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This paper is devoted in characterizing the central BMO (R") space via the commutator of the fractional Hardy operator with
rough kernel. Precisely, by a more explicit decomposition of the operator and the kernel function, we will show that if the
symbol function belongs to the central BMO (R") space, then the commutator are bounded on Lebesgue space. Conversely, the
boundedness of the commutator implies that the symbol function belongs to the central BMO (R") space by exploiting the

center symmetry of the Hardy operator deeply.

1. Introduction

In this paper, we focus on the need for characterizing the cen-
tral BMO (RR") space via the boundedness of the commuta-
tors of the following fractional Hardy operators

Houf ()= (e | Qx=)f )y,
X1 Sy
C ) Q(x-y)f(y) (1)
HQ,af( ) J|y|>|x| |y‘n—(x ) >
O<a<mn.

H{,, is the dual operator of H, ,. Here, O satisfies

Q(tx) =Q(x),Vt>0,xeR"; (2)

Lnil()<x'>d(7(x/) =0; (3)

Qell(S")vg>1; (4)

and $" ' ={x € R" : |x| = 1} denotes the unit sphere in R".
For a function b, the commutators of Hy, , and Hp, , can
be written as

[b’ HQ,a]f = b(HQ,ocf) - HQ,(x(bf)’

5
b Ho b Ff) - ot
In [1], Fu et al. considered the boundedness of H, , and
[b, Hy 4] on homogeneous Herz spaces and Lebesgue spaces
under the assumption that Q satisfies (2) and (4). We recall
the results from ([1], Proposition 3.1 and Theorem 3.1) as
Suppose that

1<p1,p2<oowithi=l+g;

pPr P, 1
i+l+l=1forsomes>pi= P (6)
b s 9 p-1
O satisfies (1.1) and (1.3) ;
b e CBMO™ P2H(R").
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Then,

{Hﬂ,a is bounded from L1 (R") to L”2(R") ; )
7

[b;Hg,]isbounded from L1 (R") to L2 (R").

For the boundedness of the classical fractional Hardy
operator, see [2]. For a ball B, := B(0, r) c R" (i.e., a ball cen-
tered at 0 with radius > 0) and p>1, CBMO?(RR") is the
central BMO (R") function space, which was introduced by
Lu and Yang [3] via the norm

1p
1 .
||b||CBMOP(]R”) sup <|B | J ‘b(X) — by, ‘pdx> with bB,

(8)

It is easy to see that CBMO (RR") can be understood as a
local version of the classical BMO (IR") space at the origin [4]
and

BMO(R"
CBMO!(R"

) ¢ CBMO(R"),

) ¢ CBMO(R"). ®)

Hence, the famous John-Nirenberg inequality for BMO
(R") space is not true for CBMO (R") space, which reveals
that they have quite different properties.

In the study of harmonic analysis, the characterization of
function spaces via the boundedness of the commutators
plays an important role in the field of PDEs, see, for example,
[5-11] and the references therein. However, there are less
attention paid for the commutators with rough kernels since
the characterization depends heavily on the smoothness of
the kernel function Q. Under the premise that Q2 is smooth
enough, i.e., Q € C*(S"!) or Q € Lip, (S"!), see, for exam-
ple, [12-15]. It is difficult to weaken the smoothness of Q,
Chen and Ding [16] considered a characterization of BMO

QO ssatisfies (1.1), (1.2

A part of Theorem 1 has been proven in [1], we will show
the rest of Theorem 1 in Section 2. In what follows, we will
denote C by a positive constant which may vary from line
to line. The symbol A < B means A < CB and Z for the set
of all integers. Last, but not least, B,:=B(0,r), B; =By,
Cr=Bi\ B, and x; =y, with ke Z.

),and (1.4);
[b, H, ] is bounded from L' (R"
[b, H, ] is bounded from L' (R"
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(R") space under the condition that O satisfies the following
Holder condition of log type

o(x)-a(y)|< ( Ar_ny)y

log (2/}x
>0,y>1,x",y eSS

It is easy to check that (10) is weaker than the Lipschitz
condition and stronger than the condition (4). For g>1
and Q€ LI(S""), we call Q satisfies the LI-Dini condition
if j(l)((wq(é))/(é)) < 00, where w,(9) is defined as

w,(6)= ”ST1H1£6 (Jg“ Q(Tx') —Q(x') qdo(x’))”q

with ||7]| = sup |rx’ —x'|.
x'eS"!

(11)

As a useful supplement of [1], we give a characterization
of the CBMO (R") space via the boundedness of [b, H, ,]
and [b, Hy, ] as follows.

Theorem 1. Let 1<p,,p,<ocowith(1/p,)=

(1/p,) + (a/n)

and (1/p,) + (1/s)(1/q) + 1 for somes > p,'.
(a) If
{ Qsatisfies (1.1) and (1.3) ; 12)
b e CBMO™> (P} (R"),
then

{ [b, Hp, | is bounded from LP' (R") to LP2(R") ; )
13

[b, Hg o) is bounded from LP1 (R") to LF2(R").

(b) if
to LP2(R") ; thenb e CBMO(R"). (14)
to L2 (R"),

2. Proof of Theorem 1.1

We prove Theorem 1 in this section. To do so, we need one
lemma about the estimates of the kernel function Q, which
plays a key role in the proof.
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Lemma 2. Let Q satisfy (2) and (10). Then,

(a) |Q(x—y) — Q(x)| < C/(log (Jx|/|y]))" with y be given
in (10) and |x| = 4|y|.

1/q
(j |Q<y—x>—o<y>|qdy) sCr"’qJ
r<lyl<2r

(b) If Q furthermore satisfies the L9*'-Dini condition,
then, there is a C > 0 such that for 0< C< 1/2, r > 0,
x € R" with |x| < Cr; we have

||/ wq (6)

das;

|x|/2r

l/q
Oy — -0 q , || /7 )
(J | (y| ’|“(1_a)q 2l dy) <cr(v >*"‘J 240 g witho<a< .
r<lyl<2r y

Proof. We give the proof by a slight modification from [17].
For |x| > 4[y|, we first show that

3
(-9 -] < 22, (16)
|
[Ujxi-1/]x -] < Clylaf (17)

Indeed, the first inequality can be obtained immediately
from ([18], Lemma 2). Since

|U/]x| = |x = y|| < 4]y|/3]x|* < Cly|/ ||, (18)
(a) can be shown by (2) and (10) as

C

(log(Z/K"—y)'—"W))y (19)

= Tog (M)

Q(x -y) —Qx)| <

We are left to show (b). The first estimate can be obtained
directly by the L9-Dini condition as

( j e —oWdy)

-(I[],.lobr=e)=2()

< Crn/qu/r wq (6)
|x|/2r q

1/q
1ds (y’) t”-ldt)

do,

and the estimate

J, a0 =) -a()

follows from ([19], p.65-77).

qdé(y’) <Cuw! (@) (21)

wor O P

Accordingly, the second can be deduced similarly. In fact,

1/
(J 20 - %) -00)f dy> '
replear [y
, 2r
:Cr—(n/q )+a(J J ofv -1y
el =)
N |4 N A
-a(y) () )

, x|/
< CT’_(n/q )+aJ wq(a) ds,
x| /2r q

(22)

which is the desired one.

The following is the boundedness of the fractional Hardy
operators.

Theorem 3. Let 1< p,,p,<oco with (1/p,)=(1/p,) + (a/n)
and Q satisfy (2) and (4). Then, both Hg,, and Hp,, are
bounded from LP1(R") to LF2(R").

Proof. Since the (L1 (R"), LF>(R")) boundedness for H, , is
contained in ([1], Proposition 3.1), it is enough to check the
boundedness for Hp, ,. Namely, the task is now left to show
that there exist constants C > 0 such that for any f € L?(R"),
one has

IHOf 1172 ey < Clf o (- (23)

To do so, we first recall a useful estimates from [1] as

|x—y| <|x| + 2i< 2k+1&J |Q(x - y)|1dy
C

’ (24)
), |
o Js*!

Q(x’) ’qd8<x/) " 1dt < C2kn
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for x € Cy, y € C;, and i < k. Since (LP1(R"), LP2(R")) boundedness of [b, H, ] is just ([1], The-
orem 3.1). To complete the proof of (a), what is left is to show
oo is that
J |Hof (x)[P2dx < z J J M dy dx
R” koo J Gy | [x|<]y|<2k " .
400 0 P, || [b’ HQ>d]fHLP2 (R < C”f”LPl (R™)" (27)
+ Z J J (x_’{)‘;f(y)dy dx
k=—oc0 J Ci | [y|>2% i
It is easy to check that
=1, +1,.
(25)
Jw |[b, £ ()2 dx
. . bl . . +00 p2
Applying Hélder’s inequality to g, p;, s for s > 1 and (24), ~ J J Q(x—y)(b(x) - b(»))f () P
we have = na Y| ax
o d el iyt o
+o0 K S\ _ io J J Q(x—y)(b(xi?; b)) dy
< )y 2 J D J |Q(x — y)|%dy Koo d G [ 2013y i
=—00 Cy li=—o0 C; P,
1/p, 1/s P2 +J Q(x _y)(b(xr?_; b(y))f(y) d)/ dx
()P dy J dy dx [y|>2% vl
Ci
+00
. 1 ¥ (|| e o, "
k)n/s Py — x|<|y|<2kn |}/|
cy Zz ()|dy k=00 J Ci | xI=lyl<2
k=—c0 |i=—0c0 23
= O(x-y)(b(x)-b
o k » o ¥ [ || Ao cboni
<C Z Z o(i= an/stf”Lm < z 2 (i=k)np, /23> k= [y|>2k |)/|
k=—00 i=—00 i= =]+ ],.
c 3 3w, -
k=—00 i=—0c0
Jnp 125 Using Holder’s inequality, we have
<¢ ¥ Wil Zz P < O o, ; e
+00 0 /g +00 1 )2
e 3 | ) J O )tdy e Y | | G000 - b)) ds
k=—oo J By |i= k=-00 J Gy || [y[<2*
1p, Us P2 +00 rap k
~ (J ) |P1dy> (j |y|-<“-“>5dy> dx sc 3 rn[ 13 | oy
C; o} k=—c0 By |i=—c0 J B;
oo P )23
kz Zz D ~bONFO)D| dx<CIf G ey
+00 +00 (29)
C Y 28 A,
k=-00 i=k
i For the term J,, we see at once that
<C Z 11y 2 2 <CIF I gy
k——oo
Qx~y) (b(x) - b "
(26) c Z J § J (=) () ~bg)I0) 1
Cy | izk Yl
which is our desired result. L C Z J J Q(x-y) (E} ()’nzo‘_ b3k>f ») dy " dx
-00 J G| i=k

Now, we can prove Theorem 1. Without loss of general-
ity, we can assume that ||b| cgyomex 92 (ge) = 1 in the proof =Ja t o

of (a) since b € CBMO™ {2} (R"). We see at once that the (30)
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The Hoélder inequality, along with (24), implies

+00 y +00 X — yf
JZISC Z J ’b(x)_kaV) ZJ ( n)a (y) y dx
k=—c0 J Gy i=k | |
<C 3 | 1660t "3 Ifllniny
k=—c0 J By i=k
1/q 1/s P2
' (j |o<x—y>|%iy> ( | |y|‘<”‘“>5dy> dx
Ci Ci
+00 +00 PZ/P;
<C Z Z 2 (k—i) n/2||f| @ (Z 2 (k—i) np2/2p2>
k=—00 i=k i=k
< CIIfII’ZW)-
(31)
The term ], need a further decomposition as follows:
+00 +00 Ofx - b -b 2
pec 3 [ [] 2 ICORUSIIN A
k=—co J By |i=k JC |y‘
+00 +00 Q _ b _b P2
+C Z J ZJ (x )’)( Eiiﬁa Bk)f()’)dy dx
k=—c0 Y By|i=k J C |y|
= J1 + J 222
(32)

Applying the Hoélder inequality, we deduce

+00 )2 Up
5 ( J f0) dy>
i=k G

]ZZISC Z JB
k

Pt M(ﬂ a)py
1/q 1/s P2
~<J KXx—yN%W> (J wa>—bgﬂﬂb>
Ci Ci
+00 P
< Clbllemorrry . Z 20507 £l
ke—oo | i=
+00 400 +00 / P21,
<C Z Z 2 ~i) n/2||f||Lp1 Z ( —i)np,/12p,
k=—0c0 i=k i=k
s C”fHLP(]R")'
(33)
From the fact that
i-1
b3, by, | < ’bBJ - bB,-+1
ik
i-1 1 (34)

< Z_J ‘b()’)_bBﬁ1 dy
p B

j+1

< C(i = k)16l cpmor (5,

dx

the term J,,, can be estimated as follows:

+00
]ZZZSC”bHCBMOPZ (R Z J
k

k=-00

Qx-NfY) dy
| |f’l (4

+00

(2ti-h]
i=k G

+00 +00 u
Sczj 2 (=Rl s (L)mx—ywdy)q

dx

k=—c0 i=k

1/s
-( [Lorea)
G

+00
22 T

)23
dx

¢

k=—00 | i=

<C Z 1F 1% s,
l

< ClIf Izh ey

i

Z (l _ k)z(kfi)nlz

=—00

(35)

which is the desired result and (a) is obtained.
Next, we verify (b) inspired by [18]. Namely, we need to
show that there is a constant C(£2, , p, n) such that

i),

For abbreviation, we assume that [|[b, Hq ][l 5 ;0 = 15
116 Hoy ol o = 1, and by =0 since [b—by, Hq o] = [b,
Hg,l- Let f(y) =sgn (b(y))xp (v). It is easy to check that
(V[B,|) [gef (¥)b(y)dy = ©.

Applying (3) and (10), we deduce that for A and y
appearing in (10), there is a constant C; < 1 such that o(D)
>0 for D={x"eS"':Q(x")=((24)/((log (2/C)))"))}.
For x' e Dand y' € S"! with |x' - y'| < C,, we obtain from
(10) that

—O(br) =

bBr‘dyS CforanyreR".

(36)

o0)=a(+) - (o) -a())
2[o(x)]-[o (<) -e()

y A
~ (log (2/Cy))"

(37)

Writing E={x€R": |x| > C,rand &x' € D} with C, =
3C;" +1 >4, we see at once that for x € E, |[b, Hp ] f (x)] >
[Fy o (B) ()| [(3) [ Hp o (5) = K, (3) — K (x). We con-
clude from (16) that |(x—y)" —x'| <3|y|/|x| < C, since |y|
<r and |x|>C,|y|>4ly|, and hence, Q((x-y)")=A/
(log (2/C;))", and finally, that



6
A 1
1 X) =2 n—o b d
K92 fog )y JWWIOHO)y
A Cyr"
~ (log (2/Cy))"|x["™ Lrb(y V)= S
(38)
Furthermore,
Ky(x) < LP“'““P(xy) o)
_ Clb(x)| oL,
s JB, (log ([x[/y]))” ™ (39)
_ Clb()] If &)l
‘IW”J&®MMMV@
Cyr"|b(x)|

~ " (log (Jx|/r))"

For abbreviation, we write

F:{er: |b(x) %Ci) <1Og <|x>) x| < @i }

={E\F}n {|x| < @Pz/”r} ;
F,={E}n {C5(|F| (G < x| < ®p2/nr}'

(40)
This, along with the estimates for K, and K,, one has

1XFll (R")Hf”LPz’(IR")
2 ||XF||L1’1(]R") [b’ HQ,a]fHLm’(]Rﬂ)

= [ b ol

1

n n P
[ [ereGre )
F | 1] 2|
n o2y
> (C3r G)J p"‘_ldpJ da(x')
2 ) ersconyy D
Cyr"®
> o(0) (&9 2 ) @ = CH(|F+(Cor)") ™.
Consequently,
([F[+ (Cor)") g = G5O
- Gfa el zer oy 1 e ey (42)
C;0(D) Or"
> C,@ /",
This in turn implies that C;®"r" <|F| + (C,r)". Thus,

b) is proved if @< (2C;'Ct)'>. If @ > (2C.'Ch)"P, we
p 6 2 6 2
see immediately that
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C O 1"
T

|F| = Cs®F:1" — Chr" > (43)

According to FCE, C,>4, |y|>C,|x|, Lemma 2 and
(37), we can obtain that for x € B, and y € F,

A
(log (2/C)))""

(sgn(b()xsy) for

(44)

=yl = b 2((x-x)') 2

We continue to choose f*(y)=
x €B, and get

O(x-y)b
|_J| 2)b(y)|

|[b’H;)tx] | |n o dy

_|b(x)|JF |‘Q(x_y)f (y)ldy (45)

|y‘n—(x
= L,(x) + Ly ().
It is easy to check that

QP2
Lstbe "‘_ldJ do(y'
(< Crlbl| pdp| do(y)
< Cg|b(x)| (@“PZ/”r“ - C5r).

To deal with the term L,(x), we first obtain from (44)
that

AG,O (log (|y|/r))"
L(x)> > dy. 47
1<x) = 2C4(10g l/Cl)y JF |y|n—tx 4 ( )

Then, the estimate for L,(x) consists of two cases.

Case 1. y > n. Since 4r < C,r < |y| < @”/"r for y € F, we con-
clude from (47) and |F| > (C;®"1")/2 that

Cg@J <1Og (|Y|/T)>" (log (Jyl/m)™ dy
A P ANl *
C @@/ (log (p,/n)
rh—« OF: /n
> C,,®"*"(log ©)"r".

Li(x)=
(48)

) tog oy

Case 2. 1 <y < n. In this case,

Co®@' /) (log (|y|r))"
Lix)z 92 J ( g(lyln)) dy
r ro () (49)

> C,,0""(log ©)'r

This in turn reveals that

| [b, H;M]f* (x)’ >C;,0"" " (log @)

50
- C9|b(x)|r"‘®"‘1’2/”, (50)

Vx € B,.
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Having disposed of the above estimates, we can now
obtain

Up,
n+ayl+ap,/n n/p/ n/p' *
Cpr" e % 2<J|®P/ dx) rPa > P || f ||Lp1(]Rn)
x|<@F2""r

|[b, Ho, )£

> HXB' LP;(R") L2 (R")

> L |[b,Hf,lf”

r

dx

> C,,0(log @)”r"‘J dx
B

r

- C9®“p2/”r“J |b(x)|dx
Br

> C11®1+zxp2/nrn+a(log @)y _ C9®l+ap2/nrn+a.

(51)

Namely, C,,(log®)" — Cy < C,,. This in turn shows that
there is a constant C:=C(Q, a,n,p,y) such that ®<C,
whence reaching the desired fact.
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