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We consider the following parametric double-phase problem:
−div ðj∇ujp−2∇u + aðxÞj∇ujq−2∇uÞ = λf ðx, uÞ inΩ,
u = 0, on ∂Ω:

(
. We do not

impose any global growth conditions to the nonlinearity f ðx, uÞ, which refer solely to its behavior in a neighborhood of u = 0.
And we will show that they suffice for the multiplicity of signed and nodal solutions of the double-phase problem above when
λ is large enough.

1. Introduction and Statement of Results

In this paper, we deal with the existence and multiplicity of
solutions for the following double-phase problem:

−div ∇uj jp−2∇u + a xð Þ ∇uj jq−2∇u� �
= λf x, uð Þ, inΩ,

u = 0, on ∂Ω,

(
  Pλð Þ,

ð1Þ

where λ > 0 is a parameter, Ω ⊂ℝNðN ≥ 2Þ is a bounded
domain with smooth boundary, 1 < p < q <min fN , p∗g,
p∗ =Np/ðN − pÞ,

q
p
< 1 + 1

N
, a : �Ω⟶ 0, +∞½ Þ is Lipschitz continuous, ð2Þ

and we also assume that the nonlinearity f satisfies the
following conditions:

(f1) f : Ω ×ℝ⟶ℝ is a C1 function, f ðx, 0Þ = 0 for a:e:
x ∈Ω

(f2) There exists γ ∈ ðq, p∗Þ such that

lim sup
t→0+

f x, tð Þ
tj jγ−2t < +∞ ð3Þ

uniformly for a:e:x ∈Ω
(f3) There exists β ∈ ðp, p + ðpðp∗ − pÞ/qÞÞ such that

lim inf
t→0

F x, tð Þ
tj jβ

> 0 ð4Þ

uniformly for a:e:x ∈Ω, where Fðx, tÞ = Ð t0 f ðx, sÞds
(f4) There exists a constant θ ∈ ðq, p∗Þ, δ > 0 such that

0 < θF x, tð Þ ≤ f x, tð Þt ð5Þ

for a:e:x ∈Ω and all 0 < jtj ≤ δ
(f5) For the δ in ð f4Þ, f ðx, −uÞ = −f ðx, uÞ, ∀x ∈Ω, juj ≤ δ
Similar problems have been investigated, and it is well

known they have a strong physical meaning because they
appear in the models of strongly anisotropic materials (see
[1, 2]). The energy functionals of the form
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u↦
ð
Ω

ℋ x, ∇u xð Þj jð Þdx, 

ℋ xð Þ = tp + a xð Þtq, q > p > 1, a ⋅ð Þ > 0,
ð6Þ

where the integrandℋ which switches between two different
elliptic behaviors has been intensively studied since the late
eighties (see [3–9]). Recently, Colombo and Mingione in
[7] have obtained the regularity theory for minimizers of (6).

The double-phase problem

−div ∇uj jp−2∇u + a xð Þ ∇uj jq−2∇u� �
= f x, uð Þ, inΩ,

u = 0, on ∂Ω,

 
ð7Þ

has been studied extensively recently. The existence of a sign-
changing ground state solution to problem (7) has been
proven by Liu and Dai in [3], when f were assumed to
satisfy the p-superlinear growth condition and Ambrosetti-
Rabinowitz condition. In [4], by using Morse theory, Perera
and Squassina obtained a nontrivial weak solution of prob-
lem (7), when f ðx, uÞ = λjujp−2u + jujr−2u + hðx, uÞ. In [5],
by utilizing the Nehari method, Liu and Dai obtained three
ground state solutions.

Motivated by the above works, we intend to establish the
multiplicity of both signed and nodal solutions of problem
(Pλ), when λ > 0 is large enough. Here, we note that the
assumptions (f1)–(f5) that we make on the nonlinearity f ðx,
uÞ refer only to its behavior in a neighborhood of u = 0.

We present the main result of this paper as follows:

Theorem 1. Suppose ð f1Þ − ð f4Þ are satisfied. Then, there exists
Λ > 0, and if λ >Λ, problem (Pλ) has at least one positive solu-
tion, one negative solution, and a sign-changing solution.

Theorem 2. Suppose ð f1Þ − ð f5Þ are satisfied. Then, there
exists Λ∗ > 0, and if λ >Λ∗, for any given k ≥ 1, problem
(Pλ) has k pairs of solutions ±ui, i = 1,⋯, k, with kuik∞ ≤ δ.
Moreover, ±ui, i = 2,⋯, k, are k − 1 pairs of sign-changing
solutions.

Remark 3. From ð f1Þ and ð f2Þ, it can be seen that γ ≤ β. We

may think of f ðx, tÞ = jtjβ−2t with θ < β, which clearly satisfy
ð f1Þ − ð f4Þ.

We remark that [3, 5] obtained only one sign-changing
solution. However, in Theorem 2, since k is arbitrary, we
get infinitely many sign-changing solutions. To the best of
our knowledge, little has been done in the literature on the
existence of multiple nodal solutions for the parametric
Dirichlet problem with the minimal conditions on the non-
linearity f ðx, uÞ.

The proof will be done by variational techniques. Since
we have no information on the behavior of the nonlinearity
f ðx, uÞ at the infinity, we adapt the argument introduced by
Costa and Wang [10], which consists in making a suitable
modification on f , solving a modified problem, and then
checking that, for a large enough λ, the solutions of the mod-
ified problem are indeed solutions of the original one.

The paper is organized as follows. In Section 2, we modify
the original problem and prove the Palais-Smale condition
for the modified functional. We present some tools which
are useful to establish a multiplicity result. In Section 3, we
prove Theorem 1. Theorem 2 is proven in Section 4.

2. The Modified Problem

To prove our main results, we need to present the variational
setting of our problem. Firstly, we introduce some notations
and some necessary definitions. The Musielak-Orlicz space
Lℋ ðΩÞ associated with the function

ℋ : Ω × 0,∞½ �⟶ 0,∞½ �, x, tð Þ↦ tp + a xð Þtq, ð8Þ

consists of all measurable functions u : Ω⟶ℝ with the
ℋ -modular

ρℋ uð Þ≔
ð
Ω

ℋ x, uj jð Þdx <∞: ð9Þ

The Musielak-Orlicz space Lℋ ðΩÞ is defined by

Lℋ Ωð Þ = u : Ω⟶ℝmeasurable : ρℋ uð Þ < +∞f g, ð10Þ

endowed with the norm

uk kℋ = inf λ > 0 : ρℋ
u
λ

� �
≤ 1

n o
: ð11Þ

The space Lℋ ðΩÞ is a separable, uniformly convex,
and reflexive Banach space. We denote by k⋅kp the norm
in LpðΩÞ and by LqaðΩÞ the space of all measurable func-
tions u : Ω⟶ℝ with the seminorm

uk kq,a ≔
ð
Ω

a xð Þ uj jqdx
� �1/q

<∞: ð12Þ

It is easy to check that the embeddings

Lq Ωð Þ↪LH Ωð Þ↪Lp Ωð Þ ∩ Lpa Ωð Þ, ð13Þ

are continuous. Since ρℋ ðu/kukℋ Þ = 1 whenever u ≠ 0, we
have

min uk kpℋ , uk kqℋ
� 	

≤ uk kpp + uk kqq,a
≤max uk kpℋ , uk kqℋ

� 	
, ∀u ∈ Lℋ Ωð Þ:

ð14Þ

The related Sobolev space W1,ℋ ðΩÞ is defined by

W1,ℋ Ωð Þ≔ u ∈ Lℋ Ωð Þ: ∇uj j ∈ Lℋ Ωð Þ� 	
, ð15Þ

equipped with the norm

uk k = uk kℋ + ∇uk kℋ , ð16Þ
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where k∇ukℋ = kj∇ujkℋ . The completion of C∞
0 ðΩÞ in

W1,ℋ ðΩÞ is denoted by W1,ℋ
0 ðΩÞ, and it can be equiva-

lently renormed by

uk k≔ ∇uk kℋ , ð17Þ

via a Poincare-type inequality (cf [6], Proposition 2.18(iv)),
under assumption (2). The spaces W1,ℋ ðΩÞ and W1,ℋ

0 ðΩÞ
are uniformly convex and hence are reflexive, Banach
spaces. By Proposition 2.15 in [6], we know that the Sobo-
lev embedding W1,H

0 ðΩÞ↪LrðΩÞ is compact since r < p∗.
By (14), We have

min uk kp, uk kq� 	
≤ ∇uk kpp + ∇uk kqq,a
≤max uk kp, uk kq� 	

, ∀u ∈W1,ℋ
0 Ωð Þ:

ð18Þ

From now on, we denote by X ≔W1,ℋ
0 ðΩÞ for conve-

nience in writing.
We first mention that ð f2Þ − ð f3Þ imply that there exist

c1, c2 > 0, such that

f x, tð Þj j ≤ c1 tj jγ−1, ð19Þ

F x, tð Þ ≥ c2 tj jβ, ð20Þ
for a:e:x ∈Ω and all jtj ≤ δ.

Now, define the even cutoff function ζðtÞ ∈ C2ðℝ, ½0, 1�Þ
as

ζ tð Þ =
1 if tj j ≤ δ,
0 if tj j > δ:

(
ð21Þ

Moreover, for all t ∈ℝ, ζðtÞ satisfies that

tζ′ tð Þ ≤ 0,  tζ′ tð Þ

 

 ≤ 2
δ
: ð22Þ

Let

~F x, tð Þ = ζ tð ÞF x, tð Þ + 1 − ζ tð Þð Þ c1 tj j
γ

γ
: ð23Þ

Also, we set

~f x, tð Þ = ~Ft′ x, tð Þ = ∂~F
∂t

x, tð Þ: ð24Þ

From hypotheses ð f1Þ − ð f4Þ, it is easy to check that ~f is a
Carathéodory function and satisfies the following properties.

Lemma 4. If hypotheses ð f1Þ, ð f2Þ, and ð f4Þ hold, then the
functions ~F and ~f satisfy the following properties:

(i) There exist c3 > 0 such that ~f ðx, tÞ ≤ c3jtjγ−1 for a:e:x
∈Ω

(ii) There exists μ =min fθ, γg such that for a:e:x ∈Ω
and t ≠ 0

0 < μ~F x, tð Þ ≤ ~f x, tð Þt ð25Þ

Proof. The proof is similar to that of Lemma 1.1 in [10].

Now let us consider the modified problem of (Pλ):

−div ∇uj jp−2∇u + a xð Þ ∇uj jq−2∇u� �
= λ~f x, uð Þ, inΩ,

u = 0, on ∂Ω,
P∗
λð Þ

(
:

ð26Þ

The corresponding energy functional of (P∗
λ) is

~Iλ uð Þ =
ð
Ω

1
p
∇uj jp + a xð Þ

q
∇uj jq − λ~F x, uð Þ

� �
dx, ∀u ∈ X:

ð27Þ

We easily get that the functional~IλðuÞ ∈ C2ðX,ℝÞ, and its
critical points are the solutions of (P∗

λ). We note that solu-
tions of (P∗

λ) with kuk∞ ≤ δ are also solutions of (Pλ). We
shall search solutions of (P∗

λ) as critical points of ~IλðuÞ.
Let us now define Jð⋅Þ: X ⟶ℝ as

J uð Þ =
ð
Ω

1
p
∇uj jp + a xð Þ

q
∇uj jq

� �
dx, ð28Þ

and we denote the derivative operator by A, that is, A =
J ′ : X⟶ X∗ with

A uð Þ, vh i =
ð
Ω

∇uj jp−2 + a xð Þ ∇uj jq−2� �
∇u ⋅ ∇v


 �
dx, u, v ∈ X:

ð29Þ

In the following lemma, we summarize some proper-
ties of A, useful to study our problem.

Lemma 5. Under the condition (2), A is a mapping of type
(S+); that is, if un ⇀ u in X and lim sup

n→+∞
hAðunÞ − AðuÞ, un −

ui ≤ 0, then un ⟶ u in X.

Proof. The proof is similar to that of Proposition 3.1(ii) in [3].
Firstly, we show the functional ~Iλ satisfies the (PS)

condition.

Lemma 6. If hypotheses ð f1Þ–ð f2Þ and ð f4Þ hold, then ~Iλ sat-
isfies the (PS) condition.

Proof. For every c ∈ℝ, let fung ⊂ X be a ðPSÞc–sequence,
that is,

~Iλ unð Þ⟶ c, and~Iλ′ unð Þ⟶ 0, as n⟶∞: ð30Þ
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We claim that fung is bounded in X. Indeed, if kunk
≤ 1, we have done. If kunk > 1, by Lemma 4(ii), then we
have that

~Iλ unð Þ − 1
μ

~Iλ′ unð Þ, un
D E

=
ð
Ω

1
p
∇uj jp + a xð Þ

q
∇uj jq

� �
dx − λ

ð
Ω

~F x, unð Þ

−
1
μ

ð
Ω

∇uj jp + a xð Þ ∇uj jq − λ~f x, unð Þun
h i

dx

≥
1
q
−
1
μ

� �
unk kp,

ð31Þ

where μ =min fθ, γg > q. Hence, fung is bounded. There-
fore, there is a subsequence (which we still denote by fung)
that converges weakly to some u ∈ X and strongly in LγðΩÞ.
It is easy to check from Lemma 4(i) and Hölder’s inequality
that

ð
Ω

~f x, unð Þ − ~f x, uð Þ
� �

un − uð Þdx










 ≤ c4 un − uk kγ ⟶ 0:

ð32Þ

Then,

A unð Þ − A uð Þ, un − uh i
= ~I ′ unð Þ −~I ′ uð Þ, un − u
D E
+ λ
ð
Ω

~f x, unð Þ − ~f x, uð Þ
� �

un − uð Þdx⟶ 0:
ð33Þ

So un ⟶ u follows from Lemma 5.
Next, we will show the functional ~Iλ satisfies the Moun-

tain Pass Geometry [11].

Lemma 7. Assume that hypotheses ð f1Þ–ð f4Þ are satisfied.
Then, the ~Iλ satisfies the following conditions:

(i) For every λ > 0, there exist αλ, ρλ > 0, such that ~Iλ
ðuÞ ≥ αλ > 0 with kuk = ρλ > 0

(ii) There exists λ0 > 0 such that jej∞ ≤ δ/2, kek ≥ ρλ and
~IλðeÞ ≤ 0 < αλ, for all λ > λ0

Proof. (i) It follows from Lemma 4(i) that there exists c5 > 0
such that

~F x, uð Þ ≤ c5 uj jγ, for a:e:x ∈Ω: ð34Þ

Then, for all u ∈ X, kuk ≤ 1, we have

~Iλ uð Þ ≥ 1
q

uk kq − λc5 uk kγγ ≥
1
q

uk kq − λc6 uk kγ

= 1
q
− λc6 uk kγ−q

� �
uk kq:

ð35Þ

For γ > q, we can choose ρλ =min fð1/2qλc6Þ1/ðγ−qÞ, 1g,
then

~Iλ uð Þ ≥ 1
2q ρ

q
λ > 0, for all u ∈ X with uk k = ρλ: ð36Þ

(ii) Let e ∈ C1
0ðΩÞ \ f0g, such that

e xð Þj j ≤ δ

2 , for all x ∈Ω: ð37Þ

Firstly, we note that ρλ ⟶ 0, as λ⟶ +∞: So there
exists λ0 > 0 such that for all λ > λ0,

ek k > ρλ,
1
p

ð
Ω

∇ej jp + a xð Þ ∇ej jq� �
dx ≤ λc2 ek kββ: ð38Þ

Then, by (20), (37), and (38), we get

~Iλ eð Þ =
ð
Ω

1
p
∇ej jp + a xð Þ

q
∇ej jq − λ~F x, eð Þ

� �
dx

≤
1
p

ð
Ω

∇ej jp + a xð Þ ∇ej jq� �
dx − λc2 ek kββ

≤ 0 < αλ:

ð39Þ

This completes the proof of Lemma 7.

Lemma 8. Assume that hypotheses ð f1Þ–ð f2Þ and ð f4Þ are sat-
isfied, λ > 0 and u ∈ K~Iλ

≔ fu ∈ Xj~Iλ′ðuÞ = 0,~IλðuÞ = cg, then
there exists d > 0 such that min fkukq, kukpg ≤ d~IλðuÞ.

Proof. Let u ∈ K~Iλ
. We observe from Lemma 4(ii) that

μ~Iλ uð Þ = μ~Iλ uð Þ − ~Iλ′ uð Þ, u
D E

= μ
ð
Ω

1
p
∇uj jp + a xð Þ

q
∇uj jq − λ~F x, uð Þ

� �
dx

−
ð
Ω

∇uj jp + a xð Þ ∇uj jq − λ~f x, uð Þu
h i

≥
μ

q
− 1

� �
min uk kq, uk kp� 	

:

ð40Þ

Since μ =min fθ, γg > q, there exists d = μ/ððμ/qÞ − 1Þ
> 0 such that

min uk kq, uk kp� 	
≤ d~Iλ uð Þ: ð41Þ

From Theorem 8.4 in [12], we say that the solutions of
(P∗

λ) enjoy the L
∞ estimates given in the next lemma.

Lemma 9. Let ~uλ ∈W
1,ℋ
0 ðΩÞ ðλ > 0Þ be the weak solution to

(P∗
λ) under the assumptions ð f1Þ–ð f4Þ. Then, the following

estimate holds:
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~uλk k∞ ≤ c7λ
p∗−γð Þ−1 ~uk k p∗−pð Þ/ p∗−γð Þ, ð42Þ

where c7 = c7ðγ,N ,ΩÞ:

Now we are ready to show the existence of a solution to
(P∗

λ) for a large λ.

Lemma 10. Assume that conditions ð f1Þ–ð f4Þ hold. Then, for
any λ > λ0, there exists a nontrivial solution ~uλ ∈ X of (P∗

λ),
such that

~uλk k∞ ≤
c9
λκ

, ð43Þ

where κ = ðpðp∗ − pÞ − ðβ − pÞqÞ/ððp∗ − γÞðβ − pÞqÞ > 0.

Proof. By Lemma 6 and Lemma 7, we conclude that~IλðuÞ sat-
isfies the (PS) condition and the Mountain Pass Geometry.
Consequently, by the Mountain Pass Theorem (Theorem
2.2 in [13]), there exists a uλ ∈ X such that

~Iλ′ uλð Þ = 0, αλ ≤~Iλ uλð Þ =~cλ = inf
τ∈Γ

max
0≤t≤1

~Iλ τ tð Þð Þ, ð44Þ

where Γ = fτ ∈ Cð½0, 1�, XÞ, τð0Þ = 0, τð1Þ = eg.

From (38), we easily obtain that the function

hλ tð Þ = tp

p

ð
Ω

∇ej jp + a xð Þ ∇ej jq� �
dx

− λc2t
β ek kββ t ∈ 0, 1½ �, λ > λ0,

ð45Þ

is continuous and hλð0Þ = 0, hλð1Þ < 0. It follows from 1 <
p < β, for t ∈ ð0, 1Þ which is small enough, we get

hλ tð Þ > 0: ð46Þ

Hence, there exists t0 ∈ ð0, 1Þ such that

hλ t0ð Þ =max
0≤t≤1

hλ tð Þ, ð47Þ

where t0 = ½ðÐ
Ω
ðj∇ejp + aðxÞj∇ejqÞdxÞ/c2βλkekββ�

1/ðβ−pÞ
. Then,

we obtain

hλ t0ð Þ = c8
λp/ β−pð Þ , ð48Þ

where

c8 =
1
p
−
1
β

� � Ð
Ω

∇ej jp + a xð Þ ∇ej jq� �
dx


 �β/ β−pð Þ

c2β ek kββ
� �p/ β−pð Þ > 0: ð49Þ

Let τ0 = te. Obviously, τ0 ∈ Γ, and then we get from (44)
that

~Iλ uλð Þ =~cλ ≤max
0≤t≤1

~Iλ teð Þ� �
≤max

0≤t≤1
hλ tð Þ = c8

λp/ β−pð Þ : ð50Þ

Therefore, there exists λ1 ≥ λ0 such that dc8/λp/ðβ−pÞ < 1.
Together with Lemma 8, we obtain

uk kq ≤ dc8
λp/ β−pð Þ : ð51Þ

It follows from Lemma 9, we get that

~uλk k∞ ≤
c9
λκ

, ð52Þ

where c9 > 0, κ = ðpðp∗ − pÞ − ðβ − pÞqÞ/ððp∗ − γÞðβ − pÞqÞ >
0, recalling that β ∈ ðp, p + ðpðp∗ − pÞ/qÞÞ.

3. Proof of Theorem 1

In this section, we prove our main result. We will show (P∗
λ)

has a positive solution, a negative solution, and a nodal solu-
tion. And the solutions obtained satisfy the estimate kuk∞
≤ δ. This fact implies that these solutions are indeed solu-
tions of the original problem (Pλ).

Proof of Theorem 1. Consider the following problem:

−div ∇uj jp−2∇u + a xð Þ ∇uj jq−2∇u� �
= λ~f

+
x, uð Þ, inΩ,

u = 0, on ∂Ω,

(

ð53Þ

where

~f
+
x, tð Þ =

~f x, tð Þ, t > 0,
0, t ≤ 0:

(
ð54Þ

Define the corresponding functional

~I
+
λ uð Þ =

ð
Ω

1
p
∇uj jp + a xð Þ

q
∇uj jq − ~F

+
x, uð Þ

� �
dx, ∀u ∈ X,

ð55Þ

where ~F
+ðx, uÞ = Ð u0~f +ðx, sÞds: Obviously, ~I+λ ∈ C2ðX, RÞ and

~f
+
satisfy all the conditions of Theorem 1. Let u+λ be a non-

trivial critical point of ~I
+
λ , which implies that u+λ is a weak

solution of (53). It is known by Lemma 4.1 of [5] that u+λ ≥
0 a.e. in ℝℕ. From Theorem 3.3 in [5], we conclude that
u+λ > 0. Therefore, by Lemma 10,

u+λk k∞ ≤
c9
λκ

, ð56Þ

where κ > 0, so there exists λ2 ≥ λ1 such that

c9
λκ

≤ δ, ð57Þ
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for all λ > λ2: Thus, u
+
λ > 0 is also a nontrivial solution of

original problem (Pλ) for all λ ≥ λ2.
Similarly, we can define

~f
−
x, tð Þ =

~f x, tð Þ, t < 0,
0, t ≥ 0,

(

~I
−
λ uð Þ =

ð
Ω

1
p
∇uj jp + 1

q
a xð Þ ∇uj jq − ~F

−
x, uð Þ

� �
dx, ∀u ∈ X,

ð58Þ

where ~F
−ðx, uÞ = Ð u0~f −ðx, sÞds: We also get a negative solu-

tion u−λ < 0 of our original problem (Pλ) for all λ ≥ λ3 ≥ λ2.
We next show that there is a sign-changing solution

for λ large enough. We can apply the method introduced
by Li and Wang [14] to our case. Since X is a real, reflexive,
and separable Banach space, there are fejg ⊂ X and fe∗j g ⊂
X∗ such that

X = span ej, j = 1, 2,⋯
� 	

, X∗ = span e∗j , j = 1, 2,⋯
n o

,

ej, e∗j
D E

=
1, i = j,
0, i ≠ j:

 

ð59Þ

For k = 1, 2,⋯, we denote

Yk ≔ span e1, e2,⋯, ekf g, Zk ≔ span ek, ek+1,⋯f g: ð60Þ

On X, we define a closed convex cone

PX = u ∈ Xju xð Þ ≥ 0, a:e:inΩf g: ð61Þ

And E = C1
0ðΩÞ is a Banach space densely embedded in

X. Assume that P = PX ∩ E has interior points in P. As in
Section 3 of [14], we may define a partial order relation in E:
u, v ∈ E, u > v⇔ u − v ∈ P \ f0g ; u≫ v⇔ u − v ∈ P∘. And we
define W = P ∪ ð−PÞ. In order to apply the method intro-
duced by Li and Wang in [14] (Example 3.2 and Corollary
3.2), we take Q = fu = s1e1 + s2e2 : js1j ≤ R, 0 ≤ s2 ≤ R, kuk ≤
Rg on Y2, and for 0 < r < R, T = fu ∈ Z2jkuk = rg. Hence,
we obtain T and ∂Q link.

It follows from Lemma 4(ii) that there exist c10, c11 > 0
such that

~F x, uð Þ ≥ c10u
μ − c11: ð62Þ

Then, for each u ∈ Y2, kuk ≥ 1, we obtain that

~Iλ uð Þ ≤ 1
p

uk kq − λ
ð
Ω

~F x, uð Þdx,

≤
1
p

uk kq − λc12 uk kμ + λc11 Ωj j,
ð63Þ

for all norms on Y2 are equivalent. Since μ > q, we may get
R ≥ 1 which is large enough such that ~Iλ ≤ 0 for all u ∈ Y2,
kuk = R and for all λ > 0.

Using (34) and the Sobolev embeddingW1,H
0 ðΩÞ↪LrðΩÞ

for γ ∈ ðq, p∗Þ, we can choose some α > 0, 0 < ρ < 1 such that

~Iλ uð Þ ≥ 1
q

uk kq − λc13 uk kγ > α, ð64Þ

for kuk = ρ. Let us define

cλ = inf
h∈Γ

sup
h Qð Þ\W

~Iλ uð Þ, ð65Þ

where Γ = fh ∈ CðQ, EÞjhðQ1Þ ∈W, hðuÞ = u, for u ∈Q2g.
Therefore, by [14], we see that cλ > 0 is a critical value of ~Iλ
and ~Iλ has a sign-changing critical point ~uλ at this critical
value. Therefore, by Lemma 10,

~uλk k∞ ≤
c9
λκ

, ð66Þ

where κ > 0, so there exists Λ ≥ λ3 such that

c9
λκ

≤ δ, ð67Þ

for all λ >Λ. Thus, ~uλ is also a nontrivial sign-changing solu-
tion of original problem (Pλ) for all λ ≥Λ.

4. Proof of Theorem 2

In this section, we present a multiplicity result for the modi-
fied problem. We shall use arguments in [13] to get solutions
for ðP∗

λÞ first. Next, we use proofs in [14] to get the nodal
property of the solutions.

Proof of Theorem 2. By (63), we can choose R ≥ 0 such that
~Iλ ≤ 0 for all u ∈ Y2, kuk = R and for all λ > 0: Set D = BR ∩
Yk. Let G = fh ∈ CðD, XÞjh is odd and h = id on ∂BR ∩ Ykg.
Let Σ denote the family of sets A ⊂ X \ f0g such that A
is closed in X and symmetric with respect to 0. For A ∈
Σ, iðAÞ defines the genus of A. Then, for j = 1,⋯k, we
can define

cj,λ = inf
A∈Γ j

sup
u∈A

~Iλ uð Þ, ð68Þ

where Γj = fhðD \ YÞjh ∈G, k ≥ j, Y ∈ Σ, iðYÞ ≤ k − jg: Now

we can apply Proposition 9.30 in [13] to functional ~Iλ,
we get that 0 < c1,λ ≤ c2,λ ≤⋯≤ck,λ are all critical values of
~Iλ. And ðP∗

λÞ possesses at least k pairs of distinct nontrivial
solutions. Then, by Lemma 10, there exists Λ∗ > 0, such
that λ >Λ∗; these k pairs solutions of ðP∗

λÞ are also solu-
tions of the original problem ðPλÞ.

Secondly, we will obtain the nodal property of the solu-
tions by Theorem 2.3 in [14]. We need a procedure similar
to the one we used earlier to rule this out. Let
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ΣE = A ⊂ EjA is compact, A = −Af g: ð69Þ

Let G = fh ∈ CðD, EÞjh is odd and h = id on ∂BR ∩ Ykg.
For A ∈ ΣE , iðAÞ also denotes the genus of A. By (63), we
can also choose R ≥ 0 such that ~Iλ ≤ 0 for all u ∈ Y2, kuk = R
and for all λ > 0: By (64), we can also choose α > 0, 0 < r <
R such that ~Iλ ≥ α for all u ∈ X, kuk = r and for all λ > 0: By
Theorem 2.3 in [14], ~Iλ has at least k − 1 pairs of critical
points ±uj in E \ ðP∪−PÞ, with critical values

~Iλ uj

� �
= cj,λ = inf

A∈Γ j

sup
A\W

~Iλ uð Þ, ð70Þ

where Γj = fhðD \ YÞjh ∈G, k ≥ j, Y ∈ Σ, iðYÞ ≤ k − jg, j = 2,
⋯k:Moreover, 0 < c2,λ ≤ c3,λ ≤⋯≤ck,λ. Finally, by Lemma 10,

uj

�� ��
∞
≤

c9
λκ

, ð71Þ

where κ > 0, so there exists Λ∗ > 0 such that

c9
λκ

≤ δ, ð72Þ

for all λ >Λ∗: Thus, ±uj, j = 2,⋯, k, are also nontrivial
sing-changing solutions of the original problem (Pλ) for all
λ ≥Λ∗.

Data Availability

The data used to support the findings of this study are avail-
able from the corresponding author upon request.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Authors’ Contributions

All authors contributed equally and significantly in writ-
ing this article. All authors read and approved the final
manuscript.

Acknowledgments

H. B. Chen is supported by the National Natural Science
Foundation of China (No. 11671403); J. Yang is supported
by the Scientific Research Fund of Hunan Provincial Educa-
tion Department (No. 17C1263), the Natural Science Foun-
dation of Hunan Province of China (No. 2019JJ50473), and
the Research Foundation of Education Bureau of Hunan
Province, China (Grant No. 19B450).

References

[1] V. V. Zhikov, “On Lavrentiev’s phenomenon,” Russian Journal
of Mathematical Physics, vol. 3, pp. 249–269, 1995.

[2] V. V. Zhikov, “On some variational problems,” Russian Jour-
nal of Mathematical Physics, vol. 5, pp. 105–116, 1997.

[3] W. Liu and G. Dai, “Existence and multiplicity results for dou-
ble phase problem,” Journal of Differential Equations, vol. 265,
no. 9, pp. 4311–4334, 2018.

[4] K. Perera and M. Squassina, “Existence results for double-
phase problems via Morse theory,” Communications in Con-
temporary Mathematics, vol. 20, no. 2, article 1750023, 2017.

[5] W. Liu and G. Dai, “Three ground state solutions for double
phase problem,” Journal of Mathematical Physics, vol. 59,
no. 12, article 121503, 2018.

[6] F. Colasuonno and M. Squassina, “Eigenvalues for double
phase variational integrals,” Annali di Matematica Pura ed
Applicata, vol. 195, no. 6, pp. 1917–1959, 2016.

[7] M. Colombo and G. Mingione, “Regularity for double phase
variational problems,” Archive for Rational Mechanics and
Analysis, vol. 215, no. 2, pp. 443–496, 2015.

[8] W. Xie and H. Chen, “Existence and multiplicity of solutions
for p(x)-Laplacian equations in RN,”Mathematische Nachrich-
ten, vol. 16, no. 291, pp. 2476–2488, 2018.

[9] L. Xu and H. Chen, “Nontrivial solutions for Kirchhoff-type
problems with a parameter,” Journal of Mathematical Analysis
and Applications, vol. 433, no. 1, pp. 455–472, 2016.

[10] D. Costa and Z.-Q. Wang, “Multiplicity results for a class of
superlinear elliptic problems,” Proceedings of American Math-
ematical Society, vol. 133, no. 3, pp. 787–795, 2005.

[11] M. Williem, “Minimax theorems,” in Progress in Nonlinear
Differential Equations and their Applications, vol. 24, Birkhäu-
ser, 1996.

[12] D. Motreanu, V. Motreanu, and N. Papageorgiou, Topological
and Variational Methods with Applications to Nonlinear
Boundary Value Problems, Springer, New York, NY, USA,
2014.

[13] P. Rabinowitz, “Minimax methods in critical point theory with
applications to differential equations,” in CBMS Regional
Conference Series in Mathematics, vol. 65, American Mathe-
matical Society, 1986.

[14] S. Li and Z. Q. Wang, “Ljusternik-Schnirelman theory in par-
tially ordered Hilbert spaces,” Transactions of the American
Mathematical Society, vol. 354, no. 8, pp. 3207–3228, 2002.

7Journal of Function Spaces


	Multiplicity of Nodal Solutions for a Class of Double-Phase Problems
	1. Introduction and Statement of Results
	2. The Modified Problem
	3. Proof of Theorem 1
	4. Proof of Theorem 2
	Data Availability
	Conflicts of Interest
	Authors’ Contributions
	Acknowledgments

