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In this paper, we study the (3 + 1)-dimensional time-fractional Camassa-Holm-Kadomtsev-Petviashvili equation with a
conformable fractional derivative. By the fractional complex transform and the bifurcation method for dynamical systems, we
investigate the dynamical behavior and bifurcation of solutions of the traveling wave system and seek all possible exact traveling
wave solutions of the equation. Furthermore, the phase portraits of the dynamical system and the remarkable features of the
solutions are demonstrated via interesting figures.

1. Introduction

Fractional differential equations have wide applications in
physics, biology, geology, and other fields. Fu and Yang [1]
derived a (3 + 1)-dimensional time-space fractional ZK
equation which describes the fractal process of nonlinear
dust acoustic waves and obtained some exact solutions via
the extended Kudryashov method. The Lump solution of
fractional KP equation in dusty plasma is studied in [2].
Guo et al. [3] derived a time-fractional mZK equation to
study gravity solitary waves. And some new model equations
were derived to study the dynamics of nonlinear Rossby
waves in [4, 5]. In recent years, many powerful methods
for solving fractional differential equations have been pro-
posed, for instance, the first integral method [6, 7], the var-
iational iterative method [8–10], the exp-function method
[11, 12], the fractional complex transform [13], and the
(G′/G)-expansion method [14–16]. It is rather remarkable
that the exact traveling wave solutions of the fractional dif-
ferential equations were obtained by using the bifurcation
theory in [17–19].

Recently, by the semi-inverse method, the Euler-Lagrange
equation, and Agrawal’s method, Lu et al. [20] derived a gen-

eralized (3 + 1)-dimensional time-fractional Camassa-Holm-
Kadomtsev-Petviashvili (gCH-KP) equation:

Dα
t u + aux + buux + cDα

t uxxð Þx + c1uyy + c2uzz = 0, ð1Þ

which describes the role of dispersion in the formation of
patterns in liquid drops, where a, b, c, c1, and c2 are nonzero
constants and Dt

α is the Riemann-Liouville fractional deriv-
ative of uðt, x, y, zÞ, 0 < α < 1 [21]. Some exact solutions of
Equation (1) are constructed in [20] by a bilinear method
and the radial basis function meshless approach. When α =
1, Equation (1) becomes the generalized Camassa-Holm-
Kadomtsev-Petviashvili equation, which has been extensively
studied in [22–26].

In this paper, we use the conformable fractional derivative
proposed by Khalil et al. [27] which is a natural definition and
can be applied in optical fiber, physics, and so on. By using the
bifurcation method of dynamical systems [17–19, 28–31], we
investigate the dynamical behavior and bifurcation of solu-
tions of the traveling wave system and try to construct all pos-
sible exact traveling wave solutions of Equation (1).

This paper is structured as follows. A brief description on
the conformable fractional derivative is given in Section 2. In
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Section 3, by the fractional complex transformation [13], we
transform the time-fractional gCH-KP Equation (1) into an
ordinary differential equation. Then, applying the bifurcation
method of dynamical systems [17–19, 28–31], we give the
bifurcations and phase portraits of Equation (1). In Section
4, we give all possible exact traveling wave solutions of Equa-
tion (1) under different parameter conditions. In Section 5,
we state the main conclusion of this paper.

2. Overview on Fractional Derivative

Since L’Hospital in 1695 asked what does it mean dnf /dxn if
n = ð1/2Þ, a lot of definitions of fractional derivative have
been introduced in different senses, such as Riemann-Liou-
ville, Caputo, and Weyl fractional derivatives [21]. In this
paper, we consider the conformable fractional derivative pro-
posed by Khalil et al. [27]. Given a function f : ð0, +∞Þ
⟶ R. Then, the conformable fractional derivative of f of
order α is defined as

Dα
t f tð Þ = lim

ε→0

f t + εt1−α
� �

− f tð Þ
ε

ð2Þ

for all t > 0, α ∈ ð0, 1�. And the conformable fractional deriv-
ative has the following properties (see [27]). Let α ∈ ð0, 1� and
f , g be α-differentiable at a point t > 0. Then,

Dα
t t

s = sts−α, s ∈ R,
Dα
t f tð Þg tð Þ½ � = g tð ÞDα

t f tð Þ + f tð ÞDα
t g tð Þ:

ð3Þ

In addition, if f is differentiable, then

Dα
t f tð Þ = t1−α

df tð Þ
dt

: ð4Þ

3. Bifurcations and Phase Portraits of the Time-
Fractional gCH-KP Equation

Introduce the following fractional transformation [13]:

ξ = kx + ly +mz −
n
α
tα,

u t, x, y, zð Þ =U ξð Þ,
ð5Þ

where k, l, m, and n are arbitrary constants. By (3)–(4), it
infers

Dα
t u tð Þ = t1−α

dU ξð Þ
dt

= t1−α
dU ξð Þ
dξ

⋅
dξ
dt

= −n
dU ξð Þ
dξ

: ð6Þ

Substituting Equation (5) into Equation (1), we have

k −nU ′ + akU ′ + bkUU ′ − cnk2U‴
� �

′

+ c1l
2U″ + c1m

2U″ = 0,
ð7Þ

where ′ is the derivative with respect to ξ. Then, we integrate
Equation (7) twice and obtain

cnk3U″ = bk2

2
U2 + ak2 − nk + c1l

2 + c2m
2� �
U : ð8Þ

Following [17–19, 28–30], Equation (8) is equivalent to
the planar Hamiltonian system

dU
dξ

=V ,

dV
dξ

= AU2 + BU ,
ð9Þ

with the Hamiltonian

H U , Vð Þ = 1
2
V2 −

A
3
U3 −

B
2
U2 = h, ð10Þ

where A + ðb/2cnkÞ, B = ðak2 − nk + c1l
2 + c2m

2Þ/cnk3. Clear-
ly, A ≠ 0. We shall investigate the bifurcations of phase por-
traits of the system (9) in the ðU ,VÞ-phase plane depending
on the parameters a, b, c, c1, c2, k, l,m, n. It is well known
that a smooth homoclinic orbit of the system (9) gives rise
to a smooth solitary wave solution of Equation (1). For a
continuous solution of Uðkx + ly +mz − ðn/Γð1 + αÞÞtaÞ =
UðξÞð−∞ < ξ < +∞Þ of the system (9) satisfying limξ ⟶ +
∞UðξÞ = β and limξ ⟶ −∞UðξÞ = γ, UðξÞ is called a
homoclinic orbit if β = γ; UðξÞ is called a heteroclinic orbit
if β ≠ γ. Usually, a homoclinic orbit of the system (9) corre-
sponds to a solitary wave solution of Equation (1), and a het-
eroclinic orbit of the system (9) corresponds to a kink (or
antikink) wave solution. Similarly, a periodic orbit of the sys-
tem (9) corresponds to a periodic traveling wave solution of
Equation (1). Thus, we try to seek all homoclinic orbits, het-
eroclinic orbits, and periodic orbits of the system (9), which
depend on the parameters a, b, c, c1, c2, k, l,m, n.

In order to study the phase portraits of the system (9), we
first study the equilibrium points of the system (9). It is easy
to see that when B ≠ 0, the system (9) has two equilibrium
points E0ð0, 0Þ and E1ð−ðB/AÞ, 0Þ. When B = 0, the system
(9) has only one equilibrium point E0ð0, 0Þ. Let MðUe,VeÞ
be the coefficient matrix of the linearized system of the sys-
tem (9) at an equilibrium point Ej ðj = 0, 1Þ. And let J = det
ðMðUe, VeÞÞ. We have

J E0ð Þ = −B,

J E1ð Þ = B,

Trace M E0ð Þð Þ = 0,

Trace M E1ð Þð Þ = 0:

ð11Þ

According to the bifurcation method of dynamical sys-
tems [28–31] and the above analysis, it infers the following.

Case 1. When B > 0, the origin E0ð0, 0Þ is a saddle point and
E1ð−ðB/AÞ, 0Þ is a center point. The bifurcations of phase
portraits of system (9) are shown in Figures 1(a) and 1(b).
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Case 2. When B < 0, the origin E0ð0, 0Þ is a center point and
E1ð−ðB/AÞ, 0Þ is a saddle point. The bifurcations of phase
portraits of the system (9) are shown in Figures 2(a) and 2(b).

Case 3. When B = 0, the origin E0ð0, 0Þ is a cusp point. The
bifurcations of phase portraits of the system (9) are shown
in Figures 3(a) and 3(b).

4. Explicit Parametric Expressions of the
Solutions of Equation (1)

In this section, by using the elliptic integral theory in Byrd
and Fridman [32] and the direct integration method, we

give all possible explicit parametric representations of the
traveling wave solutions of Equation (1). For convenience,
denote

h0 =H 0, 0ð Þ = 0,

h1 =H −
B
A
, 0

� �
= −

B3

6A2 :
ð12Þ

4.1. Consider Case 1 in Section 3 (See Figure 1)

(1) If B > 0, A > 0, corresponding to the homoclinic
orbit to the origin E0ð0, 0Þ defined by HðU , VÞ = h0,
Equation (1) has a smooth solitary wave solution of
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Figure 1: The phase portraits of the system (9) for B > 0: (a) A > 0; (b) A < 0.
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Figure 2: The phase portraits of the system (9) for B < 0: (a) A > 0; (b) A < 0.
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valley type shown in Figure 1(a). By HðU , VÞ =
h0 = 0, it obtains

V = ∓
ffiffiffiffiffiffi
2A
3

r
U

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U +

3B
2A

r
: ð13Þ

Then, using the first equation of the system (9) and
Equation (13), we obtain the parametric expression
of the smooth solitary wave solution of valley type
as follows:

u t, x, y, zð Þ = 3B
2A

				
				 tanh2

ffiffiffi
B

p

2
ξj j

 !
− 1

 !
, ð14Þ

where ξ = kx + ly +mz − ðn/Γð1 + αÞÞtα,A = ðb/2cnkÞ,
and B = ðak2 − nk + c1l

2 + c2m
2Þ/cnk3. The profile of

the valley solitary wave solution (14) is shown in
Figure 4(a) with A = 1, B = 2, k = 1, n = 1, α = 0:5,
and y = z = 0.

(2) If B > 0, A < 0, corresponding to the homoclinic orbit
to the origin E0ð0, 0Þ defined by HðU , VÞ = h0, Equa-
tion (1) has a smooth solitary wave solution of peak
type shown in Figure 1(b). By HðU , VÞ = h0 = 0, it
infers

V = ±
ffiffiffiffiffiffiffiffiffiffi
−
2A
3

r
U

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
3B
2A

−U

r
: ð15Þ

Combining dU/V = dξ, we obtain the exact solitary
wave solution of peak type as follows:

u t, x, y, zð Þ = 3B
2A

				
				 1 − tanh2

ffiffiffi
B

p

2
ξj j

 ! !
, ð16Þ

where ξ = kx + ly +mz − ðn/Γð1 + αÞÞtα. The profile
of the peak solitary wave solution (16) is shown in
Figure 4(b) with A = −1, B = 2, k = 1, n = 1, α = 0:5,
and y = z = 0.

(3) If B > 0, A > 0 or B > 0, A < 0, Equation (1) has a
family of smooth periodic wave solutions defined by
HðU , VÞ = h, h ∈ ðh1, 0Þ (see Figures 1(a) and 1(b)).
When B > 0, A > 0, the phase portrait of the system
(9) is shown in Figure 1(a). In this case, the expres-
sions of the closed orbits can be written

V = ±
ffiffiffiffiffiffi
2A
3

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U −U1ð Þ U2 −Uð Þ U3 −Uð Þ

p
, ð17Þ

where (U1, 0), (U2, 0), and (U3, 0) are the intersec-
tions of the curve defined by HðU ,VÞ = h, h ∈ ðh1,
0Þ, and the U-axis, and the relation U1 <U <U2 <
U3 holds. Thus, by using the first equation of the sys-
tem (9) and Equation (17), we obtain the parametric
expression of the periodic solutions as follows:

u t, x, y, zð Þ =U1 + U2 −U1ð ÞSn2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A U3 −U1ð Þ

6

r
ξj j,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U2 −U1
U3 −U1

s !
:

ð18Þ

The profile of the periodic solution (18) is shown in
Figure 4(c) with A = 1/2, B = 1, k = 1, n = 1, h = −ð1/
3Þ, α = 0:5, and y = z = 0. When B > 0, A < 0, the sim-
ilar analysis can be applied to Figure 1(b). Assume
that ðU4, 0Þ, ðU5, 0Þ, and ðU6, 0Þ are the intersections
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Figure 3: The phase portraits of the system (9) for B = 0: (a) A > 0; (b) A < 0.
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of the curve defined by HðU , VÞ = h and the U-axis,
and the relation U4 <U5 <U <U6 holds, we obtain

the parametric expression of the periodic solutions
as follows:

4.2. Consider Case 2 in Section 3 (See Figure 2)

(1) If B < 0, A > 0, corresponding to the homoclinic orbit
to the equilibrium point E1ð−ðB/AÞ, 0Þ defined by H

ðU , VÞ = h1, Equation (1) has a smooth solitary wave
solution of valley type shown in Figure 2(a). The
expressions of the homoclinic orbits defined by H
ðU , VÞ = h1 can be written:

u t, x, y, zð Þ =U4 +
U4 −U5ð Þ U6 −U4ð Þ

U6 −U5ð ÞSn2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A U4 −U6ð Þ/6p

ξj j, ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U6 −U5ð Þ/ U6 −U4ð Þp� �

− U6 −U4ð Þ
: ð19Þ
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Figure 4: The profile of the solutions of Equation (1): (a) A = 1, b = 2, k = 1, n = 1, α = 0:5, andy = z = 0;.(b)A = −1, B = 2, k = 1, n = 1, α =
0:5, and y = z = 0; (c)A = 1/2, B = 1, k = 1, n = 1, h = −ð1/3Þ, α = 0:5, and y = z = 0; (d) A = 1, B = 0, k = 1, n = 1, α = 0:5, and y = z = 0.
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V2 = 2A
3

U + B
A

� �2
U −

B
2A

� �
: ð20Þ

Then, using the first equation of the system (9) and
Equation (20), we obtain the parametric expression
of the smooth solitary wave solution of valley type
as follows:

u t, x, y, zð Þ = B
2A

				
				 3 tanh2

ffiffiffiffiffiffi
−B

p

2
ξj j

 !
− 1

 !
, ð21Þ

where ξ = kx + ly +mz − ðn/Γð1 + αÞÞtα.
(2) If B > 0, A < 0, corresponding to the homoclinic orbit

to the equilibrium point E1ð−ðB/AÞ, 0Þ defined by H
ðU , VÞ = h1, Equation (1) has a smooth solitary wave
solution of peak type shown in Figure 2(b). The
expressions of the homoclinic orbits defined by H
ðU , VÞ = h1 can be written:

V2 = −
2A
3

U +
B
A

� �2 B
2A

−U
� �

: ð22Þ

Combining dU/V = dξ, we obtain the exact solitary
wave solution of peak type as follows:

u t, x, y, zð Þ = B
2A

				
				 1 − 3 tanh2

ffiffiffiffiffiffi
−B

p

2
ξj j

 ! !
, ð23Þ

where ξ = kx + ly +mz − ðn/Γð1 + αÞÞtα.
(3) If B < 0, A > 0 or B < 0, A < 0, Equation (1) has a

family of smooth periodic wave solutions defined by
HðU , VÞ = h, h ∈ ð0, h1Þ (see Figures 2(a) and 2(b)).
In this case, the parametric expression of the periodic
solutions is similar to Equations (18) and (19).

4.3. Consider Case 3 in Section 3 (See Figure 3)

(1) If B = 0, A > 0, there is an open orbit with the
same Hamiltonian as the origin point (0,0) (see
Figure 3(a)). The open orbit can be written as follows:

V2 = −
2A
3
U3: ð24Þ

Then, by dU/dξ =V , it infers the periodic cusp wave
solution:

u t, x, y, zð Þ = 6
Aξ2

, ð25Þ

where ξ = kx + ly +mz − ðn/Γð1 + αÞÞtα. The profile
of the periodic cusp wave solution (25) is shown in
Figure 4(d) with A = 1, B = 0, k = 1, n = 1, α = 0:5,
and y = z = 0.

(2) The similar analysis can be applied to Figure 3(b). In
this case, we obtain the periodic cusp wave solution:

u t, x, y, zð Þ = −
6

Aξ2
, ð26Þ

where ξ = kx + ly +mz − ðn/Γð1 + αÞÞtα.

5. Conclusion

In this study, using the fractional complex transform [13]
and the bifurcation method of dynamical systems [17–19,
28–31], we obtain the bifurcations and phase portraits of
the traveling wave system and construct all possible exact
traveling wave solutions of Equation (1) with the conform-
able fractional derivative under different parameter condi-
tions. The profile of the solitary wave solutions, periodic
solutions, and periodic cusp wave solutions is given.

Data Availability

The data used to support the findings of this study are avail-
able from the corresponding author upon request.

Conflicts of Interest

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

This work was supported by the Guangxi Natural Science
Foundation (Grants Nos. 2017GXNSFBA198130,
2017GXNSFBA198056, and 2017GXNSFBA198179),
National Natural Science Foundation of China (Grant No.
11771105), and Innovation Train Program (Grant No.
201710595032).

References

[1] L. Fu and H. Yang, “An application of (3+1)-dimensional
time-space fractional ZK model to analyze the complex dust
acoustic waves,” Complexity, vol. 2019, 15 pages, 2019.

[2] J. Sun, Z. Zhang, H. Dong, and H. Yang, “Fractional order
model and Lump solution in dusty plasma,” Acta Physica
Sinica, vol. 68, pp. 1–11, 2019.

[3] M. Guo, H. Dong, J. Liu, and H. Yang, “The time-fractional
mZK equation for gravity solitary waves and solutions using
sech-tanh and radial basis function method,” Nonlinear Anal-
ysis: Modelling and Control, vol. 24, no. 1, pp. 1–19, 2018.

[4] Q. Liu, R. Zhang, L. Yang, and J. Song, “A new model equation
for nonlinear Rossby waves and some of its solutions,” Physics
Letters A, vol. 383, no. 6, pp. 514–525, 2019.

[5] R. Zhang, L. Yang, Q. Liu, and X. Yin, “Dynamics of nonlinear
Rossby waves in zonally varying flow with spatial- temporal
varying topography,” Applied Mathematics and Computation,
vol. 346, pp. 666–679, 2019.

[6] B. Lu, “The first integral method for some time fractional dif-
ferential equations,” Journal of Mathematical Analysis and
Applications, vol. 395, no. 2, pp. 684–693, 2012.

6 Journal of Function Spaces



[7] H. Aminikhah, A. R. Sheikhani, and H. Rezazadeh, “Exact
solutions for the fractional differential equations by using the
first integral method,” Nonlinear Engineering, vol. 4, no. 1,
p. 1522, 2015.

[8] Z. Odibat and S. Momani, “Application of variational iteration
method to nonlinear differential equations of fractional order,”
International Journal of Nonlinear Sciences and Numerical
Simulation, vol. 7, no. 1, pp. 15–27, 2006.

[9] G. Wu and E. W. M. Lee, “Fractional variational iteration
method and its application,” Physics Letters A, vol. 374,
no. 25, pp. 2506–2509, 2010.

[10] S. Guo and L. Mei, “The fractional variational iteration method
using He's polynomials,” Physics Letters A, vol. 375, no. 3,
pp. 309–313, 2011.

[11] O. Guner, A. Bekir, and H. Bilgil, “A note on exp-function
method combined with complex transform method applied
to fractional differential equations,” Advances in Nonlinear
Analysis, vol. 4, no. 3, pp. 201–208, 2015.

[12] J. H. He, “Exp-function method for fractional differential
equations,” International Journal of Nonlinear Sciences and
Numerical Simulation, vol. 14, no. 6, pp. 363–366, 2013.

[13] Z. B. Li and J. H. He, “Fractional complex transform for frac-
tional differential equations,” Mathematical and Computa-
tional Applications, vol. 15, no. 5, pp. 970–973, 2010.

[14] N. Shang and B. Zheng, “Exact solutions for three fractional
partial differential equations by the (G′/G) method,” Interna-
tional Journal of Applied Mathematics and Computer Science,
vol. 43, pp. 114–119, 2013.

[15] B. Zheng, “(G′/G)− expansion method for solving fractional
partial differential equations in the theory of mathematical
physics,” Communications in Theoretical Physics, vol. 58,
no. 5, article 623630, pp. 623–630, 2012.

[16] A. Bekir and O. Guner, “Exact solutions of nonlinear fractional
differential equations by (G′/G)−expansion method,” Chinese
Physics B, vol. 22, no. 11, article 110202, 2013.

[17] J. Liang, L. Tang, Y. Xia, and Y. Zhang, “Bifurcations and exact
solutions for a class of MKdV equations with the conformable
fractional derivative via dynamical system method,” Interna-
tional Journal of Bifurcation and Chaos, vol. 30, no. 1,
pp. 2050004–2050011, 2020.

[18] W. Zhu, Y. Xia, B. Zhang, and Y. Bai, “Exact traveling wave
solutions and bifurcations of the time-fractional differential
equations with applications,” International Journal of Bifurca-
tion and Chaos, vol. 29, no. 3, article 1950041, 2019.

[19] B. Zhang, W. Zhu, Y. Xia, and Y. Bai, “A unified analysis of
exact traveling wave solutions for the fractional-order and
integer-order Biswas–Milovic equation: via bifurcation theory
of dynamical system,” Qualitative Theory of Dynamical Sys-
tems, vol. 19, no. 1, pp. 1–11, 2020.

[20] C. Lu, L. Xie, and H. Yang, “Analysis of Lie symmetries with
conservation laws and solutions for the generalized (3+1)-
dimensional time fractional Camassa–Holm–Kadomtsev–Pet-
viashvili equation,” Computers & Mathematics with Applica-
tions, vol. 77, no. 12, pp. 3154–3171, 2019.

[21] I. Podlubny, Fractional Differential Equations, Academic
Press, San Diego, 1998.

[22] A. M. Wazwaz, “The Camassa–Holm–KP equations with com-
pact and noncompact travelling wave solutions,” Applied Math-
ematics and Computation, vol. 170, no. 1, pp. 347–360, 2005.

[23] A. Biswas, “1-Soliton solution of the generalized Camassa–
Holm Kadomtsev–Petviashvili equation,” Communications in

Nonlinear Science and Numerical Simulation, vol. 14, no. 6,
pp. 2524–2527, 2009.

[24] S. Lai and Y. Xu, “The compact and noncompact structures for
two types of generalized Camassa–Holm–KP equations,”
Mathematical and Computer Modelling, vol. 47, no. 11-12,
pp. 1089–1098, 2008.

[25] K. L. Zhang, S. Q. Tang, and Z. J. Wang, “Bifurcation of trav-
elling wave solutions for the generalized Camassa–Holm–KP
equations,” Communications in Nonlinear Science and Numer-
ical Simulation, vol. 15, no. 3, pp. 564–572, 2010.

[26] S. Xie, L. Wang, and Y. Zhang, “Explicit and implicit solutions
of a generalized Camassa–Holm Kadomtsev–Petviashvili
equation,” Communications in Nonlinear Science and Numer-
ical Simulation, vol. 17, no. 3, pp. 1130–1141, 2012.

[27] R. Khalil, M. Al Horani, A. Yousef, and M. Sababheh, “A new
definition of fractional derivative,” Journal of Computational
and Applied Mathematics, vol. 264, pp. 65–70, 2014.

[28] J. Li and Z. Liu, “Smooth and non-smooth traveling waves in a
nonlinearly dispersive equation,” Applied Mathematical
Modelling, vol. 25, no. 1, pp. 41–56, 2000.

[29] J. Li and Z. Liu, “TRAVELING wave solutions for a class of
nonlinear dispersive equations,” Chinese Annals of Mathemat-
ics, vol. 23, no. 3, pp. 397–418, 2002.

[30] D. Feng, J. Li, and J. Jiao, “Dynamical behavior of singular trav-
eling waves of ( $$\hbox {n}+1$$ n + 1 )-Dimensional nonlin-
ear Klein-Gordon equation,” Qualitative Theory of Dynamical
Systems, vol. 18, no. 1, pp. 265–287, 2019.

[31] J. B. Li, Bifurcations and Exact Solutions in Invariant Mani-
folds for Nonlinear Wave Equations, Science Press, Beijing,
2019.

[32] P. F. Byrd and M. D. Fridman, Handbook of Elliptic Integrals
for Engineers and Scientists, Springer-Verlag, Berlin, 1971.

7Journal of Function Spaces


	Exact Traveling Wave Solutions and Bifurcation of a Generalized (3+1)-Dimensional Time-Fractional Camassa-Holm-Kadomtsev-Petviashvili Equation
	1. Introduction
	2. Overview on Fractional Derivative
	3. Bifurcations and Phase Portraits of the Time-Fractional gCH-KP Equation
	4. Explicit Parametric Expressions of the Solutions of Equation (1)
	4.1. Consider Case 1 in Section 3 (See Figure&ebsp;1)
	4.2. Consider Case 2 in Section 3 (See Figure&ebsp;2)
	4.3. Consider Case 3 in Section 3 (See Figure&ebsp;3)

	5. Conclusion
	Data Availability
	Conflicts of Interest
	Acknowledgments

