
Research Article
Bounds of a Unified Integral Operator via Exponentially
ðs,mÞ-Convexity and Their Consequences

Yi Hu,1,2 Ghulam Farid ,3 Zijiang,1,2 and Kahkashan Mahreen3

1School of Information Science and Technology, South China Business College of Guangdong University of Foreign Studies,
510545 Guangzhou, China
2Institute for Intelligent Information Processing, South China Business College of Guangdong University of Foreign Studies,
510545 Guangzhou, China
3Department of Mathematics, COMSATS University Islamabad, Attock Campus, Pakistan

Correspondence should be addressed to Ghulam Farid; faridphdsms@hotmail.com

Received 20 November 2019; Accepted 23 April 2020; Published 22 May 2020

Academic Editor: Mitsuru Sugimoto

Copyright © 2020 Yi Hu et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Various known fractional and conformable integral operators can be obtained from a unified integral operator. The aim of this
paper is to find bounds of this unified integral operator via exponentially ðs,mÞ-convex functions. The resulting bounds provide
compact formulas for the bounds of associated fractional and conformable integral operators. Several Hadamard-type
inequalities have been produced from a compact version for unified integral operators for exponentially ðs,mÞ-convex functions.

1. Introduction

Fractional integral inequalities are useful in the field of frac-
tional calculus. Many mathematicians have introduced frac-
tional differential, fractional integral, and fractional
conformable integral operators in this field (see [1–14]).
Recently, several mathematical inequalities have been intro-
duced via ðs,mÞ-convexity (see [15, 16]). The goal of this
paper is to obtain the bounds of all integral operators
explained in Remarks 5 and 6 in a unified form for exponen-
tially ðs,mÞ-convex functions.

Definition 1 (see [6]). Let f : ½a, b�⟶ℝ be an integrable
function. Also let g be an increasing and positive function
on ða, b�, having a continuous derivative g′ on ða, bÞ. The
left-sided and right-sided fractional integrals of a function f
with respect to another function g on ½a, b� of order μ where
RðμÞ > 0 are defined by

μ
gIa+ f xð Þ = 1

Γ μð Þ
ðx
a
g xð Þ − g tð Þð Þμ−1g′ tð Þf tð Þdt, x > a,

ð1Þ

μ
gIb− f xð Þ = 1

Γ μð Þ
ðb
x
g tð Þ − g xð Þð Þμ−1g′ tð Þf tð Þdt, x < b,

ð2Þ

where Γð:Þ is the gamma function.

Definition 2 (see [17]). Let f : ½a, b�⟶ℝ be an integrable
function. Also let g be an increasing and positive function
on ða, b�, having a continuous derivative g′ on ða, bÞ. The
left-sided and right-sided fractional integrals of a function f
with respect to another function g on ½a, b� of order μ where
RðμÞ > 0, k > 0, are defined by

μ
gI

k
a+ f xð Þ = 1

kΓk μð Þ
ðx
a
g xð Þ − g tð Þð Þ μ/kð Þ−1g′ tð Þf tð Þdt, x > a,

ð3Þ

μ
gI

k
b− f xð Þ = 1

kΓk μð Þ
ðb
x
g tð Þ − g xð Þð Þ μ/kð Þ−1g′ tð Þf tð Þdt, x < b,

ð4Þ
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where Γkð:Þ is the gamma function given as follows [18]:

Γk xð Þ =
ð∞
0
tx−1e−t

k/kdt, R xð Þ > 0: ð5Þ

A fractional integral operator containing an extended
generalized Mittag-Leffler function in its kernel is defined
as follows:

Definition 3 (see [19]). Let ω, μ, α, l, γ, c ∈ℂ, RðμÞ,RðαÞ,R
ðlÞ > 0, RðcÞ >RðγÞ > 0 with p ≥ 0, δ > 0, and 0 < k ≤ δ +R

ðμÞ. Let f ∈ L1½a, b� and x ∈ ½a, b�: Then the generalized frac-

tional integral operators εγ,δ,k,cμ,α,l,ω,a+ f and ε
γ,δ,k,c
μ,α,l,ω,b− f are defined

by

ε
γ,δ,k,c
μ,α,l,ω,a+ f

� �
x ; pð Þ =

ðx
a
x − tð Þα−1Eγ,δ,k,c

μ,α,l ω x − tð Þμ ; pð Þf tð Þdt,

ð6Þ

ε
γ,δ,k,c
μ,α,l,ω,b− f

� �
x ; pð Þ =

ðb
x
t − xð Þα−1Eγ,δ,k,c

μ,α,l ω t − xð Þμ ; pð Þf tð Þdt,

ð7Þ
where

Eγ,δ,k,c
μ,α,l t ; pð Þ = 〠

∞

n=0

βp γ + nk, c − γð Þ
β γ, c − γð Þ

cð Þnk
Γ μn + αð Þ

tn

lð Þnδ
ð8Þ

is the extended generalized Mittag-Leffler function.

Recently, a unified integral operator is defined as follows:

Definition 4 (see [20]). Let f , g : ½a, b�⟶ℝ, 0 < a < b, be the
functions such that f be positive and f ∈ L1½a, b�, and g be
differentiable and strictly increasing. Also let ϕ/x be an
increasing function on ½a,∞Þ and α, l, γ, c ∈ ℂ, p, μ, δ ≥0,
and 0 < k ≤ δ + μ. Then, for x ∈ ½a, b�, the left and right inte-
gral operators are defined by

gF
ϕ,γ,δ,k,c
μ,α,l,a+ f

� �
x, ω ; pð Þ =

ðx
a
Ky

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
f yð Þd g yð Þð Þ,

ð9Þ

gF
ϕ,γ,δ,k,c
μ,α,l,b− f

� �
x, ω ; pð Þ =

ðb
x
Kx

y Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
f yð Þd g yð Þð Þ,

ð10Þ

where Ky
xðEγ,δ,k,c

μ,α,l , g ; ϕÞ = ðϕðgðxÞ − gðyÞÞ/ðgðxÞ − gðyÞÞÞ
Eγ,δ,k,c
μ,α,l ðωðgðxÞ − gðyÞÞμ ; pÞ.

For suitable settings of functions ϕ, g, and certain values
of parameters included in Mittag-Leffler function (8), some
interesting consequences can be obtained which are com-
prised in the upcoming remarks.

Remark 5.

(i) Let ϕðxÞ = xβ/kΓðβÞ/kΓkðβÞ, k > 0, β > k, and p = ω
= 0, in unified integral operators (9) and (10). Then,
generalized Riemann-Liouville fractional integral
operators (3) and (4) are obtained.

(ii) For k = 1, (3) and (4) fractional integrals coincide with
(1) and (2) fractional integrals, which further produce
the following fractional and conformable integrals:

(1) By taking g as identity function, (3) and (4) frac-
tional integrals coincide with k-fractional
Riemann-Liouville integrals defined by Mubeen
et al. in [7]

(2) For k = 1, along with g as the identity function,
(3) and (4) fractional integrals coincide with
Riemann-Liouville fractional integrals [6]

(3) For k = 1 and gðxÞ = xρ/ρ, ρ > 0, (3) and (4) pro-
duce fractional integrals defined by Chen and
Katugampola in [1]

(4) For k = 1 and gðxÞ = xτ+s/ðτ + sÞ, (3) and (4) pro-
duce generalized conformable fractional integrals
defined by Khan and Khan in [5]

(5) If we take gðxÞ = ðx − aÞs/s, s > 0, in (3) and gðx
Þ = −ðb − xÞs/s, s > 0, in (4), then conformable ðk
, sÞ-fractional integrals are achieved as defined
by Habib et al. in [3]

(6) If we take gðxÞ = x1+s/ð1 + sÞ, then conformable
fractional integrals are achieved as defined by
Sarikaya et al. in [11]

(7) If we take gðxÞ = ðx − aÞs/s, s > 0, in (3) and g
ðxÞ = −ðb − xÞs/s, s > 0, in (4) with k = 1, then
conformable fractional integrals are achieved
as defined by Jarad et al. in [4]

(8) If we take ω = p = 0 and ϕðtÞ = ΓðμÞFσ,k
ρ,λðωðtÞρÞ

in (9) and (10), then generalized k-fractional
integral operators are achieved as defined by
Tunc et al. in [13]

(9) If we take k = 1 and ϕðtÞ = ΓðμÞðexp ð−AtÞ/μÞ,
A = ð1 − μÞ/μ, μ > 0, in (3) and (4), then gener-
alized fractional integral operators with an
exponential kernel are obtained [2]

Remark 6. Let ϕðxÞ = xβ and gðxÞ = x, β > 0, in unified inte-
gral operators (9) and (10). Then, fractional integral opera-
tors (6) and (7) are obtained, which along with different
settings of k, δ, l, c, γ in generalized Mittag-Leffler function
give the following integral operators:

(1) By setting p = 0, fractional integral operators (6) and
(7) reduce to the fractional integral operators defined
by Salim and Faraj in [10]
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(2) By setting l = δ = 1, fractional integral operators (6)
and (7) reduce to the fractional integral operators
defined by Rahman et al. in [9]

(3) By setting p = 0 and l = δ = 1, fractional integral oper-
ators (6) and (7) reduce to the fractional integral
operators defined by Srivastava and Tomovski in [12]

(4) By setting p = 0 and l = δ = k = 1, fractional integral
operators (6) and (7) reduce to the fractional integral
operators defined by Prabhakar in [8]

(5) By setting p = ω = 0, fractional integral operators (6)
and (7) reduce to the left-sided and right-sided
Riemann-Liouville fractional integrals

(6) By setting p = ω = 0 in fractional integral operators (9)
and (10) we get ð1/ΓðμÞÞðFϕ,g

a+ f ÞðxÞ = ðgFϕ,γ,δ,k,c
μ,α,l,a+ f Þðx,

0 ; 0Þ and ð1/ΓðμÞÞðFϕ,g
b− f ÞðxÞ = ðgFϕ,γ,δ,k,c

μ,α,l,b− f Þðx, 0 ; 0Þ
where ðFϕ,g

a+ f ÞðxÞ and ðFϕ,g
b− f ÞðxÞ are defined in [21]

Convex functions play a very vital role in the theory of
inequalities. Motivated by its analytical interpretation, many
other extended and generalized notions have been defined in
literature. These notions are used to extend and generalize a
lot of classical results (see [15, 16, 22, 23] and references
therein). A generalized notion called exponentially ðs,mÞ
-convexity is defined in [24].

Definition 7. Let s ∈ ½0, 1� and I ⊆ ½0,∞Þ be an interval. A
function f : I ⟶ℝ is said to be exponentially ðs,mÞ-con-
vex in the second sense, if

f tx +m 1 − tð Þyð Þ ≤ ts
f xð Þ
eαx

+m 1 − tð Þs f yð Þ
eαy

, ð11Þ

holds for all x, y ∈ I,m ∈ ½0, 1� and α ∈ℝ:

One can note the deducible definitions in the following
remark:

Remark 8.

(i) For m = 1, (11) produces the definition of exponen-
tially s-convex function

(ii) For α = 0, (11) produces the definition of ðs,mÞ
-convex function

(iii) For α = 0 andm = 1, (11) produces the definition of s
-convex function in the second sense

(iv) For α = 0 and m = 1, (11) produces the definition of
the convex function

(v) For α = 0 and s = 1, (11) produces the definition of
the m-convex function

In the upcoming section, bounds of unified integral oper-
ators for exponentially ðs,mÞ-convex functions are given in
different forms. Bounds of associated fractional and con-

formable integral operators which are known in literature
are also deduced. The Hadamard inequality is derived for
exponentially ðs,mÞ-convex functions. Its diverse conform-
able and fractional versions are presented. A modulus
inequality is established by using exponentially ðs,mÞ-con-
vexity of ∣f ′∣ . In Section 3, boundedness and continuity of
these operators are given.

2. Main Results

Bounds of unified integral operators (9) and (10), by using
exponentially ðs,mÞ-convexity, are established in the follow-
ing theorem:

Theorem 9. Let f : ½a, b�⟶ℝ, 0 ≤ a < b, be a positive expo-
nentially ðs,mÞ-convex function with m ∈ ð0, 1� and g : ½a, b�
⟶ℝ be a differentiable and strictly increasing function.
Also let ϕ/x be an increasing function on ½a, b�. If α, l, γ, c ∈
ℂ, p, μ ≥0, δ ≥0, and 0 < k ≤ δ + μ, then for x ∈ ða, bÞ, we have

gF
ϕ,γ,δ,k,c
μ,α,l,a+ f

� �
x, ω ; pð Þ + gF

ϕ,γ,δ,k,c
μ,α,l,b− f

� �
x, ω ; pð Þ

≤ Ka
x Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

m
f x/mð Þ
eα x/mð Þ g xð Þ − f að Þ

eαa
g að Þ

�
−
Γ s + 1ð Þ
x − að Þs

� m
f x/mð Þ
eα x/mð Þ

s

Ix−g að Þ − f að Þ
eαa

s

Ia+g að Þ
� ��

+ Kx
b Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

� f bð Þ
eαb

g bð Þ −m
f x/mð Þ
eα x/mð Þ g xð Þ

�
−
Γ s + 1ð Þ
b − xð Þs

� f bð Þ
eαb

s

Ib−g xð Þ −m
f x/mð Þ
eα x/mð Þ

s

Ix+g bð Þ
� �

Þ:

ð12Þ

Proof. Under the suppositions of ϕ and g, we can obtain

ϕ g xð Þ − g tð Þð Þ
g xð Þ − g tð Þ ≤

ϕ g xð Þ − g að Þð Þ
g xð Þ − g að Þ ; t ∈ a, x½ �, x ∈ a, bð Þ:

ð13Þ

Multiplying with Eγ,δ,k,c
μ,α,l ðωðgðxÞ − gðtÞÞμ ; pÞg′ðtÞ, we

can obtain

Kt
x Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

g′ tð Þ ≤ ϕ g xð Þ − g að Þð Þ
g xð Þ − g að Þ

� Eγ,δ,k,c
μ,α,l ω g xð Þ − g tð Þð Þμ ; pð Þg′ tð Þ:

ð14Þ

By using Eγ,δ,k,c
μ,α,l ðωðgðxÞ − gðtÞÞμ ; pÞ ≤ Eγ,δ,k,c

μ,α,l ðω
ðgðxÞ − gðaÞÞμ ; pÞ, the following inequality is obtained:

Kt
x Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

g′ tð Þ ≤ Ka
x Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

g′ tð Þ: ð15Þ

Using exponentially ðs,mÞ-convexity of f , we have

f tð Þ ≤ x − t
x − a

� �s f að Þ
eαa

+m
t − a
x − a

� �s f x/mð Þ
eα x/mð Þ : ð16Þ
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Multiplying (15) and (16) and integrating over ½a, x�, we
can obtain

ðx
a
Kt

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
f tð Þd g tð Þð Þ ≤ f að Þ

eαa
Ka

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� �

�
ðx
a

x − t
x − a

� �s

d g tð Þð Þ +m
f x/mð Þ
eα x/mð Þ K

a
x Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

�
ðx
a

t − a
x − a

� �s

d g tð Þð Þ:

ð17Þ

By using Definition 4 and integrating by parts, the follow-
ing inequality is obtained:

gF
ϕ,γ,δ,k,c
μ,α,l,a+ f

� �
x, ω ; pð Þ ≤ Ka

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
� m

f x/mð Þ
eα x/mð Þ g xð Þ − f að Þ

eαa
g að Þ

�
−
Γ s + 1ð Þ
x − að Þs

� m
f x/mð Þ
eα x/mð Þ

s

Ix−g að Þ − f að Þ
eαa

s

Ia+g að Þ
� ��

:

ð18Þ

Now on the other hand for t ∈ ðx, b� and x ∈ ða, bÞ, the
following inequality holds true:

Kt
x Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

g′ tð Þ ≤ Kx
b Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

g′ tð Þ: ð19Þ

Using exponentially ðs,mÞ-convexity of f , we have

f tð Þ ≤ t − x
b − x

� �s f bð Þ
eαb

+m
b − t
b − x

� �s f x/mð Þ
eα x/mð Þ : ð20Þ

Adopting the same pattern as we did for (15) and (16), we
obtained the following inequality from (19) and (20):

gF
ϕ,γ,δ,k,c
μ,α,l,b− f

� �
x, ω ; pð Þ ≤ Kx

b Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
� f bð Þ

eαb
g bð Þ −m

f x/mð Þ
eα x/mð Þ g xð Þ

�
−
Γ s + 1ð Þ
b − xð Þs

� f bð Þ
eαb

s

Ib−g xð Þ −m
f x/mð Þ
eα x/mð Þ

s

Ix+g bð Þ
� ��

:

ð21Þ

By adding (18) and (21), (12) can be obtained.

Remark 10.

(1) If we put p = ω = 0 in (12), then result for exponen-
tially ðs,mÞ-convex functions can be obtained for
the integral operators defined in [23].

(2) If we put p = ω = α = 0 in (12), then Theorem 1 in
[23] can be obtained

(3) If we put ðs,mÞ = ð1, 1Þ and α = 0 in (12), Theorem 8
in [20] can be obtained

(4) If we put ðs,mÞ = ð1, 1Þ and p = ω = 0 in (12), then the
result for exponentially convex functions can be
obtained for the integral operators defined in [23].

(5) If we put ðs,mÞ = ð1, 1Þ, p = ω = 0, and α = 0 in
(12), then the result for convex functions can
be obtained for the integral operators defined
in [23].

(6) If we put ϕðtÞ = tμ, μ > 0, α = 0, p = ω = 0, and ðs,mÞ
= ð1, 1Þ in (12), then Proposition 10 in [20] can be
obtained

(7) If we put ϕðtÞ = tμ, μ > 0, gðxÞ = x, α = 0, p = ω = 0,
and ðs,mÞ = ð1, 1Þ in (12), then Corollary 1 in [26]
can be obtained

Proposition 11. Let ϕðtÞ = tμ, and p = ω = 0. Then, (12) gives
the following bound for fractional integral operators defined in
[6] for μ ≥ 1:

μ
gIa+ f
� �

xð Þ + μ
gIb− f
� �

xð Þ ≤ g xð Þ − g að Þð Þμ−1
Γ μð Þ

� m
f x/mð Þ
eα x/mð Þ g xð Þ − f að Þ

eαa
g að Þ

�
−
Γ s + 1ð Þ
x − að Þs

� m
f x/mð Þ
eα x/mð Þ

s

Ix−g að Þ − f að Þ
eαa

s

Ia+g xð Þ
� ��

+ g bð Þ − g xð Þð Þμ−1
Γ μð Þ

f bð Þ
eαb

g bð Þ −m
f x/mð Þ
eα x/mð Þ g xð Þ

�

−
Γ s + 1ð Þ
b − xð Þs

f bð Þ
eαb

s

Ib−g xð Þ −m
f x/mð Þ
eα x/mð Þ

s

Ix+g bð Þ
� ��

:

ð22Þ

Proposition 12. Let gðxÞ = IðxÞ = x and p = ω = 0. Then, (12)
gives the following bound for integral operators defined in
[27]:

a+ Iϕ f
� �

xð Þ + b−Iϕ f
� �

xð Þ ≤ ϕ x − að Þ
x − að Þ

� m
f x/mð Þ
eα x/mð Þ g xð Þ − f að Þ

eαa
g að Þ − Γ s + 1ð Þ

x − að Þs
�

� m
f x/mð Þ
eα x/mð Þ

s

Ix−g að Þ − f að Þ
eαa

s

Ia+g xð Þ
� ��

+ ϕ b − xð ÞÞ
b − xð Þ

f bð Þ
eαb

g bð Þ −m
f x/mð Þ
eα x/mð Þ

�

� g xð Þ − Γ s + 1ð Þ
b − xð Þs

f bð Þ
eαb

s

Ib−g xð Þ −m
f x/mð Þ
eα x/mð Þ

s

Ix+g bð Þ
� ��

:

ð23Þ

Corollary 13. If we take ϕðtÞ = ΓðμÞtμ/k/kΓkðμÞ and p = ω = 0,
then (12) gives the following bound for fractional integral
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operators defined in [17] for μ ≥ k:

μ
gI

k
a+ f

� �
xð Þ + μ

gI
k
b− f

� �
xð Þ ≤ g xð Þ − g að Þð Þ μ/kð Þ−1

kΓk μð Þ
� m

f x/mð Þ
eα x/mð Þ g xð Þ − f að Þ

eαa
g að Þ

�
−
Γ s + 1ð Þ
x − að Þs

� m
f x/mð Þ
eα x/mð Þ

s

Ix−g að Þ − f að Þ
eαa

s

Ia+g xð Þ
� ��

+ g bð Þ − g xð Þð Þ μ/kð Þ−1

kΓk μð Þ
f bð Þ
eαb

g bð Þ −m
f x/mð Þ
eα x/mð Þ

�

� g xð Þ−Γ s + 1ð Þ
b − xð Þs

f bð Þ
eαb

s

Ib−g xð Þ −m
f x/mð Þ
eα x/mð Þ

s

Ix+g bð Þ
� ��

:

ð24Þ

Corollary 14. If we take ϕðtÞ = tμ, p = ω = 0, and gðxÞ = IðxÞ
= x, then (12) gives the following bound for Riemann-
Liouvelle fractional integrals defined in [6] for μ ≥ 1:

μIa+ fð Þ xð Þ + μIb− fð Þ xð Þ ≤ x − að Þμ−1
Γ μð Þ

� m
f x/mð Þ
eα x/mð Þ g xð Þ − f að Þ

eαa
g að Þ

�
−
Γ s + 1ð Þ
x − að Þs

� m
f x/mð Þ
eα x/mð Þ

s

Ix−g að Þ − f að Þ
eαa

s

Ia+g xð Þ
� ��

+ b − xð Þμ−1
Γ μð Þ

f bð Þ
eαb

g bð Þ −m
f x/mð Þ
eα x/mð Þ

�

� g xð Þ−Γ s + 1ð Þ
b − xð Þs

f bð Þ
eαb

s

Ib−g xð Þ −m
f x/mð Þ
eα x/mð Þ

s

Ix+g bð Þ
� ��

:

ð25Þ

Corollary 15. If we take ϕðtÞ = ΓðμÞtμ/k/kΓkðμÞ, p = ω = 0,
and gðxÞ = IðxÞ = x, then (12) gives the following bound for
fractional integral operators defined in [7] for μ ≥ k:

μIka+ f
� �

xð Þ + μIkb− f
� �

xð Þ ≤ x − að ÞÞ μ/kð Þ−1

kΓk μð Þ
� m

f x/mð Þ
eα x/mð Þ g xð Þ − f að Þ

eαa
g að Þ − Γ s + 1ð Þ

x − að Þs
�

� m
f x/mð Þ
eα x/mð Þ

s

Ix−g að Þ − f að Þ
eαa

s

Ia+g xð Þ
� ��

+ b − xÞð Þ s/μð Þ−1

kΓk μð Þ
f bð Þ
eαb

g bð Þ −m
f x/mð Þ
eα x/mð Þ g xð Þ

�

−
Γ s + 1ð Þ
b − xð Þs

f bð Þ
eαb

s

Ib−g xð Þ −m
f x/mð Þ
eα x/mð Þ

s

Ix+g bð Þ
� ��

:

ð26Þ

Corollary 16. If we take ϕðtÞ = tμ, p = ω = 0, and gðxÞ = xρ/
ρ, ρ > 0, then (12) gives the following bound for fractional

integral operators defined in [1]:

ρIμa+ f
� �

xð Þ + ρIμb− f
� �

xð Þ ≤ xρ − aρð Þμ−1
Γ μð Þρμ−1

� m
f x/mð Þ
eα x/mð Þ g xð Þ − f að Þ

eαa
g að Þ

�
−
Γ s + 1ð Þ
x − að Þs

� m
f x/mð Þ
eα x/mð Þ

s

Ix−g að Þ − f að Þ
eαa

s

Ia+g xð Þ
� ��

+ bρ − xρð Þμ−1
Γ μð Þρμ−1

f bð Þ
eαb

g bð Þ −m
f x/mð Þ
eα x/mð Þ

�

� g xð Þ−Γ s + 1ð Þ
x − að Þs

f bð Þ
eαb

s

Ib−g xð Þ −m
f x/mð Þ
eα x/mð Þ

s

Ix+g bð Þ
� ��

:

ð27Þ

The following lemma is essential to prove the next
result.

Lemma 17. Let f : ½0,∞�⟶ℝ be an exponentially ðs,mÞ
-convex function with m ∈ ð0, 1�. If 0 ≤ a < b and f ðxÞ/eαx =
f ðða + b − xÞ/mÞ/eαðða+b−xÞ/mÞ, then the following inequality
holds:

f
a + b
2

� �
≤

1
2s

1 +mð Þ f xð Þ
eαx

,  x ∈ a, b½ �: ð28Þ

Proof. Since f is an exponentially ðs,mÞ-convex, therefore,
the following inequality is valid:

f
a + b
2

� �
≤

1
2s
f xð Þ
eαx

+ m
2s
f a + b − xð Þ/mð Þ
eα a+b−xð Þ/mð Þ : ð29Þ

By using f ðxÞ/eαx = f ðða + b − xÞ/mÞ/eαðða+b−xÞ/mÞ in the
above inequality, we get (28).

The following result provides the Hadamard inequality
for unified integral operators defined in (9) and (10).

Theorem 18. Under the assumptions of Theorem 9, in addi-
tion if f ðxÞ/eαx = f ðða + b − xÞ/mÞ/eαðða+b−xÞ/mÞ, then we have

h αð Þ2s f a + bð Þ/2ð Þ
1 +mð Þ gF

ϕ,γ,δ,k,c
μ,α,l,b− 1

� �
a, ω ; pð Þ

�
+ gF

ϕ,γ,δ,k,c
μ,α,l,a+ 1

� �
b, ω ; pð Þ

�
≤ gF

ϕ,γ,δ,k,c
μ,α,l,b− f

� �
a, ω ; pð Þ

+ gF
ϕ,γ,δ,k,c
μ,α,l,a+ f

� �
b, ω ; pð Þ ≤ 2Ka

b Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
� f bð Þ

eαb
g bð Þ −m

f a/mð Þ
eα a/mð Þ g að Þ − Γ s + 1ð Þ

b − að Þs
�

� f bð Þ
eαb

s

Ib−g að Þ −m
f a/mð Þ
eα a/mð Þ

s

Ia+g bð Þ
� ��

:

ð30Þ
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Proof. Under the assumptions of ϕ and g, we can obtain:

ϕ g xð Þ − g að Þð Þ
g xð Þ − g að Þ ≤

ϕ g bð Þ − g að Þð Þ
g bð Þ − g að Þ : ð31Þ

Multiplying with Eγ,δ,k,c
μ,α,l ðωðgðxÞ − gðaÞÞμ ; pÞg′ðxÞ, we

can obtain:

Ka
x Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

g′ xð Þ ≤ ϕ g bð Þ − g að Þð Þ
g bð Þ − g að Þ

� Eγ,δ,k,c
μ,α,l ω g xð Þ − g að Þð Þμ ; pð Þg′ xð Þ: ð32Þ

By using Eγ,δ,k,c
μ,α,l ðωðgðxÞ − gðaÞÞμ ; pÞ ≤ Eγ,δ,k,c

μ,α,l ðω
ðgðbÞ − gðaÞÞμ ; pÞ, the following inequality is obtained:

Ka
x Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

g′ xð Þ ≤ Ka
b Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

g′ xð Þ: ð33Þ

Using exponentially ðs,mÞ-convexity of f , we have

f xð Þ ≤ x − a
b − a

� �s f bð Þ
eαb

+m
b − x
b − a

� �s f a/mð Þ
eα a/mð Þ : ð34Þ

Multiplying (33) and (34) and integrating the resulting
inequality over ½a, b�, we can obtain

ðb
a
Ka

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
d g xð Þð Þ ≤m

f a/mð Þ
eα a/mð Þ K

a
b Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

�
ðb
a

b − x
b − a

� �s

d g xð Þð Þ + f bð Þ
eαb

Ka
b Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

�
ðb
a

x − a
b − a

� �s
d g xð Þð Þ:

ð35Þ

By using Definition 4 and integrating by parts, the follow-
ing inequality is obtained:

gF
ϕ,γ,δ,k,c
μ,α,l,a+ f

� �
b, ω ; pð Þ ≤ Ka

b Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
� f bð Þ

eαb
g bð Þ −m

f a/mð Þ
eα a/mð Þ g að Þ − Γ s + 1ð Þ

b − að Þs
�

� f bð Þ
eαb

s

Ib−g að Þ −m
f a/mð Þ
eα a/mð Þ

s

Ia+g bð Þ
� ��

: ð36Þ

On the other hand, for x ∈ ða, bÞ, the following inequality
holds true:

Kx
b Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

g′ xð Þ ≤ Ka
b Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

g′ xð Þ: ð37Þ

Adopting the same pattern of simplification as we did for
(33) and (34), the following inequality can be observed for

(34) and (37):

gF
ϕ,γ,δ,k,c
μ,α,l,b− f

� �
a, ω ; pð Þ ≤ Ka

b Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
� f bð Þ

eαb
g bð Þ −m

f a/mð Þ
eα a/mð Þ g að Þ − Γ s + 1ð Þ

b − að Þs
�

� f bð Þ
eαb

s

Ib−g að Þ −m
f a/mð Þ
eα a/mð Þ

s

Ia+g bð Þ
� ��

: ð38Þ

By adding (36) and (38), following inequality can be
obtained:

gF
ϕ,γ,δ,k,c
μ,α,l,a+ f

� �
b, ω ; pð Þ + gF

ϕ,γ,δ,k,c
μ,α,l,b− f

� �
a, ω ; pð Þ

≤ Ka
b Eγ,δ,k,c

μ,α,l , g ; ϕ
� � f bð Þ

eαb
g bð Þ −m

f a/mð Þ
eα a/mð Þ

�

� g að Þ − Γ α + 1ð Þ
b − að Þs

f bð Þ
eαb

s

Ib−g bð Þ −m
f a/mð Þ
eα a/mð Þ

s

Ia+g bð Þ
� ��

:

ð39Þ

Multiplying both sides of (28) by Ka
xðEγ,δ,k,c

μ,α,l , g ; ϕÞg′ðxÞ,
and integrating over ½a, b� we have

f
a + b
2

� �ðb
a
Ka

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
d g xð Þð Þ ≤ 1

2s
� �

1 +mð Þ

�
ðb
a
Ka

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� � f xð Þ
eαx

d g xð Þð Þ:

ð40Þ

From Definition 4, the following inequality is obtained:

h αð Þf a + b
2

� � 2s
1 +mð Þ gF

ϕ,γ,δ,k,c
μ,α,l,b− 1

� �
� a, ω ; pð Þ ≤ gF

ϕ,γ,δ,k,c
μ,α,l,b− f

� �
a, ω ; pð Þ: ð41Þ

Similarly multiplying both sides of (28) by Kx
bðEγ,δ,k,c

μ,α,l , g ;
ϕÞg′ðxÞ and integrating over ½a, b�, we have

h αð Þf a + b
2

� � 2s
1 +mð Þ gF

ϕ,γ,δ,k,c
μ,α,l,a+ 1

� �
� b, ω ; pð Þ ≤ gF

ϕ,γ,δ,k,c
μ,α,l,a+ f

� �
b, ω ; pð Þ: ð42Þ

By adding (41) and (42) following inequality is obtained:

h αð Þf a + b
2

� � 2s
1 +mð Þ gF

ϕ,γ,δ,k,c
μ,α,l,b− 1

� �
a, ω ; pð Þ

�
+ gF

ϕ,γ,δ,k,c
μ,α,l,a+ 1

� �
b, ω ; pð ÞÞ ≤ gF

ϕ,γ,δ,k,c
μ,α,l,b− f

� �
� a, ω ; pð Þ + gF

ϕ,γ,δ,k,c
μ,α,l,a+ f

� �
b, ω ; pð Þ: ð43Þ

Using (39) and (43), inequality (30) can be achieved.

Remark 19.
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(1) If we put p = ω = 0 in (30), then result for exponen-
tially ðs,mÞ-convex functions can be obtained for
the integral operators defined in [23]

(2) If we put ðs,mÞ = ð1, 1Þ and α = 0 in (30), then Theo-
rem 22 in [20] can be obtained

(3) If we put ðs,mÞ = ð1, 1Þ and p = ω = 0 in (30), then the
result for exponentially convex functions can be
obtained for the integral operators defined in [23]

(4) If we put p = ω = α = 0 in (30), then Theorem 3 in
[23] can be obtained

(5) If we put ðs,mÞ = ð1, 1Þ and p = ω = α = 0 in (30),
then the result for convex functions can be obtained
for the integral operators defined in [23]

Corollary 20. If we put ϕðtÞ = ΓðμÞtμ/k/kΓkðμÞ and p = ω = 0,
then the inequality (30) produces the following Hadamard
inequality for fractional integral operators defined in [17]:

h αð Þ2s+1 f a + bð Þ/2ð Þ
μΓk μð Þ m + 1ð Þ g bð Þ − g að Þð Þμ/k ≤ μ

gI
k
b−
f að Þ+μ

gI
k
a+ f bð Þ

� �

≤
2 g bð Þ − g að Þð Þ μ/kð Þ−1

kΓk μð Þ
f bð Þ
eαb

g bð Þ −m
f a/mð Þ
eα a/mð Þ g að Þ − Γ s + 1ð Þ

b − að Þs
�

� f bð Þ
eαb

s

Ib−g að Þ −m
f a/mð Þ
eα a/mð Þ

s

Ia+g bð Þ
� ��

:

ð44Þ

Corollary 21. If we put ϕðtÞ = tμ and p = ω = 0, then the
inequality (30) produces the following Hadamard inequality
for fractional integral operators defined in [6]:

h αð Þ2s+1 f a + bð Þ/2ð Þ
μΓ μð Þ m + 1ð Þ g bð Þ − g bð Þð Þμ ≤ μ

gIb− f að Þ+μ
gIa+ f bð Þ

� �

≤
2 g bð Þ − g að Þð Þμ−1

Γ μð Þ
f bð Þ
eαb

g bð Þ −m
f a/mð Þ
eα a/mð Þ g að Þ − Γ s + 1ð Þ

b − að Þs
�

� f bð Þ
eαb

s

Ib−g að Þ −m
f a/mð Þ
eα a/mð Þ

s

Ia+g bð Þ
� ��

:

ð45Þ

Corollary 22. If we put ϕðtÞ = ΓðμÞtμ/k/kΓkðμÞ, p = ω = 0 and
take g as identity function, then the inequality (30) produces
the following Hadamard inequality for fractional integral
operators defined in [7]:

h αð Þ2s+1 f a + bð Þ/2ð Þ
μΓk μð Þ m + 1ð Þ b − að Þμ/k ≤ μIkb− f að Þ+μIka+ f bð Þ

� �

≤
2 b − að Þ μ/kð Þ−1

kΓk μð Þ
f bð Þ
eαb

g bð Þ −m
f a/mð Þ
eα a/mð Þ g að Þ − Γ s + 1ð Þ

b − að Þs
�

� f bð Þ
eαb

s

Ib−g að Þ −m
f a/mð Þ
eα a/mð Þ

s

Ia+g bð Þ
� ��

:

ð46Þ

Corollary 23. If we put ϕðtÞ = tμ, p = ω = 0 and take g as the
identity function, then the inequality (30) produces the follow-
ing Hadamard inequality for fractional integral operators
defined in [6]:

h αð Þ2s+1 f a + bð Þ/2ð Þ
μΓ μð Þ m + 1ð Þ g bð Þ − g að Þð Þμ ≤ μIb− f að Þ+μIa+ f bð Þ� �
≤
2 b − að Þμ−1

Γ μð Þ
f bð Þ
eαb

g bð Þ −m
f a/mð Þ
eα a/mð Þ g að Þ − Γ s + 1ð Þ

b − að Þs
�

� f bð Þ
eαb

s

Ib−g að Þ −m
f a/mð Þ
eα a/mð Þ

s

Ia+g bð Þ
� ��

:

ð47Þ

Theorem 24. Let f : I ⟶ℝ be a differentiable function. If ∣
f ′∣ is exponentially ðs,mÞ-convex with m ∈ ð0, 1� and g : I
⟶ℝ be a differentiable and strictly increasing function.
Also let ϕ/x be an increasing function on I then for a, b ∈ I, a
< b. If α, l, γ, c ∈ ℂ, p, μ ≥0, δ ≥ 0 and 0 < k ≤ δ + μ, then for
x ∈ ða, bÞ, we have

gF
ϕ,γ,δ,k,c
μ,α,l,a+ f ∗ g

� �
x, ω ; pð Þ + gF

ϕ,γ,δ,k,c
μ,α,l,b− f ∗ g

� �
x, ω ; pð Þ

��� ���
≤ Ka

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
m
∣f ′ x/mð Þ ∣
eα x/mð Þ g xð Þ − ∣f ′ að Þ ∣

eαa
g að Þ

 

−
Γ s + 1ð Þ
x − að Þs m

∣f ′ x/mð Þ ∣
eα x/mð Þ

s

Ix−g að Þ − ∣f ′ að Þ ∣
eαa

s

Ia+g xð Þ
 !!

+ Kx
b Eγ,δ,k,c

μ,α,l , g ; ϕ
� � ∣f ′ bð Þ ∣

eαb
g bð Þ −m

∣f ′ x/mð Þ ∣
eα x/mð Þ

 

� g xð Þ − Γ s + 1ð Þ
x − að Þs

∣f ′ bð Þ ∣
eαb

s

Ib−g xð Þ −m
∣f ′ x/mð Þ ∣
eα x/mð Þ

s

Ix+g bð Þ
 !!

,

ð48Þ

where

gF
ϕ,γ,δ,k,c
μ,α,l,a+ f ∗ g

� �
x, ω ; pð Þ≔

ðx
a
Kt

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
f ′ tð Þd g tð Þð Þ,

gF
ϕ,γ,δ,k,c
μ,α,l,b− f ∗ g

� �
x, ω ; pð Þ≔

ðb
x
Kx

t Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
f ′ tð Þd g tð Þð Þ:

ð49Þ

Proof. Using exponentially ðs,mÞ-convexity of ∣f ′ ∣ , we have

∣f ′ tð Þ∣ ≤ x − t
x − a

� �s ∣f ′ að Þ ∣
eαa

+m
t − a
x − a

� �s ∣f ′ x/mð Þ ∣
eα x/mð Þ :

ð50Þ
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The inequality (50) can be written as follows:

−
x − t
x − a

� �s ∣f ′ að Þ ∣
eαa

+m
t − a
x − a

� �s ∣f ′ x/mð Þ ∣
eα x/mð Þ

 !

≤ f ′ tð Þ ≤ x − t
x − a

� �s ∣f ′ að Þ ∣
eαa

+m
t − a
x − a

� �s ∣f ′ x/mð Þ ∣
eα x/mð Þ :

ð51Þ

Let us consider the second inequality of (51)

f ′ tð Þ ≤ x − t
x − a

� �s ∣f ′ að Þ ∣
eαa

+m
t − a
x − a

� �s ∣f ′ x/mð Þ ∣
eα x/mð Þ : ð52Þ

Multiplying (15) and (52) and integrating over ½a, x�, we
can obtain:

ðx
a
Kt

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
f tð Þd g tð Þð Þ ≤ ∣f ′ að Þ ∣

eαa
Ka

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
�
ðx
a

x − t
x − a

� �s

d g tð Þð Þ +m
∣f ′ x/mð Þ ∣
eα x/mð Þ × Ka

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
�
ðx
a

t − a
x − a

� �s

d g tð Þð Þ:

ð53Þ

By using (9) of Definition 4 and integrating by parts, the
following inequality is obtained:

gF
ϕ,γ,δ,k,c
μ,α,l,a+ f

� �
x, ω ; pð Þ ≤ Ka

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� �

× m
∣f ′ x/mð Þ ∣
eα x/mð Þ g xð Þ − ∣f ′ að Þ ∣

eαa
g að Þ

 
−
Γ s + 1ð Þ
x − að Þs

� m
∣f ′ x/mð Þ ∣
eα x/mð Þ

s

Ix−g að Þ − ∣f ′ að Þ ∣
eαa

s

Ia+g xð Þ
 !!

:

ð54Þ

Now we consider the left-hand side from the inequality
(51), and adopting the same pattern as we did for the right-
hand side inequality, we have

gF
ϕ,γ,δ,k,c
μ,α,l,a+ f

� �
x, ω ; pð Þ ≥ −Ka

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� �

× m
∣f ′ x/mð Þ ∣
eα x/mð Þ g xð Þ − ∣f ′ að Þ ∣

eαa
g að Þ

 
−
Γ s + 1ð Þ
x − að Þs

� m
∣f ′ x/mð Þ ∣
eα x/mð Þ

s

Ix−g að Þ − ∣f ′ að Þ ∣
eαa

s

Ia+g xð Þ
 !!

:

ð55Þ

From (54) and (55), the following inequality is observed:

gF
ϕ,γ,δ,k,c
μ,α,l,a+ f ∗ gð Þ

� �
x, ω ; pð Þ

��� ��� ≤ Ka
x Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

× m
∣f ′ x/mð Þ ∣
eα x/mð Þ g xð Þ − ∣f ′ að Þ ∣

eαa
g að Þ

 
−
Γ s + 1ð Þ
x − að Þs

� m
∣f ′ x/mð Þ ∣
eα x/mð Þ

s

Ix−g að Þ − ∣f ′ að Þ ∣
eαa

s

Ia+g xð Þ
 !!

:

ð56Þ

Now using exponentially ðs,mÞ-convexity of ∣f ′∣ , we
have

∣f ′ tð Þ∣ ≤ t − x
b − x

� �s ∣f ′ bð Þ ∣
eαb

+m
b − t
b − x

� �s ∣f ′ x/mð Þ ∣
eα x/mð Þ : ð57Þ

On the same pattern as we did for (15) and (50), one can
obtain the following inequality from (19) and (57):

gF
ϕ,γ,δ,k,c
μ,α,l,b− f ∗ gð Þ

� �
x, ω ; pð Þ

��� ��� ≤ Kx
b Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

× ∣f ′ bð Þ ∣
eαb

g bð Þ −m
∣f ′ x/mð Þ ∣
eα x/mð Þ g xð Þ

 
−
Γ s + 1ð Þ
x − að Þs

� ∣f ′ bð Þ ∣
eαb

s

Ib−g xð Þ −m
∣f ′ x/mð Þ ∣
eα x/mð Þ

s

Ix+g bð Þ
 !!

:

ð58Þ

By adding (56) and (58), inequality (48) can be achieved.

Remark 25.

(1) If we put α = 0 in (48), then Theorem 2 in [23] can be
obtained

(2) If we put ðs,mÞ = ð1, 1Þ in (48), then the result for
exponentially convex functions can be obtained for
the integral operators defined in [23]

(3) If we put p = ω = 0 in (48), then the result for expo-
nentially ðs,mÞ-convex functions can be obtained
for the integral operators defined in [23]

(4) If we put ðs,mÞ = ð1, 1Þ and α = 0 in (48), then Theo-
rem 25 in [20] can be obtained

3. Boundedness and Continuity

Theorem 26. Under the assumptions of Theorem 9, the fol-
lowing inequality holds for m-convex functions:

gF
ϕ,γ,δ,k,c
μ,α,l,a+ f

� �
x, ω ; pð Þ + gF

ϕ,γ,δ,k,c
μ,α,l,b− f

� �
x, ω ; pð Þ

≤ Ka
x Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

g xð Þ − g að Þð Þ mf
x
m

� �
+ f að Þ

� �
+ Kx

b Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
g bð Þ − g xð Þð Þ mf

x
m

� �
+ f bð Þ

� �
:

ð59Þ
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Proof. If we put s = 1 and α = 0 in (17), we have

ðx
a
Kt

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
f tð Þd g tð Þð Þ ≤ f að ÞKa

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� �

×
ðx
a

x − t
x − a

� �
d g tð Þð Þ +mf

x
m

� �
Ka

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
�
ðx
a

t − a
x − a

� �
d g tð Þð Þ:

ð60Þ

By using Definition 4 and integrating by part, the follow-
ing inequality is obtained:

gF
ϕ,γ,δ,k,c
μ,α,l,a+ f

� �
x, ω ; pð Þ ≤ Ka

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
mg xð Þf x

m

� ��
+ g að Þf að Þ−mg xð Þf x

m

� �
− g að Þf að Þ

�
,

ð61Þ

which can be written as

gF
ϕ,γ,δ,k,c
μ,α,l,a+ f

� �
x, ω ; pð Þ ≤ Ka

x Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
g xð Þ − g að Þð Þ

� mf
x
m

� �
+ f að Þ

� �
:

ð62Þ

Similarly from (21), the following inequality holds:

ðb
x
Kx

t Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
f tð Þd g tð Þð Þ ≤ f bð ÞKx

b Eγ,δ,k,c
μ,α,l , g ; ϕ

� �

×
ðb
x

t − x
b − x

� �
d g tð Þð Þ +mf

x
m

� �
Kx

b Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
�
ðb
x

b − t
b − x

� �
d g tð Þð Þ,

ð63Þ

which further simplifies as follows:

gF
ϕ,γ,δ,k,c
μ,α,l,b− f

� �
x, ω ; pð Þ ≤ Kx

b Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
� g bð Þ − g xð Þð Þ mf

x
m

� �
+ f bð Þ

� �
: ð64Þ

From (62) and (64), (59) can be obtained.

Corollary 27. If we takem = 1 in Theorem 26, then the follow-
ing inequality holds for convex functions:

gF
ϕ,γ,δ,k,c
μ,α,l,a+ f

� �
x, ω ; pð Þ + gF

ϕ,γ,δ,k,c
μ,α,l,b− f

� �
x, ω ; pð Þ

≤ Ka
x Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

g xð Þ − g að Þð Þ f xð Þ + f að Þð Þ
+ Kx

b Eγ,δ,k,c
μ,α,l , g ; ϕ

� �
g bð Þ − g xð Þð Þ f xð Þ + f bð Þð Þ:

ð65Þ

Theorem 28.With assumptions of Theorem 26, if f ∈ L∞½a, b�,

then unified integral operators for m-convex functions are
bounded and continuous.

Proof. From (62), we have

gF
ϕ,γ,δ,k,c
μ,α,l,a+ f

� �
x, ω ; pð Þ

��� ��� ≤ Ka
b Eγ,δ,k,c

μ,α,l , g ; ϕ
� �

� g bð Þ − g að Þð Þ m + 1ð Þ∥f ∥∞, ð66Þ

which further gives

gF
ϕ,γ,δ,k,c
μ,α,l,a+ f

� �
x, ω ; pð Þ

��� ��� ≤ K∥f ∥∞, ð67Þ

where K = ðgðbÞ − gðaÞÞðm + 1ÞKa
bðEγ,δ,k,c

μ,α,l , g ; ϕÞ.
Similarly, from (64), the following inequality holds:

gF
ϕ,γ,δ,k,c
μ,α,l,b− f

� �
x, ω ; pð Þ

��� ��� ≤ K∥f ∥∞: ð68Þ

The boundedness is established; also, they are linear
therefore the continuity is obtained.

Corollary 29. If we take m = 1 in Theorem 28, then unified
integral operators for convex functions are bounded and con-
tinuous and following inequalities hold:

gF
ϕ,γ,δ,k,c
μ,α,l,a+ f

� �
x, ω ; pð Þ

��� ��� ≤ K∥f ∥∞,

gF
ϕ,γ,δ,k,c
μ,α,l,b− f

� �
x, ω ; pð Þ

��� ��� ≤ K∥f ∥∞,
ð69Þ

where K = 2ðgðbÞ − gðaÞÞKa
bðEγ,δ,k,c

μ,α,l , g ; ϕÞ.

4. Concluding Remarks

The class of exponentially ðs,mÞ-convex functions contains
ðs,mÞ-convex, exponentially convex, s-convex, m-convex,
and convex functions. The unified integral operators defined
in (9) and (10) produce almost all fractional and conformable
integral operators which have been defined independently in
recent decades. We have established the bounds of sum of
unified integral operators of exponentially ðs,mÞ-convex
functions. Also a Hadamard inequality for these operators
is established. In conclusion, the presented results reproduce
plenty of results for operators composed in Remarks 5 and 6
for functions deduced in Remark 8.
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