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In this work, we mainly improve the results in Amini-Harandi and Emami (2010). By introducing a new kind of ordered
contraction-type decreasing operator in Banach space, we obtain a unique fixed point by using the iterative algorithm. An
example is also presented to illustrate the theorem.

1. Introduction

In this work, we obtain a unique fixed point for a kind of
ordered contraction-type decreasing operator in Banach
space by using the iterative algorithm. The fixed-point study
is mainly focused on two aspects. On the one hand, it is about
the research of contraction-type mapping, for example, in
[1–8]. On the other hand, it is about the study of monotone
operators with concavity and convexity, for example, in [9–
15]. There is little research on operators that only satisfy
the partial-order constrictions. Applications of operator the-
ory in fractional differential equations can be seen in [16–43].

The following generalization of Banach’s contraction
principle is due to Geraghty [44].

Lemma 1. Let ðM, dÞ be a complete metric space and let f :
M⟶M be a map. Suppose there exists β ∈ ζ such that for
each x, y ∈M,

d f xð Þ, f yð Þð Þ ≤ β d x, yð Þð Þd x, yð Þ, ð1Þ

where ζ denotes the class of those functions β : ½0,∞Þ⟶
½0, 1Þ which satisfy the condition βðtnÞ⟶ 1⇒ tn ⟶ 0.
Then f has a unique fixed-point z ∈M, and f f nðxÞg converges
to z, for each x ∈M.

Very recently, Amini-Harandi and Emami [6] proved the
following existence theorem which is a version of Lemma 1 in
the context of partially ordered complete metric spaces:

Lemma 2. Let (M, ≼) be a partially ordered set and suppose
that there exists a metric d inM such that ðM, dÞ is a complete
metric space. Let f : M⟶M be an increasing map such that
there exists an element x0 ∈M with x0 ≼ f ðx0Þ. Suppose that
there exists β ∈ ζ such that

d f xð Þ, f yð Þð Þ ≤ β d x, yð Þð Þd x, yð Þ, x, y ∈M, y ≤ x: ð2Þ

Assume that either f is continuous or M is such that if an
increasing sequence fxng⟶ x in M, then xn≼ x, ∀n.

Besides, if for each x, y ∈M, there exists z ∈M, which is
comparable to x and y.

Then f has a unique fixed point.

We found that in (2), the contraction is concerning a
metric. But in fact, the relation of partial order does not play
any role in (2). That is to say, in (1), the constriction y ≼ x is
not effective because dðx, yÞ = dðy, xÞ. A question appears
naturally in the authors’ minds: “Can the contraction condi-
tion be merely about partial order so that y ≼ x can be
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effective?” The authors have been haunted by this question
since it was found. Driven by this idea, we introduce a new
kind of ordered contraction-type decreasing operator in
Banach space with lattice structure and obtain a unique fixed
point of the operator. Our results are helpful and meaningful
for studies of fixed point. Comparing to [6], our improve-
ments are in three aspects.

First, the contraction is merely about partial order, and
the relation of partial-order y≼x does play an important
role in the contraction condition. This has never been seen.
Second, we consider the situation when the operator is
decreasing. Third, we only use the iterative algorithm, and
we can start the iterative process with any initial point,
i.e., we do not need any assumptions of the existence of
upper or lower solutions. An example is also presented to
illustrate the theorem.

The outline of this paper is as follows. In the remainder of
this section, we will give some preliminaries. In Section 2 of
this paper, we present the existence and uniqueness theorem.
In Section 3, an example is illustrated.

Definition 3 (see [45]). Let E be a real Banach space. A non-
empty convex closed set P ⊂ E is called a cone if

(i) x ∈ P, λ ≥ 0⇒ λx ∈ P

(ii) x ∈ P, −x ∈ P⇒ x = θ; θ is the zero element in E

In the case that P is a given cone in a real Banach space
ðE, k:kÞ, a partial order “≤” can be induced on E by x ≤
y⇔ y − x ∈ P. The cone P is called normal if there exists a
constantN > 0, such that for all x, y ∈ E, θ ≤ x ≤ y implies that
kxk ≤Nkyk. Details about cones and fixed point of operators
can be found in [45, 46].

Definition 4 (see [47, 48]). We call a set X ⊂ E a lattice under
the partial ordering ≤, if supfx, yg and inffx, yg exist for
arbitrary x, y ∈ X.

Lemma 5 (see [45]). A cone P is normal if and only if there
exists a norm k:k 1 in E which is equivalent to k:k such
that for any θ ≤ x ≤ y, kxk1 ≤ kyk1, i:e:, k:k1 is monotone.
The equivalence of k:k and k:k1 means that there exist M >
m > 0 such that m k:k1 ≤ k:k ≤Mk:k1.

Lemma 6 (see [45]). Let P be a normal cone in a real
Banach space E. Suppose that fxng is a monotone sequence
which has a subsequence fxnig converging to x∗, then fxng
also converges to x∗. Moreover, if fxng is an increasing
sequence, then fxng ≤ x∗ðn = 1, 2, 3,⋯Þ; if fxng is a decreasing
sequence, then x ∗ ≤fxngðn = 1, 2, 3,⋯Þ.

2. The Main Results

We suppose that E is a partially ordered Banach space. P is a
normal cone. The partial-order “≤” on E is induced by the
cone P.

Let ζ denote the class of those functionals β : P⟶ ½0, 1Þ
which satisfy the condition

β wnð Þ⟶ 1⇒wn

⟶ θ for anymonotonic sequence wnf g ⊂ P
ð3Þ

Theorem 7 (main theorem). Suppose that X ⊂ E is a closed
subset, P ⊂ X. X is a lattice. A : X⟶ X is a decreasing oper-
ator and satisfies the following ordered contraction condition:

(H) Suppose that there exists β ∈ ζ such that

Au − Av ≤ β v − uð Þ v − uð Þ, ∀u, v ∈ X, u ≤ v: ð4Þ

Then A has unique fixed-point u∗ ∈ X. Moreover, con-
structing successively sequence

un = Aun−1 n = 1, 2,⋯ð Þ, ð5Þ

for any initial u0 ∈ X, we have

lim
n→∞

un = u∗: ð6Þ

Remark 8.Here, we study the decreasing operator while most
of the contractions are about increasing operators. And the
contraction condition (4) is merely about the partial order,
while most of the contractions are about metric.

Remark 9. Two elements x and y in an ordered set ðX, ≤Þ are
said to be comparable if either x ≤ y or y ≤ x, and we denote it
as x ≤ ≥y.

Proof. Let u0 ∈ X, we have Au0 ∈ X. So we have the following
two cases.

Case 1.When u0 is comparable with Au0. Firstly, without loss
of generality, we suppose that

u0 ≤ Au0: ð7Þ

If u0 = Au0, then the proof is finished. Suppose that u0 <
Au0. Since A is decreasing, we obtain Au0 ≥ A2u0, and it is
easy to prove that A2 is increasing. Using the contractive con-
dition (4), we have

Au0 − A2u0 ≤ β Au0 − u0ð Þ Au0 − u0ð Þ ≤ Au0 − u0, ð8Þ

hence,

u0 ≤ A2u0: ð9Þ

From (4), we have

A2v − A2u ≤ β Au − Avð Þ Au − Avð Þ
≤ β Au − Avð Þβ v − uð Þ v − uð Þ
≤ β v − uð Þ v − uð Þ, ∀u, v ∈ X, u ≤ v:

ð10Þ
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Let

Bu = A2u, ∀u ∈ X: ð11Þ

From (9) and (10), we have the following two conclusions:

(a) There exists a functional β ∈ ζ such that for u, v ∈ X
with u ≤ v

Bv − Bu ≤ β v − uð Þ v − uð Þ ð12Þ

(b) There exists u0 ∈ X such that u0 ≤ Bu0

We assert that the operator B has unique fixed point in X.
And the unique fixed point of B is also the unique fixed point
of A. In order to be clear, we divide the process of proof into
three steps.

Step 1. We will use the method of iteration to construct a
fixed point of B. In fact, consider the iterative sequence

un+1 = Bun, n = 0, 1, 2,⋯: ð13Þ

Since u0 ≤ Bu0 and the operator B is increasing, we have

u0 ≤ u1 ≤⋯≤ un ≤⋯: ð14Þ

This means that fung is an increasing sequence. It follows
from (12) that

θ ≤ un+1 − un = Bun − Bun−1 ≤ β un − un−1ð Þ un − un−1ð Þ:
ð15Þ

Since P is normal, from the equivalence of k:k and k:k1 in
Lemma 5 we have

un+1 − unk k1 = Bun − Bun−1k k1 ≤ β un − un−1ð Þ un − un−1k k1:
ð16Þ

Then, fkun+1 − unk1g is a decreasing sequence and
bounded as follows. So

lim
n→∞

un+1 − unk k1 = r ≥ 0: ð17Þ

Assume r > 0. Then, from (16), we have

un+1 − unk k1
un − un−1∣

�� ��
1
≤ β un − un−1ð Þ: ð18Þ

The above inequality yields

lim
n→∞

β un − un−1ð Þ = 1: ð19Þ

And β ∈ ζ implies lim
n→∞

ðun − un−1Þ = θ. Then,

lim
n→∞

un − un − 1k k1 = 0 ð20Þ

and r = 0.
Now we show that fung is a Cauchy sequence. On the

contrary, assume that

lim
m,n→∞

sup un − umk k1 > 0: ð21Þ

For any fixed natural number n,mn >m. From (16),
by the triangle inequality kun − umk1 ≤ kun − un+1k1 +
kun+1 − um+1k1 + kum+1 − umk1 ≤ kun − un+1k1 + βðun − umÞ
kun − umk1 + kum+1 − umk1:

Hence, we have kun − umk1 ≤ ð1 − βðun − umÞÞ−1ðkun −
un+1k1 + kum+1 − umk1Þ.

Since lim supm,n→∞kun − umk1 > 0 and limn→∞
kun − un+1k1 = 0, then

lim sup
m,n→∞

1 − β un − umð Þð Þ−1 =∞, ð22Þ

from which we obtain

lim sup
m,n→∞

β un − umð Þ = 1: ð23Þ

But since β ∈ ζ, we get

lim sup
m,n→∞

un − umk k1 = 0: ð24Þ

This contradicts (21) and shows that fung is a Cauchy
sequence in X.

Since X is closed, we can suppose that there exists a
u∗ ∈ X such that

un ⟶ u∗: ð25Þ

Since P is normal, (14) together with Lemma 5 implies
that

un ≤ u∗: ð26Þ

(26), together with (12) and the equivalence of k:k1 and
k:k, implies that

Bu∗ − Bunk k1 ≤ β u∗ − unð Þ u∗ − unk k1: ð27Þ

So ku∗ − Bu∗k1 ≤ ku∗ − un+1∣k1 + kBu∗ − un+1k1 = ku∗ −
un+1∣k1 + kBu∗ − Bunk1 ≤ ku∗ − un+1k1 + βðu∗ − unÞku∗ −
unk1:

Let n⟶∞, we obtain ku∗ − Bu∗k1 = 0. So
u∗ = Bu∗:
This proves that u∗ is a fixed point of B in X and

u∗ = lim
n→∞

Bnu0: ð28Þ
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Step 2. We will obtain the uniqueness of the fixed point of B.
On the contrary, if �u is another fixed point of B, we will get
�u = u∗.

In fact, the first case, when�uis comparable withu0, with-
out loss of generality, we suppose that�u ≤ u0. Since B is
increasing,

�u = Bn�u ≤ Bnu0: ð29Þ

Moreover, by (12)

Bnu0 − �u = Bnu0 − Bn�u ≤ β Bn−1u0 − Bn−1�u
� �

Bn−1u0 − Bn−1�u
� �

= β Bn−1u0 − Bn−1�u
� �

Bn−1u0 − �u
� �

,
ð30Þ

and so

Bnu0 − �uk k1 ≤ β Bn−1u0 − �u
� �

Bn−1u0 − �u
� ��� ��

1: ð31Þ

Consequently, the sequence

γn = Bnu0 − �uk k1, ð32Þ

is nonnegative and decreasing, and so lim
n→∞

γn = γ ≥ 0. Now
we show that γ = 0:

On the contrary, assume that γ > 0. By passing to subse-
quences, if necessary, we may assume that lim

n→∞
βðBnu0 − �uÞ

= λ exists. From (31), we obtain γ ≤ λγ, and so λ = 1. Since
β ∈ ζ, then lim

n→∞
ðBnu0 − �uÞ = θ, and γ = lim

n→∞
kBnu0 − �uk1 = 0.

This contradiction proves γ = 0.
It can be obtained that

�u = lim
n→∞

Bnu0 = u∗: ð33Þ

The second case, when �u cannot compare with u0.
FromXwhich is a lattice, we obtain

y1 = inf �u, u0f g ∈ X, ð34Þ

satisfying

y1 ≤ �u, y1 ≤ u0, ð35Þ

i.e., �u is comparable with y1 and u0 is comparable with y1.
Since B is increasing, we know

Bny1 ≤ Bn�u, Bny1 ≤ Bnu0, n = 1, 2,⋯: ð36Þ

Moreover, by (12)

Bnu0 − Bny1 ≤ β Bn−1u0 − Bn−1y1
� �

Bn−1u0 − Bn−1y1
� �

: ð37Þ

So we have

Bnu0 − Bny1k k1 ≤ β Bn−1u0 − Bn−1y1
� �

Bn−1u0 − Bn−1y1
�� ��

1
≤ Bn−1u0 − Bn−1y1
�� ��

1:

ð38Þ

Similar to the process of (31), (32), and (33),

lim
n→∞

Bny1 = lim
n→∞

Bnu0 = u∗: ð39Þ

From (36), we have

lim
n→∞

Bny1 = lim
n→∞

Bn�u = �u: ð40Þ

So from (39) and (40), we get

�u = u∗: ð41Þ

(33) together with (41) implies that u∗ is unique fixed point
of B.

Step 3. We will point that the unique fixed point of B is also
the unique fixed point of A. Since

A2u∗ = Bu∗ = u∗: ð42Þ

Thus,

A2 Au∗ð Þ = A A2u∗
� �

= Au∗, ð43Þ

i.e., BðAu∗Þ = Au∗. From the uniqueness of the fixed point of
B, we know

Au∗ = u∗: ð44Þ

So u∗ is the unique fixed point of A in X.

Case 2. Another case, when u0 is not comparable to Au0.
From X which is a lattice, we know there exists v0 ∈ E such
that inf fAu0, u0g = v0. That is, v0 ≤ Au0, v0 ≤ u0. Since A is
a decreasing operator, we have

Au0 ≤ Av0: ð45Þ

This shows that

v0 ≤ Av0: ð46Þ

For any initial v0 ∈ X, constructing successively sequence

vn = Avn−1: ð47Þ

From B = A2, we can get

v2n = A2nv0 = Bnv0,  n = 1, 2,⋯ð Þ: ð48Þ
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From (28), we know

lim
n→∞

v2n = lim
n→∞

Bnv0 = u∗: ð49Þ

Since v2n+1 = A2n+1v0 = BnðAv0Þ and from the arbitrary of
v0 in (28), we obtain

lim
n→∞

v2n+1 = lim
n→∞

Bn Av0ð Þ = u∗: ð50Þ

(49) and (50) imply that

lim
n→∞

vn = u∗, ð51Þ

holds. Similarly to the proof of Step 2 and Step 3 in case 1, we
get that u∗ is the unique fixed point of A.

3. An Example

Let E = R, equipped with usual normal k·k = ∣ · ∣ and usual
partial order ≤. X = ½0,∞Þ, P = ½0,∞Þ. Then, P ⊂ X ⊂ E.
P is a normal cone in X. ðX, k·k, ≤Þ is a partially ordered
Banach space. And X is a lattice under the partial order ≤
induced by the cone P.

Then, X = ½0,∞Þ, P = ½0,∞Þ satisfying the assumptions
of Theorem 7. Define the mapping A : X⟶ X by Ax =
ðm + 1 +mxÞ/ð1 + xÞ, x ∈ X where m is a fixed real num-
ber. Then, A is nonincreasing. Define β : P⟶ ½0,∞Þ by
βðwÞ = 1/ð1 +wÞ, then β ∈ ζ. Now, for all x, y ∈ X with x ≤
y, we have

Ax − Ay = m + 1 +mx
1 + x

−
m + 1 +my

1 + y

= y − x
1 + x + y + xy

≤
y − x

1 + y − x

= β y − xð Þ y − xð Þ,

ð52Þ

so that A and β satisfy the assumption of Theorem 7. Observ-
ing that all the other conditions of Theorem 7 are also satisfied,
A has a unique fixed-point x∗ > 0. Moreover, constructing
successively sequence

xn+1 =
m + 1 +mxn

1 + xn
  n = 0, 1, 2,⋯ð Þ, ð53Þ

for any initial x0 ≥ 0, we have

lim
x→∞

xn = x∗: ð54Þ
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