 

n
i�1 |bi − ai|< δ.

Also, the total variation of f (on X) is defined as

V(f) ≔ sup

n

i�1
f xi+1(  − f xi( 

����
����, (1)

where the supremum is taken over all (finite) increasing
sequences xi 1≤ i≤ n of points in X. +e set of all absolutely
continuous maps from X into V is denoted by AC(X, V),
and on this space, we consider the following norm:

‖f‖V ≔ max V(f), ‖f‖∞ , (2)

where ‖f‖∞ denotes the supremum norm of f (on X).
In this article, we study isometries on such function

spaces. We attempt to characterize isometries on these
function spaces, under certain conditions.

Suppose that T: AC(X, V)⟶ AC(Y, W) surjective
linear isometry, where V and W are Banach spaces with
trivial (one-dimensional) centralizers. We show that if Tand
T− 1 have property R, then T is a “weighted composition
operator” of the form

Tf(y) � J(y)f(ϕ(y)), (3)

where ϕ: Y⟶ X and its inverse are absolutely continuous,
and J is an absolutely continuous map from Y into the space
of surjective linear isometries from V intoW. Compare with
[1], +eorem 1.8 and [2], +eorem 5.3.

In particular, we present a direct proof for the main
result of [3], which is somewhat shorter and more ele-
mentary than the one in [3]. Our proof is based on the
principal ideas of [1] which convert the initial function space
to the class of continuous maps (equipped with the
supremum norm) and then appeal to the classical
Banach–Stone theorem.

2. Preliminaries

We start this section with definitions of propertiesP,Q, and
R for isometries between absolutely continuous function
spaces. +ese properties are stated for isometries between
Lipschitz spaces in [4], page 18, [5], Definition 2, and [2],
Definition 2.1.

Suppose that (V, ‖·‖) and (W, ‖·‖) are Banach spaces and
X and Y are complete metric spaces. Suppose that
T: AC(X, V)⟶ AC(Y, W) is a linear map. It is said that T
has propertyP, if for every y ∈ Y, there exists v ∈ V such that
Tv(y)≠ 0, where v ∈ AC(X, V) denotes the constant map
equal to v. Also, it is said that T has property Q, if for every
y ∈ Y and s, there exists v ∈ V such that Tv(y) � w. It is clear
that if T has property Q, then it has property P as well.
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Definition 1. It is said that the linear map
T: AC(X, V)⟶ AC(Y, W) has property R, if for every
y ∈ Y, w ∈W and ε> 0, there exists vw,ε ∈ V such that
‖vw,ε‖≤ ε and ‖w‖< ‖w + Tvw,ε(y)‖.

It is easy to see that property R is weaker than property
Q and stronger than property P. Also, if T has property P
and W is strictly convex, then T has property R.

Lemma 1. Let X be a compact metric space, and let V be a
Banach space. Let f: X⟶ V be a continuous map and
ε> 0. 4en, there exists a Lipschitz map fε: X⟶ V such
that ‖f − fε‖∞≤ ε. In particular, when X is a compact subset
of the real line, the set of all absolutely continuous maps
AC(X, V) is dense in the set of all continuous maps C(X, V),
equipped with the supremum norm.

Proof 1. See [1], Lemma 1.6. Notice that every Lipschitz
map is absolutely continuous, whenever X is a compact
subset of the real line. □

Theorem 1. Let X and Y be compact subsets of the real line,
and let V and W be Banach spaces. Let
T: AC(X, V)⟶ AC(Y, W) be a surjective linear isometry.
In addition, suppose that both T and T− 1 have property R.
4en, for every f ∈ AC(X, V), we have ‖Tf‖∞ � ‖f‖∞.

Proof 2. It is similar to the proof of [2], +eorem 2.5, with
minor modifications. □

3. Results

In this section, we characterize the surjective isometries
between vector-valued absolutely continuous function
spaces.

Theorem 2. Let X and Y be compact subsets of the real line,
and let V and W be Banach spaces with trivial (one-di-
mensional) centralizers (for definition see [5, 6]). Let
T: AC(X, V)⟶ AC(Y, W) be a surjective linear isometry
such that both T and T− 1 have property R. 4en, T is a
weighted composition operator of the form

Tf(y) � J(y)f(ϕ(y)), (4)

for all f ∈ AC(X, V) and y ∈ Y, where ϕ: Y⟶ X and its
inverse is absolutely continuous and J is an absolutely con-
tinuous map from Y into the space of surjective linear
isometries from V into W.

Proof 3. Let C(X, V) denote the set of all continuous maps
from X into V, equipped with the supremum norm. By
+eorem 1, we have

‖Tf‖∞ � ‖f‖∞, (5)

for every f ∈ AC(X, V). +en, by Lemma 1, we know that
every continuous map can be uniformly approximated by
absolutely continuous maps. So, we can easily extend T as a
surjective linear isometry from C(X, V) into C(Y, W), and
we denote this extension again by T.

By [6], Corollary 7.4.11, there exist a homeomorphism
ϕ: Y⟶ X and a map J from Y into the space of surjective
linear isometries from V into W such that

Tf(y) � J(y)f(ϕ(y)), (6)

for all f ∈ C(X, V) and y ∈ Y.
Now, consider the unit vector v ∈ V, and take f the

constant function equal to v in the equation (6). Since
Tf ∈ AC(Y, W), we see that the map y⟼ J(y)(v) is
absolutely continuous and also, the total variation of this
map is less than or equal to 1, uniformly with respect to v.
+is implies that the map y⟼ J(y) is absolutely
continuous.

On the other hand, it is clear that if f ∈ AC(X, V), then
‖f‖ ∈ AC(X,R). Define f ∈ AC(X, V) as f(x) :�(x + λ)v,
where v ∈ V is a unit vector and λ> 0 large enough such that
x + λ> 0, for all x ∈ X. If we substitute such a function f in
the equation (6), we see that ϕ is an absolutely continuous
function (note that ‖J(y)(v)‖ � 1). Also, by considering
T− 1, we can show that the inverse of ϕ is absolutely con-
tinuous as well. +is completes the proof of +eorem 2.

It was noticed by the referee that Hosseini [[7], +eorem
2.1] has proven a similar result under a weaker assumption
on T but under extra assumptions on Banach spaces V and
W. Also, it is worth mentioning that during the proof of [7],
+eorem 2.1, the author uses of [3], +eorem 4.1.

Finally, suppose that X and Y are compact subsets of the
real line and V and W are strictly convex Banach spaces.
Suppose that T: AC(X, V)⟶ AC(Y, W) is a surjective
linear isometry such that T has property P. Since every
strictly convex Banach space has trivial centralizer (see [6],
+eorem 7.4.14) and also by Lemma 3.6 and the proof of
Lemma 3.7 in [3] (compare with [4], Remark 4.6), we see
that T− 1 has property P as well. +en, +eorem 2 implies
that T is a “weighted composition operator” of the form (6).
Notice that if T has propertyP andW is strictly convex, then
T has property R. +erefore, by [3], Lemmas 3.14 and 3.15,
we are able to recover the main result of [3]. Our proof is
somewhat shorter and more elementary than the one in
[3]. □
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