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Various known fractional and conformable integral operators can be obtained from a unified integral operator. The aim of this
paper is to find bounds of this unified integral operator via exponentially (s, m)-convex functions. The resulting bounds provide
compact formulas for the bounds of associated fractional and conformable integral operators. Several Hadamard-type
inequalities have been produced from a compact version for unified integral operators for exponentially (s, m)-convex functions.

. 1t
1. Introduction oo f(x)= WJ (g(t) - g(x)*'g' (Of(Hdt, x<b,
Fractional integral inequalities are useful in the field of frac- *
tional calculus. Many mathematicians have introduced frac- (2)
tional differential, fractional integral, and fractional
conformable integral operators in this field (see [1-14]).  Where T’ (-) is the gamma function.

Recently, several mathematical inequalities have been intro-

duced via (s, m)-convexity (see [15, 16]). The goal of this  Definition 2 (see [17]). Let f : [a,b] — R be an integrable

paper is to obtain the bounds of all integral operators  function. Also let g be an increasing and positive function

explained in Remarks 5 and 6 in a unified form for exponen-  on (a, b], having a continuous derivative g’ on (a, b). The

tially (s, m)-convex functions. left-sided and right-sided fractional integrals of a function f
with respect to another function g on [a, b] of order y where

Definition 1 (see [6]). Let f : [a,b] — R be an integrable R(p) >0, k>0, are defined by

function. Also let g be an increasing and positive function

on (a, b], having a continuous derivative g’ on (a, b). The . 1 W1 1

left-sided and right-sided fractional integrals of a function f glaf(x)= WJ (9(x)=g()* g (Of(t)dt,  x>a,

. . k n“) a
with respect to another function g on [a, b] of order y where

R (u) > 0 are defined by (3)
x b
glarf(x) = ﬁ L(EJ(X) —g) g (nf(ndt, x>a, b f(x) = —k['kl(‘u) J (9(t) - g(x) 07 g (f (H)dt, x<b,

(1) (4)
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where I',(.) is the gamma function given as follows [18]:

I(x)= rotx-le-fk/kdt, R(x) > 0. (5)

0

A fractional integral operator containing an extended
generalized Mittag-Leffler function in its kernel is defined
as follows:

Definition 3 (see [19]). Let w, p, o, I, p, c € C, R(p), R(a), R
(H)>0,R(c)>R(y) >0 withp>0,0>0, and 0<k<5+R
(p). Let f € Ly[a, b] and x € [a, b]. Then the generalized frac-

0.k, 0.k,
nalwaf and €, f are defined

tional integral operators &), .

by

X

(chiaroaf ) (xip) = j (o= ) Bl (@ = 1) s p)f (1),
(6)
b

(tbes ) wsp) = | (=0 B2 (o= p)f ()t

X

where

y:O:ke /o _ Ooﬁp(y+nk’c_)}) (C>nk t
Fad (39)= 2 e Ty

is the extended generalized Mittag-Leffler function.
Recently, a unified integral operator is defined as follows:

Definition 4 (see [20]). Let f, g : [a,b] — R, 0 < a < b, be the
functions such that f be positive and f € L,[a, b], and g be
differentiable and strictly increasing. Also let ¢/x be an
increasing function on [a,00) and a,1,y,c € C, p,u, 8 >0,
and 0 <k <8+ p. Then, for x € [a, b], the left and right inte-
gral operators are defined by

(oFREr) s wsp) = | K2 (ELEE 930) FOd(g),

(9)
(Fs) (rrwip) = jiK;‘ (B, 9:9)f0)d(g ).

(10)
where K/, (EOke

ol ’g’¢) (¢(g(,€) g(y))/(g(“c) g()/)))
E ’o[ ’C(w(g(’)c) g()’)) ’p)
ool

For suitable settings of functions ¢, g, and certain values
of parameters included in Mittag-Leffler function (8), some
interesting consequences can be obtained which are com-
prised in the upcoming remarks.
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Remark 5.

(i) Let ¢(x)=xP*r(B)IkI (), k>0, B>k, and p=w
=0, in unified integral operators (9) and (10). Then,
generalized Riemann-Liouville fractional integral
operators (3) and (4) are obtained.

(if) For k=1, (3) and (4) fractional integrals coincide with
(1) and (2) fractional integrals, which further produce
the following fractional and conformable integrals:

(1) By taking g as identity function, (3) and (4) frac-
tional integrals coincide with k-fractional
Riemann-Liouville integrals defined by Mubeen
et al. in [7]

(2) For k=1, along with g as the identity function,
(3) and (4) fractional integrals coincide with
Riemann-Liouville fractional integrals [6]

(3) Fork=1and g(x) =x"/p, p>0, (3) and (4) pro-
duce fractional integrals defined by Chen and
Katugampola in [1]

(4) For k=1and g(x) =x™/(7 +5s), (3) and (4) pro-
duce generalized conformable fractional integrals
defined by Khan and Khan in [5]

(5) If we take g(x) = (x—a)’/s, s >0, in (3) and g(x
)=—=(b—-x)"/s, s>0, in (4), then conformable (k
,s)-fractional integrals are achieved as defined
by Habib et al. in [3]

(6) If we take g(x)=x""/(1+5s), then conformable
fractional integrals are achieved as defined by
Sarikaya et al. in [11]

(7) If we take g(x)=(x—a)'/s, s>0,in (3) and g
(x)==(b-x)'/s, s>0, in (4) with k=1, then
conformable fractional integrals are achieved
as defined by Jarad et al. in [4]

(8) If we take w=p=0 and ¢(¢t) = F(‘u)FZ:ﬁ(w(t)P)
in (9) and (10), then generalized k-fractional
integral operators are achieved as defined by
Tunc et al. in [13]

(9) If we take k=1 and ¢(t) =I'(u)(exp (—At)/p),
A=(1-p)ly, p>0, in (3) and (4), then gener-
alized fractional integral operators with an
exponential kernel are obtained [2]

Remark 6. Let ¢(x) = xF and g(x) =x, B> 0, in unified inte-
gral operators (9) and (10). Then, fractional integral opera-
tors (6) and (7) are obtained, which along with different
settings of k, 8,1, ¢,y in generalized Mittag-Leffler function
give the following integral operators:

(1) By setting p =0, fractional integral operators (6) and
(7) reduce to the fractional integral operators defined
by Salim and Faraj in [10]
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(2) By setting I =48 =1, fractional integral operators (6)
and (7) reduce to the fractional integral operators
defined by Rahman et al. in [9]

(3) By setting p =0and [ =§ = 1, fractional integral oper-
ators (6) and (7) reduce to the fractional integral
operators defined by Srivastava and Tomovski in [12]

(4) By setting p=0 and [ =8 =k =1, fractional integral
operators (6) and (7) reduce to the fractional integral
operators defined by Prabhakar in [8]

(5) By setting p = w = 0, fractional integral operators (6)
and (7) reduce to the left-sided and right-sided
Riemann-Liouville fractional integrals

(6) By setting p = w = 0 in fractional integral operators (9)

and (10) we get (1/T'(1)) (FS7f)(x) = (,EST08°F) (x,
050) and (LL(w)(FY2f)(x) = (4 Folw“f)(x,030)

>0
where (F29£)(x) and (Ffig f)(x) are defined in [21]
Convex functions play a very vital role in the theory of
inequalities. Motivated by its analytical interpretation, many
other extended and generalized notions have been defined in
literature. These notions are used to extend and generalize a
lot of classical results (see [15, 16, 22, 23] and references
therein). A generalized notion called exponentially (s, m)
-convexity is defined in [24].

Definition 7. Let s€[0,1] and I <[0,00) be an interval. A
function f : I — R is said to be exponentially (s, m)-con-
vex in the second sense, if

S0 o p 0, o

fltx+m(l-t)y) <t
holds for all x,y e I, m € [0, 1] and a € R.

One can note the deducible definitions in the following
remark:

Remark 8.
(i) For m=1, (11) produces the definition of exponen-
tially s-convex function

(i) For a=0, (11) produces the definition of (s,m)
-convex function

(iii) For a« =0and m =1, (11) produces the definition of s
-convex function in the second sense

(iv) For =0 and m =1, (11) produces the definition of
the convex function

(v) For «=0 and s=1, (11) produces the definition of
the m-convex function

In the upcoming section, bounds of unified integral oper-
ators for exponentially (s, m)-convex functions are given in
different forms. Bounds of associated fractional and con-

formable integral operators which are known in literature
are also deduced. The Hadamard inequality is derived for
exponentially (s, m)-convex functions. Its diverse conform-
able and fractional versions are presented. A modulus
inequality is established by using exponentially (s, m)-con-
vexity of |f'|. In Section 3, boundedness and continuity of
these operators are given.

2. Main Results

Bounds of unified integral operators (9) and (10), by using
exponentially (s, m)-convexity, are established in the follow-
ing theorem:

Theorem 9. Let f : [a,b] — R, 0< a < b, be a positive expo-
nentially (s, m)-convex function with m € (0, 1] and g : [a, b]
—> R be a differentiable and strictly increasing function.
Also let ¢/x be an increasing function on [a, b]. If o, 1y, ¢ €
C, p, 420,620, and 0< k<8 + p, then for x € (a, b), we have

(oFer) eospy+ (G FRLS ) oip)
< k(e 059) (LB g0 - L2 - T
_(Mf(x/m)sl (@) -

a(x/
1ot 1, g0) )+ (825 959)

(X ot - ) g1
(e 1g0 -5 1 o))

(12)

Proof. Under the suppositions of ¢ and g, we can obtain

$(g(x) —g(1))
—g(t

a,x), x € (a, b).
(13)

Multiplying with EZ(;];C( (g(x)—g(t)¥;p)g' (t), we

can obtain

C(proke o\ o - $9(x) —g(a))
KB 9:9)9 0500
CENN (w(g(x) - 9(1)*3p)g (1)
By uwsing  Eor(w(g(x) - g(t);p) < ELor(w

(g(x) — g(a))"; p), the following inequality is obtained:
,0,k,¢ a ,0,k,¢
K (B 9:0) () <K (Eig5¢)g' (. (15)

Using exponentially (s, m)-convexity of f, we have

o< (1 en(S )




Multiplying (15) and (16) and integrating over [a, x|, we
can obtain

[t gs0) st < L ks (51250:0)
. J (x :;)Sd(g(t)) +m
] (555) atatn.

By using Definition 4 and integrating by parts, the follow-
ing inequality is obtained:

f(x/m) K (Ey,s,k,c ; ¢)

et(x/m) ual >

(17)

(dFiaier) ewsp) <K2(EL . 959)

(o -1 aw- 10y

m)
(1ot -1 00w ) ).

Now on the other hand for ¢ € (x, b] and x € (a, b), the
following inequality holds true:

105k, X 105k,
K (B 9:0)g () <Ky (Enig5)g' (0. (19)

Using exponentially (s,
t—x\"f(b) b—t\"f(x/m)
f() < <m> P\ =) (20)

Adopting the same pattern as we did for (15) and (16), we
obtained the following inequality from (19) and (20):

m)-convexity of f, we have

9.0k, .k,
(gF”’Z"l""Cf> (owsp) <K (EZM 9 ¢>

b x/m I'(s+1
(Bo-nE a0 520 @

(B 1 gl 100) )

e(x/m)

By adding (18) and (21), (12) can be obtained.
Remark 10.

(1) If we put p=w=0 in (12), then result for exponen-
tially (s, m)-convex functions can be obtained for
the integral operators defined in [23].

(2) If we put p=w=a=0 in (12), then Theorem 1 in
[23] can be obtained

(3) If we put (s,m)=(1,1) and =0 in (12), Theorem 8
in [20] can be obtained
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(4) Ifweput (s,m) =(1,1) and p = w = 01in (12), then the
result for exponentially convex functions can be
obtained for the integral operators defined in [23].

(5) If we put (s,m)=(1,1), p=w=0, and a=0 in
(12), then the result for convex functions can
be obtained for the integral operators defined
in [23].

(6) If weput ¢(t)=t#, u>0,a=0,p=w=0,and (s, m)
=(1,1) in (12), then Proposition 10 in [20] can be
obtained

(7) If we put ¢(t)=t*, u>0, g(x)=x, a=0, p=w=0,
and (s,m)=(1,1) in (12), then Corollary 1 in [26]
can be obtained

Proposition 11. Let ¢(t) = t*, and p = w = 0. Then, (12) gives
the following bound for fractional integral operators defined in
[6] for u>1:

I'(u)
. (m];i)(cx//z:)) g(X) _ fe(ai) g(a)_F)ES_+a;2
(v gt -1, g00) (22)
f(xim)

Proposition 12. Let g(x) =I(x) =x and p = w = 0. Then, (12)
gives the following bound for integral operators defined in
[27]:

()6 (1) s 2
( TG g - feii) @)= )

x/m)’
: g(x) (b i )5 ( e("‘b) Ib’g(x) - mfei(x/m)) Ix*g(b)))

(23)

Corollary 13. If we take ¢(t) = I'(u)t**/kT'\ (1) andp = w = 0,
then (12) gives the following bound for fractional integral
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operators defined in [17] for u > k:

(1) 0+ (31 1) o < 90 LSO

(g(b) - g(x))*™! (f(b) fxlm)

eab g(b) -m eot(x/m)

I'(s+1) (f(b) (x/m)’
g(x)— (b_x)s ( oob Ib'g(x) - ”[C“(X/m) Ix"g(b)))

(24)

Corollary 14. If we take ¢(t) =t", p=w =0, and g(x) = I(x)
=x, then (12) gives the following bound for Riemann-
Liouvelle fractional integrals defined in [6] for u > 1:

(“Lasf) () + ("L f) (x) <

Corollary 15. If we take ¢(t) =T(u)t**/kT'\(4), p=w =0,
and g(x) =1(x) =x, then (12) gives the following bound for
fractional integral operators defined in [7] for yu > k:

)

(“ref )+ (155 (o)<

kI (1)
(a0 -1
' (W(Z((x(x m)) ( ) fe(oz) Iﬂ+g<x)>) (26)
(s/u)-1 m
O (B2 m L5 g
Is+1)

C(b-x)° ( e(ab) Iy g(x) - ”{%2)5%9(1’)) ) -

Corollary 16. If we take ¢(t) =t", p=w =0, and g(x) =xP/
p> p> 0, then (12) gives the following bound for fractional

integral operators defined in [1]:

(xf —af)*!

L (u)pt!
o) — 4 I(s+1)
G

("Larf) (%) + (PT-f) (x) <

I(s+1) (fe(ﬁslbg(x) . meSIX,,g(b)) ) :

etx(x/m)

The following lemma is essential to prove the next
result.

Lemma 17. Let f : [0,00] — R be an exponentially (s, m)
-convex function with m € (0,1]. If 0<a<b and f(x)/e™ =
f((a+b—x)/m)/eab=x)Im) " then the following inequality
holds:

f(#)s%(]+m)fi—z), x € [a, b]. (28)

Proof. Since f is an exponentially (s,
the following inequality is valid:

)

By using f(x)/e® = f((a+b— x)/m)/eX(@0=)/m) in the
above inequality, we get (28).

The following result provides the Hadamard inequality
for unified integral operators defined in (9) and (10).

m)-convex, therefore,

L),

25 gux 25

mf((a+b-x)/m) .

e¥((a+b—x)/m)

(29)

Theorem 18. Under the assumptions of Theorem 9, in addi-
tion if f(x)/e®™ = f((a+ b - x)/m)/eX@+b='") then we have

MOZIEDI) ((r251) (0, 5p)

(1+m)
() < (2
+ ( F¢y6kcf) (b,w;p) SZK“(EV(SkC,g;(p)

g walat wal
f(b) f(alm) I'(s+1)
’ < b g(b) —-m alm) g(a) - (b_a)s

ea(a/m)

(L 1 gta -l 100 ).



Proof. Under the assumptions of ¢ and g, we can obtain:

P(9(x) - 9(a) _ 9(9(b) - 9(a)) (31)
g(x)-gla) ~ g(b)-g(a)

Multiplying with Ez i]; “(w (g9(x)

- 9(@)";p)g' (x), we

can obtain:

K (Eoy . 9:9)g'(x) < 7(;5;5,(([7;;)_— gg(g))
)

BV (w(g(x) - g(@)* s p)g (x (32)

By using

(g(b) - g(a))”

,0,k,c ,0,k,¢
E g (@(g(x) - g(a)"sp) < By (@
; p), the following inequality is obtained:

Ki(Ear950)g' (x) <Ky (Elor®,956)g' (). (33)

Using exponentially (s,

o0z () @ en(G=2) S o

m)-convexity of f, we have

Multiplying (33) and (34) and integrating the resulting

inequality over [a, b], we can obtain
a ( pySke f(a/m) yoke
JK (E125,g+9)d(g() <m0 K3 (E124, g6
b-x f(b) o groke
[ (5=2) ataton + 2w (5154, 919)

- jb (C=%Yd(g(x).

(35)

By using Definition 4 and integrating by parts, the follow-
ing inequality is obtained:

( F‘”‘Skcf)(b,w;p) <Kj (Eyakc’g;‘/’)

wolat ol
b alm s
f(b) mJ;(x(u//m))g(a)_ I'(s+1)

(eabg(b) - (b—a)’
(& ool om)) o

On the other hand, for x € (a, b), the following inequality
holds true:

Ki(Elar.g:9)9' (1) <Ki(EL21 . 95¢) g (x).  (37)

Adopting the same pattern of simplification as we did for
(33) and (34), the following inequality can be observed for
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(34) and (37):

(qub’y’iiz](:Cf) (a,w;p) <K} (EV“’“ g;</>)

s 0y wo,l
f(b) f(alm) I'(s+1)

eab g(b) -m ea(a/m) g(a) -

. (f OF ) g(ay—md @M} g(b)) ) . (38)

etxb

By adding (36) and (38), following inequality can be
obtained:

(oFERAT) (rosp) + (gFfiZ‘?b’“f) (@wsp)

<k:(E Zil;c " (eab L(z/rn))
R N O )]

Multiplying both sides of (28) by K“(EZi};C,g )’ (x),

and integrating over [a, b] we have

f<“;b> [[Ke(mist gs0)ataton < (3 )1 m
[ xe(et010) B dtato.

(40)
From Definition 4, the following inequality is obtained:

a+b 25 6.y:0,k,¢
he)f <T> o (Pl 1)
(a,w;p) < (gFﬁszkff) (a,w;p). (41)

Similarly multiplying both sides of (28) by K"(EY(S 595
¢)g' (x) and integrating over [a, b], we have

a+b 28 bydkc
hef <T> el G
(b.wsp) < ((Fih’f ) (b.wsp). (42)

By adding (41) and (42) following inequality is obtained:

a+b 25 6.0k, .
h(“)f( 2 ) (1+m) <<gF”’“’l”’_ 1)(a,w,p)
105k, 1 ,p505k.¢
(gF;ﬁcha* ) (b w P)) < (gFﬁ,z,[,b’ f)
(@w5p) + ((Fu’f ) (b.wsp). (43)
Using (39) and (43), inequality (30) can be achieved.

Remark 19.
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(1) If we put p=w=0 in (30), then result for exponen-
tially (s, m)-convex functions can be obtained for
the integral operators defined in [23]

(2) If we put (s, m) = (1,1) and & = 0 in (30), then Theo-
rem 22 in [20] can be obtained

(3) If we put (s, m) = (1,1) and p = w = 0 in (30), then the
result for exponentially convex functions can be
obtained for the integral operators defined in [23]

(4) If we put p=w=a=0 in (30), then Theorem 3 in
[23] can be obtained

(5) If we put (s,m)=(1,1) and p=w=a=0 in (30),
then the result for convex functions can be obtained
for the integral operators defined in [23]

Corollary 20. If we put ¢(t) = T'(u)t**/kT',(p) and p = w = 0,
then the inequality (30) produces the following Hadamard
inequality for fractional integral operators defined in [17]:

h(a)2*'f((a+b)/12)
Ul (1) (m+ 1)

(9(b) - 9(a))"* < (41} f (@) 4414 (1) )

2(g(b) - g(a))“7" ((b) f(al/m) I(s+1)

= kI (u) (Wg(b) -m ex(alm) g(a) - (b- a)s
. (fe(ai) I-g(a) - Mf% Iwg(b))).

(44)

Corollary 21. If we put ¢(t)=t* and p=w=0, then the
inequality (30) produces the following Hadamard inequality
for fractional integral operators defined in [6]:

h(a)25*! +b)/2
O e 2 (g(t) - gt = (41 S} 41, 1)
(9(b) - g(@))" (f(b) falm) ay~ L+ D)
T<eab g(b) - ea(alm) (@) - (b-a)
(1o -l S 10w ) ).
(45)

Corollary 22. If we put ¢(t) = T'(u)t*/kT', (u), p = w = 0 and
take g as identity function, then the inequality (30) produces
the following Hadamard inequality for fractional integral
operators defined in [7]:

h(@)2° f((a+b)/2) 3
im0 s (M@ Tr )
< 2(b- a)(ﬂlk)—z 1(b) F(alm) I(s+1)
< W ( oob (b)—-m px(alm) (a) - b-a)
' (f;ai) Iy-g(a) - m}; i‘f:f:f 1, g(b)) >
(46)

Corollary 23. If we put ¢(t) = t*, p = w = 0 and take g as the
identity function, then the inequality (30) produces the follow-

ing Hadamard inequality for fractional integral operators
defined in [6]:

HOZ DD (g(6) - 9(a)" = ("1 fla)1, £ (8)
Z(b_a)IH f(b) f(alm) I(s+1)
SW(e(xb g(b)_metx(a/iﬂ) ( )_ (b—a)
' <fe(l:,) I, g(a) _m’e o) Ia+g(b))>.
(47)

Theorem 24. Let f : I — R be a differentiable function. If |
f'l is exponentially (s, m)-convex with me (0,1] and g : 1
— R be a differentiable and strictly increasing function.
Also let ¢/x be an increasing function on I then for a,bel, a
<b. Ifa,l,y,ceC p,u>0,86>0and 0<k<6+y, then for
x € (a, b), we have

|(GFRes = 9) (owsp) + ((FRLS * a) (wwsp)

< (112 039) (! m 9= L g0
L (' VO, 1)
51125 050) (L2 o L
R ('f O gty -l L1 IM(*J))):
(48)

where

[ (2222 g50) a0,

a

(gF%(zs;Cf * g) (x,w;p) =

(JFr = o) wsp) = [ K (B4 0:0) 1 (talo),
(49)

Proof. Using exponentially (s, m)-convexity of [f' |, we have

ons (Z0) U
+m(t:a>5|f’(x/m>|

e¥(x/m)

(50)
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The inequality (50) can be written as follows: From (54) and (55), the following inequality is observed:
FOYOke £ g)) (x, w5 p) | < KO (B2, g
((x_t>slfl(a)| +m<t—a>5|f'(x/m)|> ‘(g wala (f g))( p)’ x( wal g ¢)
- xa —_ a(x/m ! !
x—a e x—a e(x/m) " mlf (x/m) | (x)—lf (a)lg(a)_l“(s+1)
s1g! siel ex(x/m) e%a (x—a)’ (56)
<f'(t)< x—=t\"If (a) m t—a\’|f (x/m) |
VT \x—a) e x—a) exm If' (x/m) |51 If'(a) |51
(51) : WW ~9(a) e a9(x) ] |-

Now using exponentially (s, m)-convexity of |f'[, we
have

e () L () ity (2 L (1) L

x—a x—a etx(x/m)

Let us consider the second inequality of (51)

On the same pattern as we did for (15) and (50), one can
Multiplying (15) and (52) and integrating over [a, x], we  obtain the following inequality from (19) and (57):
can obtain:

505k, 0.k,
[(GFEf + 9)) (v p)| < K (B, 939)

ot (ke ' @) | afpoke . If'(b) 1 If (xim) | T(s+1)
jaKx(Eﬂ,a,z ,g,sb)f(r)d(gl(ft))(s “ K (B, 9:9) x(Tgw)—ng(x)—(x_a)s (58)
*rx—t\° "(x/m Sk
. —_\d LV x K4 EV”’, ; ! s ’ s
[l (i, e, )
(525) ataon. ‘ ‘
J\X—a
(53) By adding (56) and (58), inequality (48) can be achieved.

Remark 25.

By using (9) of Definition 4 and integrating by parts, the

following inequality is obtained: (1) If we put @ =01n (48), then Theorem 2 in [23] can be

obtained

ok . (2) If we put (s,m)=(1,1) in (48), then the result for
( gFﬁ:K:l’;ff ) (x,w;p) <K (Elyl”a”l’c, gs ¢) eprnentially convex function's can be obtained for
the integral operators defined in [23]

I (xtm) | If'(a)] I(s+1
x (m% (x) - fe(m) g(a) - ()E — a)2 (54) (3) If we put p=w =0 in (48), then the result for expo-
nentially (s, m)-convex functions can be obtained
. m|f’(x/m> |SI (@) If'(a) |SI - for the integral operators defined in [23]
elxm) % A ' (4) If we put (s,m) = (1,1) and @ =0 in (48), then Theo-

rem 25 in [20] can be obtained

Now we consider the left-hand side from the inequality
(51), and adopting the same pattern as we did for the right-
hand side inequality, we have

3. Boundedness and Continuity

Theorem 26. Under the assumptions of Theorem 9, the fol-
lowing inequality holds for m-convex functions:

(oFf)osoip) = KB 919) (8P s wsp) + FELEEST) (i)
If (x/m) | If' (a) | I'(s+1) ol Sk Lpett x
* (’"Wg<x>— o 9O TGIaE (5) <K{(Elar®9:9)(9(x) - g(a)) (mf (=) + f(a))
' (mlf’(x/m) Uy g V@1 g(x)>> +K; (Bt 9:9) (9(b) - 9(x)) (mf (2) +£(1) ).
po(xim) X pra ' : (59)
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Proof. If we put s=1 and =0 in (17), we have
' Oike a ,0,k,¢
J k(B2 0:0) 0ot < e (B2 919)
(xt X a P:0,k.c .
<[ (o e () (et av0)

(525 )t

By using Definition 4 and integrating by part, the follow-
ing inequality is obtained:

(60)

(oFuiins) o wsp) <K (L, 939) (mat)f ()
+g(@)f (@)-mg(2)f (=) - g(a)f (@),
(61)

which can be written as

(GFE2RT) (rowsp) <K (BN, 939) (9(x) - 9(a)

(o) s

(62)

Similarly from (21), the following inequality holds:
b
X ,0.k.c x ,0.k.¢
| (25 g50) rdtae) <101 (L1 959)

[ (52 atoty e mr (2K (51557, 939)

X

[ (12 aaton

(63)
which further simplifies as follows:
,p:0,k,¢ » ke
(g Fuais' S ) (owsp)<K; (El,a,z .95 ¢)
(9(0) g (mf () +1®). (64
m

From (62) and (64), (59) can be obtained.

Corollary 27. If we take m = 1 in Theorem 26, then the follow-
ing inequality holds for convex functions:

(oFEIF ) wsp) + (o Fiasf ) (e sp)
<Ki(Elar,9:9)(9(x) - 9(@) (f(x) + f(@))  (65)
+K; (B, 939) (9(6) - 9(x) (F(x) + £(b))-

wal

Theorem 28. With assumptions of Theorem 26, if f € L [a, ),

then unified integral operators for m-convex functions are
bounded and continuous.

Proof. From (62), we have

[(GFT) o) < K3 (B2 g39)
(g(b) - 9(a)) (1 + Dl oy (66)

which further gives
p:05ke
| (GFS08F ) (503 )| < Kl (67)

where K = (9(b) - g(a))(m + DK} (EL24*, g5 6).

Similarly, from (64), the following inequality holds:
50k,
(G F2r ) o3 )| < Kl . (68)

The boundedness is established; also, they are linear
therefore the continuity is obtained.

Corollary 29. If we take m =1 in Theorem 28, then unified
integral operators for convex functions are bounded and con-
tinuous and following inequalities hold:

$,7,0,k,
’ (ng,Zt,l,u‘fo) (X, w ’p)’ < K"f"ooa

10k,
[(F20F ) (o3 )| < K

where K = 2(g(b) - g(a))K§ (L1, g3 ).

4. Concluding Remarks

The class of exponentially (s, m)-convex functions contains
(s, m)-convex, exponentially convex, s-convex, m-convex,
and convex functions. The unified integral operators defined
in (9) and (10) produce almost all fractional and conformable
integral operators which have been defined independently in
recent decades. We have established the bounds of sum of
unified integral operators of exponentially (s, m)-convex
functions. Also a Hadamard inequality for these operators
is established. In conclusion, the presented results reproduce
plenty of results for operators composed in Remarks 5 and 6
for functions deduced in Remark 8.

Data Availability

There is no additional data required for the finding of results
of this paper.

Conflicts of Interest

The authors declare that they have no conflicts of interest.



10

References

(1]

(10]

(11]

(12]

(13]

(14]

[15]

(16]

H. Chen and U. N. Katugampola, “Hermite-Hadamard and
Hermite-Hadamard-Fejér type inequalities for generalized
fractional integrals,” Journal of Mathematical Analysis and
Applications, vol. 446, no. 2, pp. 1274-1291, 2017.

S. S. Dragomir, “Inequalities of Jensen's type for generalized k
-g-fractional integrals of functions for which the composite f
o g’1 is convex,” Fractional Differential Calculus, vol. 8,
no. 1, pp. 127-150, 2018.

S. Habib, S. Mubeen, and M. N. Naeem, “Chebyshev type inte-
gral inequalities for generalized k-fractional conformable inte-
grals,” Journal of Inequalities and Special Functions, vol. 9,
no. 4, pp. 53-65, 2018.

F.Jarad, E. Ugurlu, T. Abdeljawad, and D. Baleanu, “On a new
class of fractional operators,” Advances in Difference Equa-
tions, vol. 2017, no. 1, 2017.

T. U. Khan and M. A. Khan, “Generalized conformable frac-
tional operators,” Journal of Computational and Applied
Mathematics, vol. 346, pp. 378-389, 2019.

A. A. Kilbas, H. M. Srivastava, and J. J. Trujillo, Theory and
Applications of Fractional Differential Equations, North-
Holland Mathematics Studies, Elsevier, New York-London,
2006.

S. Mubeen and G. M. Habibullah, “k-fractional integrals and
applications,” International Journal of Contemporary Mathe-
matical, vol. 7, no. 2, pp. 89-94, 2012.

T. R. Parbhakar, “A singular integral equation with a general-
ized Mittag-Leffler function in the kernel,” Yokohama Mathe-
matical Journal, vol. 19, pp. 7-15, 1971.

G. Rahman, D. Baleanu, M. A. Qurashi, S. D. Purohit,
S. Mubeen, and M. Arshad, “The extended Mittag-Leftler func-
tion via fractional calculus,” Journal of Nonlinear Sciences and
Applications, vol. 10, pp. 4244-4253, 2013.

T. O. Salim and A. W. Faraj, “A generalization of Mittag-
Leffler function and integral operator associated with integral
calculus,” Journal of Fractional Calculus and Applied Analysis,
vol. 3, no. 5, pp. 1-13, 2012.

M. Z. Sarikaya, Z. Dahmani, and M. E. Kiris, “(k, s)-Riemann-
Liouville fractional integral and applications,” Hacettepe Jour-
nal of Mathematics and Statistics, vol. 1, no. 45, pp. 77-89,
2016.

H. M. Srivastava and Z. Tomovski, “Fractional calculus with
an integral operator containing a generalized Mittag-Leffler
function in the kernel,” Applied Mathematics and Computa-
tion, vol. 211, no. 1, pp. 198-210, 2009.

T. Tunc, H. Budak, F. Usta, and M. Z. Sarikaya, “On new gen-
eralized fractional integral operators and related fractional
inequalities,” https://www.researchgate.net/publication/
313650587.

D. Ugar, V. F. Hatipoglu, and A. Akincali, “Fractional integral
inequalities on time scales,” Open Journal of Mathematical Sci-
ences, vol. 2, no. 1, pp. 361-370, 2018.

L. A. Bloch and I. Iscan, “Integral inequalities for differentiable
harmonically (s,m)-preinvex functions,” Open Journal of
Mathematical Analysis, vol. 1, no. 1, pp. 25-33, 2017.

S. Kermausuor, “Simpsons type inequalities for strongly (s, m)
-convex functions in the second sense and applications,” Open
Journal of Mathematical Analysis, vol. 3, no. 1, pp. 74-83,
2019.

(17]

(18]

(19]

(20]

[21]

(22]

(23]

(24]

[25]

(26]

(27]

Journal of Function Spaces

Y. C. Kwun, G. Farid, W. Nazeer, S. Ullah, and S. M. Kang,
“Generalized Riemann-Liouville k -Fractional integrals associ-
ated with Ostrowski type inequalities and error bounds of
Hadamard inequalities,” IEEE Access, vol. 6, pp. 64946-
64953, 2018.

S. Mubeen and A. Rehman, “A note on k-Gamma function
and Pochhammer k-symbol,” Journal of Mathematical Sci-
ences, vol. 6, no. 2, pp. 93-107, 2014.

M. Andrié, G. Farid, and J. Pecarié, “A further extension of
Mittag-Leffler function,” Fractional Calculus and Applied
Analysis, vol. 21, no. 5, pp. 1377-1395, 2018.

Y. C. Kwun, G. Farid, S. Ullah, W. Nazeer, K. Mahreen, and
S. M. Kang, “Inequalities for a unified integral operator and
associated results in fractional calculus,” IEEE Access, vol. 7,
pp. 126283-126292, 2019.

G. Farid, “Existence of an integral operator and its conse-
quences in fractional and conformable integrals,” Open Jour-
nal of Mathematical Sciences, vol. 3, no. 1, pp. 210-216, 2019.

G. Farid, A. U. Rehman, and Q. U. Ain, “k-fractional integral
inequalities of Hadamard type for (h — m)-convex functions,”
Computational Methods for Differential Equations, vol. 8,
no. 1, pp. 119-140, 2020.

Y. C. Kwun, G. Farid, S. M. Kang, B. K. Bangash, and S. Ullah,
“Derivation of bounds of several kinds of operators via
(s,;m)$(s,m)$-convexity,” Advances in Difference Equations,
vol. 2020, no. 1, 2020.

X. Qiang, G. Farid, J. Pecari¢, and S. B. Akbar, “Generalized
fractional  integral  inequalities  for  exponentially
(s;m)$(s,m)$-convex functions,” Journal of Inequalities and
Applications, vol. 2020, no. 1, 2020.

G. Farid, W. Nazeer, M. Saleem, S. Mehmood, and S. Kang,
“Bounds of Riemann-Liouville fractional integrals in general
form via convex functions and their applications,” Mathemat-
ics, vol. 6, no. 11, p. 248, 2018.

G. Farid, “Some Riemann - Liouville fractional integral
inequalities for convex functions,” The Journal of Analysis,
vol. 27, no. 4, pp. 1095-1102, 2019.

M. Z. Sarikaya and F. Ertugral, “On the generalized Hermite-
Hadamard inequalities,” https://www.researchgate.net/
publication/321760443.


https://www.researchgate.net/publication/313650587
https://www.researchgate.net/publication/313650587
https://www.researchgate.net/publication/321760443
https://www.researchgate.net/publication/321760443

	Bounds of a Unified Integral Operator via Exponentially s,m-Convexity and Their Consequences
	1. Introduction
	2. Main Results
	3. Boundedness and Continuity
	4. Concluding Remarks
	Data Availability
	Conflicts of Interest

