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We consider the following parametric double-phase problem: {

—div (|Vul" Vi + a(x)|Vu| T2 Vi) = Af (x, u) in Q,
u=0,0n00.

. We do not

impose any global growth conditions to the nonlinearity f(x, u), which refer solely to its behavior in a neighborhood of u = 0.
And we will show that they suffice for the multiplicity of signed and nodal solutions of the double-phase problem above when

A is large enough.

1. Introduction and Statement of Results

In this paper, we deal with the existence and multiplicity of
solutions for the following double-phase problem:

)

(1)

—div (|Vu|P’2Vu + a(x)|Vu|q’2Vu) =Af(x,u),inQ,
u=0,0n0Q,

where A >0 is a parameter, Q C R¥(N >2) is a bounded
domain with smooth boundary, 1<p<g<min{N,p*},

p* =Np/(N -p),

1 _
]ﬂ) <1+ N 0 — [0, +00) is Lipschitz continuous, (2)

and we also assume that the nonlinearity f satisfies the
following conditions:

() f: OxR—Risa C' function, f(x,0) =0 for a.e.
x€

(f;) There exists y € (g, p*) such that

fenn) @

lim sup +00

-0t |t

uniformly for a.e.x € Q

(f3) There exists S € (p,p+ (p(p* —p)/q)) such that

uniformly for a.e.x € Q, where F(x, t) = f(t)f(x, s)ds
(f,) There exists a constant 0 € (g, p*), § > 0 such that

0<OF(x,t) < f(x, t)t (5)

fora.exeQandallO< || <8
(f5) For the & in (f,), f(x, —u) = —f(x, u), Vx € Q, |u| <&
Similar problems have been investigated, and it is well
known they have a strong physical meaning because they
appear in the models of strongly anisotropic materials (see
[1, 2]). The energy functionals of the form
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= JQ%(x, |Vu(x)|)dx, (®)
H(x)=tP +a(x)tl,qg>p>1,a() >0,

where the integrand & which switches between two different

elliptic behaviors has been intensively studied since the late

eighties (see [3-9]). Recently, Colombo and Mingione in

[7] have obtained the regularity theory for minimizers of (6).
The double-phase problem

(—div (IVufP?Vu + a(x)|Vu|T*Vu) = f(x, u), in O, )

u=0,0n 00,

has been studied extensively recently. The existence of a sign-
changing ground state solution to problem (7) has been
proven by Liu and Dai in [3], when f were assumed to
satisfy the p-superlinear growth condition and Ambrosetti-
Rabinowitz condition. In [4], by using Morse theory, Perera
and Squassina obtained a nontrivial weak solution of prob-
lem (7), when f(x, u) = Auf’*u+ |u|u+ h(x, u). In [5],
by utilizing the Nehari method, Liu and Dai obtained three
ground state solutions.

Motivated by the above works, we intend to establish the
multiplicity of both signed and nodal solutions of problem
(P,), when A >0 is large enough. Here, we note that the
assumptions (f;)-(fs) that we make on the nonlinearity f(x,
u) refer only to its behavior in a neighborhood of u =0.

We present the main result of this paper as follows:

Theorem 1. Suppose (f,) — (f,) are satisfied. Then, there exists
A >0, andif A > A, problem (P, ) has at least one positive solu-
tion, one negative solution, and a sign-changing solution.

Theorem 2. Suppose (f;)— (fs) are satisfied. Then, there
exists A* >0, and if A> A", for any given k> 1, problem
(P,) has k pairs of solutions tu;,i=1,---, k, with ||u,]|, <0.
Moreover, tu;,i=2,---,k, are k—1 pairs of sign-changing
solutions.

Remark 3. From (f;) and (f,), it can be seen that y < 3. We
may think of f(x, t) = |¢F 72 with 6 < B, which clearly satisfy
(1) = (-

We remark that [3, 5] obtained only one sign-changing
solution. However, in Theorem 2, since k is arbitrary, we
get infinitely many sign-changing solutions. To the best of
our knowledge, little has been done in the literature on the
existence of multiple nodal solutions for the parametric
Dirichlet problem with the minimal conditions on the non-
linearity f(x, u).

The proof will be done by variational techniques. Since
we have no information on the behavior of the nonlinearity
f(x, u) at the infinity, we adapt the argument introduced by
Costa and Wang [10], which consists in making a suitable
modification on f, solving a modified problem, and then
checking that, for a large enough A, the solutions of the mod-
ified problem are indeed solutions of the original one.
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The paper is organized as follows. In Section 2, we modify
the original problem and prove the Palais-Smale condition
for the modified functional. We present some tools which
are useful to establish a multiplicity result. In Section 3, we
prove Theorem 1. Theorem 2 is proven in Section 4.

2. The Modified Problem

To prove our main results, we need to present the variational
setting of our problem. Firstly, we introduce some notations
and some necessary definitions. The Musielak-Orlicz space
L”(Q) associated with the function

H = Qx[0,00] —> [0,00], (x, 1) >t +a(x)t!, (8)

consists of all measurable functions u : Q — R with the
S -modular

purlt) = | (e ul)dx <o 9)

The Musielak-Orlicz space L (Q) is defined by
L”(Q) = {u : @ — Rmeasurable : p_,(u) < +co}, (10)

endowed with the norm
. u
l|u|.,, = inf {/\>O:P‘”<X) Sl}. (11)

The space L”(Q) is a separable, uniformly convex,
and reflexive Banach space. We denote by ||-[|, the norm

in I7(Q2) and by L1(Q) the space of all measurable func-
tions u : Q — R with the seminorm

lull,, = (Jga(x)|u|qu) Yo (12)

It is easy to check that the embeddings
L1(Q)=L" (Q)=LF(Q) N IE(Q), (13)

are continuous. Since p,(u/||u|,,) =1 whenever u #0, we
have

min { [l 1l } <l + ],
< max {ulfys ]}, Vue L (0).
(14)

The related Sobolev space W"*(Q) is defined by
W (Q) = {ueL”(Q): [Vu| e L (Q)},  (15)
equipped with the norm

[l = [lal] e + V2] (16)



Journal of Function Spaces

where ||Vul|,, = |||Vu|||,,- The completion of C(Q) in
W (Q) is denoted by W™ (), and it can be equiva-
lently renormed by

[l = [ Vull (17)

via a Poincare-type inequality (cf [6], Proposition 2.18(iv)),
under assumption (2). The spaces W (Q) and W™ (Q)
are uniformly convex and hence are reflexive, Banach
spaces. By Proposition 2.15 in [6], we know that the Sobo-
lev embedding W5” (Q)—L"(Q) is compact since r < p*.
By (14), We have
min {{Ju [|u] 7} < [[Vaull§ + [[ Va2,
<max {|[u|lf, |u]|T}, VYue W (Q).
(18)
From now on, we denote by X := Wy
nience in writing.
We first mention that (f,) -
¢1, ¢, > 0, such that

(Q) for conve-

(f;) imply that there exist

fo ) <t (19)

F(x,t) = c|t]F, (20)

for a.e.x € Q and all |¢| <.
Now, define the even cutoff function {(t) € C*(R, [0, 1])

N AR o
U_{o if [t] > 8.

as

Moreover, for all t € R, {(¢) satisfies that

(<0, | (0)]< 2 22)
Let
Ry =ty +0-a0) L e
Also, we set
7o) = Flosnt) = 2L (). (24)

From hypotheses (f,) — (f,), it is easy to check that f is a
Carathéodory function and satisfies the following properties.

Lemma 4. If hypotheses (f,), (f,), and (f,) hold, then the
functions F and f satisfy the following properties:

(i) There exist c; > 0 such that f(x, t) < c;|t|'™" for a.e.x
€0

(ii) There exists yw=min {6, y} such that for a.ex€Q
andt+0

0<uF(x,t) < f(x t)t (25)

Proof. The proof is similar to that of Lemma 1.1 in [10].

Now let us consider the modified problem of (P,):

~div(|Vulf?Vu + a(x)|Vu|1*Vu) = A (x, 1), in O, P}
1) -
u=0,0n00,
(26)
The corresponding energy functional of (Py) is
L)W |p+ |Vu|q AF(x,u)|dx, VYueX.
(27)

We easily get that the functional I, («) € C*(X, R), and its
critical points are the solutions of (P}). We note that solu-
tions of (P}) with ||u]|,, <& are also solutions of (P;). We
shall search solutions of (P}) as critical points of I (u).

Let us now define J(-): X — R as

[pw up + 2

and we denote the derivative operator by A, that is, A=
J': X — X" with

|Vu|q dx, (28)

(A(u),v) = JQ [(|Vu|P_2 + a(x)|Vu|q_2)Vu -Vvdx, u,veX.
(29)

In the following lemma, we summarize some proper-
ties of A, useful to study our problem.

Lemma 5. Under the condition (2), A is a mapping of type
(S,); that is, if u, — u in X and lim sup(A(u,) — A(u), u

n—+0o

"

u) <0, then u, — u in X.

Proof. The proof is similar to that of Proposition 3.1(ii) in [3].

Firstly, we show the functional I, satisfies the (PS)
condition.

Lemma 6. If hypotheses (f,)-(f,) and (f,) hold, then I, sat-
isfies the (PS) condition.

Proof. For every c€R, let {u,} cX be a (PS).-sequence,
that is,

I,(u,) — ¢,and I} (u,) — 0,asn — 00.  (30)



We claim that {u,} is bounded in X. Indeed, if ||u,||
<1, we have done. If ||u,||>1, by Lemma 4(ii), then we
have that

= 1

T = (Th(u ),

- JQ E Vulf + @ |Vu|q] dx - AJQP(x, )

- %JQ [|Vu|1’ +a(x)|Vu|! - /\f(x, un)un] dx

1 1
> ( - —)|un||f’,
q “

where y=min {6, y} >q. Hence, {u,} is bounded. There-
fore, there is a subsequence (which we still denote by {u,})
that converges weakly to some u € X and strongly in LY(Q).
It is easy to check from Lemma 4(i) and Hélder’s inequality
that

(31)

|, (P ) = s ) (- )

< ¢l = ull, —0.
(32)
Then,
(Au,) = A(u), u, —u)
= <I’(un) ~T'(u),u, - u> (33)
+ /\JQ (j(x, u,) - f(%, u)) (1, - u)dx —> 0.

So u,, — u follows from Lemma 5.

Next, we will show the functional T, satisfies the Moun-
tain Pass Geometry [11].

Lemma 7. Assume that hypotheses (f,)-(f,) are satisfied.
Then, the I, satisfies the following conditions:

(i) For every A >0, there exist ay, p, >0, such that I,
(u) > ay >0 with |[ul| =p, >0

(ii) There exists A, > 0 such that |e| < 8/2, |le| = p, and
I(e)<0<ay, forallA> A,

Proof. (i) It follows from Lemma 4(i) that there exists ¢; >0
such that

F(x, u) < c5|ul?, fora.e.x € Q. (34)

Then, for all u € X, ||u|| < 1, we have

- 1
() 2 —[ul| = Acs|u][} = a\lullq = Acg||ul]"

1
p (35)
(5 —Acsnuny‘q) .
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For y > g, we can choose p, =min {(172gAcg)0, 13,
then

1
I (u) > ij{ >0, forallueXwith|ul|=p,. (36)
(i) Let e € Cy () \ {0}, such that

le(x)] <

g, forallx € Q. (37)

Firstly, we note that p) — 0,as A — +00. So there
exists A, > 0 such that for all A > A,

1
lell > pas EJ (IVel? +a(x)|Ve[t)dx < Acy ef.  (38)
Q
Then, by (20), (37), and (38), we get
I,(e) =J Bwev’ + @ Vel — AF(x, e) |dx
(0}

})JQ(W(&V’+a(x)\Ve|q)dx—/\c2He||§ (39)

IN

<0<a,.

This completes the proof of Lemma 7.

Lemma 8. Assume that hypotheses (f,)-(f,) and (f,) are sat-
isfied, A >0 and u € K; ={u€ X|15(u) = 0,1, (u) = c}, then
there exists d > 0 such that min {||u|?, ||u||’} <dI, (u).

Proof. Let u € Kj . We observe from Lemma 4(ii) that

Ul () = Wl () = (Tj(u), )
= yJQ E |Vul? + @ |Vu|? - AF(x, u)} dx
- JQ[|Vu|P +a(x)|Vu|! = Af (x, u)u}
= (% 1) min . .

Since p=min {6,y} >q, there exists d=pu/((u/q)—1)
> 0 such that

(40)

min {|u|?, |[ull”} < dI (w). (41)

From Theorem 8.4 in [12], we say that the solutions of
(P3) enjoy the L™ estimates given in the next lemma.
1) enjoy 8

Lemma 9. Let ii; € W5 (Q) (A > 0) be the weak solution to
(P;) under the assumptions (f;)-(f,). Then, the following
estimate holds:
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- N RV
[0l oo < A1) P72V, (42)

where ¢, = c,(y, N, Q).

Now we are ready to show the existence of a solution to
(P3) for a large A.

Lemma 10. Assume that conditions (f,)-(f,) hold. Then, for
any A >\, there exists a nontrivial solution i) € X of (P}),
such that

bl 4
)l < = (43)

where k= (p(p* = p) = (B-p)q)/((p* = )(B-P)q) >0
Proof. By Lemma 6 and Lemma 7, we conclude that I, (u) sat-
isfies the (PS) condition and the Mountain Pass Geometry.
Consequently, by the Mountain Pass Theorem (Theorem
2.2 in [13]), there exists a u; € X such that

I(w) =

0,y <1, (uy) =&, = inf maxI,(z(t)), (44)

Tel 0<t<1

where I' = {7 € C([0,1], X), 7(0) =0, 7(1) = e}.

From (38), we easily obtain that the function

hy(t) = EJ (|Vel? +a(x)|Ve|T)dx

Pla
~ Aot

(45)

ellfi te[0,1,1> A,

is continuous and h,(0) =0, i, (1) <0. It follows from 1 <
p <P, for t € (0,1) which is small enough, we get

hy(t) > 0. (46)

Hence, there exists #, € (0,1) such that

(1) = maxh (1), (47)
_ » q py 1/ (BP)
where £, = [([,(|Vel” + a(x)|Ve|")dx)/c, fA[e]|] . Then,
we obtain
hy(t) = —2
A(to) = ED” (48)
where
o (121 o(IVel +a(x )| Vel?)dx) >0. (49)
8 B PI(B-p) '
(c:PBllell5)

Let 7, = te. Obviously, 7, € I, and then we get from (44)
that

‘s
Liwm) =6 < ggix(la(te))ﬁgggha(t)zm- (50)

Therefore, there exists A, > A, such that dcg/A”#?) <1
Together with Lemma 8, we obtain

deg (51)

q
140" < o

It follows from Lemma 9, we get that
N (52)
where ¢y >0, k= (p(p* - p) = (B-p)q)/((p* -~ y)(B-p)q) >
0, recalling that B € (p, p + (p(p* — p)/q)).
3. Proof of Theorem 1

In this section, we prove our main result. We will show (Py)
has a positive solution, a negative solution, and a nodal solu-
tion. And the solutions obtained satisfy the estimate ||ul|,
< 4. This fact implies that these solutions are indeed solu-
tions of the original problem (P,).

Proof of Theorem 1. Consider the following problem:
{ —div (|Vul"?Vu + a(x)|Vu|T?Vu) = A (x,u), inQ,

u=0,0n00,
(53)

where

t>0,
(54)

_— {ﬂx, )

fxt)=
0, t<0.

Define the corresponding functional
- [ [+

)= f x, s)ds. Obviously, I, € C*(X,R) and

f sat1sfy all the conditions of Theorem 1. Let ] be a non-

|V ul? - F'(x ,u)]dx, VueX,
(55)

where F

trivial critical point of H, which implies that u} is a weak
solution of (53). It is known by Lemma 4.1 of [5] that u} >
0 a.e. in RYN. From Theorem 3.3 in [5], we conclude that
uj > 0. Therefore, by Lemma 10,

Hu)t H /\K ’ (56)
where x>0, so there exists A, > A, such that

2 <6, (57)



for all A>A,. Thus, uj >0 is also a nontrivial solution of
original problem (P;) for all A>A,.
Similarly, we can define

F = {f o)

0 >0,

t<0,

f;(u)=J B|Vu|f’+1a(x)|w|q—ﬁ‘(x,u) dx, VueX,
fo) q
(58)

where F (x,u) = fgf7 (x,s)ds. We also get a negative solu-
tion u; <0 of our original problem (P,) for all A>A; > A,.

We next show that there is a sign-changing solution
for A large enough. We can apply the method introduced
by Li and Wang [14] to our case. Since X is a real, reflexive,
and separable Banach space, there are {e;} ¢ X and {e} ¢
X* such that

X=span{e, j=1,2,},X" = span{e]’-‘,j: 1,2,-~-},

Lo
<ej’e;>:<0, :#j
(59)

For k=1,2, ---, we denote

Y, =span{e;, e,, -, e}, Zy = span{ey, ey, }.  (60)
On X, we define a closed convex cone
Py ={ueXu(x)20,a.einQ}. (61)

And E = Cj(Q) is a Banach space densely embedded in
X. Assume that P= Py NE has interior points in P. As in
Section 3 of [14], we may define a partial order relation in E:
uveEu>veu—-veP\{0};u>veu-ve P°. And we
define W =PU (-P). In order to apply the method intro-
duced by Li and Wang in [14] (Example 3.2 and Corollary
3.2), we take Q={u=s,€; +556, : |5 <R, 0<s, <R, |ull <
R} on Y,, and for 0<r<R, T={ue€Z,||u||=r}. Hence,
we obtain T and 0Q link.

It follows from Lemma 4(ii) that there exist c¢;y,¢;; >0
such that

F(x,u) = cou — ¢y (62)

Then, for each u € Y, ||u|| = 1, we obtain that

(63)
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for all norms on Y, are equivalent. Since y > g, we may get
R >1 which is large enough such that I, <0 for all u€Y,,
|lu|| = R and for all A > 0.

Using (34) and the Sobolev embedding W5™ (Q)—L'(Q)
for y € (g, p*), we can choose some « > 0,0 < p < 1 such that

~ 1
D)=l = Aews Ju]"> o (64)
for ||u|| = p. Let us define
¢y =inf sup I, (u), (65)
A W A (1)

where  I'={heC(Q E)|h(Q,) e W,h(u)=u,forueQ,}.
Therefore, by [14], we see that ¢, > 0 is a critical value of T,
and I, has a sign-changing critical point i, at this critical
value. Therefore, by Lemma 10,

- c
A o0 — _?(’ (66)
N
where k> 0, so there exists A > A, such that

2 <6, 67
N (67)
for all A > A. Thus, @, is also a nontrivial sign-changing solu-
tion of original problem (P,) for all A > A.

4. Proof of Theorem 2

In this section, we present a multiplicity result for the modi-
fied problem. We shall use arguments in [13] to get solutions
for (P;) first. Next, we use proofs in [14] to get the nodal
property of the solutions.

Proof of Theorem 2. By (63), we can choose R >0 such that
I,<0forall ueY,,|lu| =R and for all A >0. Set D=By N
Y.. Let G={heC(D,X)|hisoddandh=idonoByNY,}.
Let X denote the family of sets Ac X\ {0} such that A
is closed in X and symmetric with respect to 0. For A €
2, i(A) defines the genus of A. Then, for j=1, -k, we
can define

Cja = ;r;rfj j‘j}’“(”)’ (68)

where I';= {h(D\Y)heG k=>j,YeZXi(Y)<k-j}. Now
we can apply Proposition 9.30 in [13] to functional I,,
we get that 0< ¢, <c,y <--<c;, are all critical values of
I,. And (P}) possesses at least k pairs of distinct nontrivial
solutions. Then, by Lemma 10, there exists A* >0, such
that A > A*; these k pairs solutions of (P;) are also solu-
tions of the original problem (P,).

Secondly, we will obtain the nodal property of the solu-
tions by Theorem 2.3 in [14]. We need a procedure similar
to the one we used earlier to rule this out. Let
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2y ={ACE|Aiscompact, A =-A}. (69)

Let G={heC(D,E)lhisoddandh=idon0dByNY,}.
For A € X, i(A) also denotes the genus of A. By (63), we
can also choose R >0 such that I, <0 for all u€ Y,, ||ul| =R
and for all A > 0. By (64), we can also choose a >0,0<r <
R such that I) > a for all u € X, ||lu|| = r and for all A > 0. By
Theorem 2.3 in [14], I, has at least k— 1 pairs of critical
points +u; in E\ (PU-P), with critical values

Da() = 62 = jnf suply(w) (70)
where I';={h(D\Y)lhe€G,k>j,YeZ,i(Y)<k-j},j=2,
+--k. Moreover, 0 < ¢, ) <3 < ++*<¢; . Finally, by Lemma 10,

4l < 35 o

where x > 0, so there exists A* > 0 such that
— <6, (72)

for all A>A". Thus, tu;j=2,--,k are also nontrivial

sing-changing solutions of the original problem (P,) for all
A= A*
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