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In this paper, we investigate the stochastic averaging method for neutral stochastic delay differential equations driven by fractional
Brownian motion with Hurst parameter H ∈ ð1/2, 1Þ. By using the linear operator theory and the pathwise approach, we show that
the solutions of neutral stochastic delay differential equations converge to the solutions of the corresponding averaged stochastic
delay differential equations. At last, an example is provided to illustrate the applications of the proposed results.

1. Introduction

Since Kolmogorov’s work began in 1940 [1], the fractional
Brownian motion fBHðtÞ, t ≥ 0g with Hurst parameter H
∈ ð0, 1Þ has been studied by some authors [2, 3]. BHðtÞ
is a zero mean Gaussian stochastic process with a covari-
ance function determined by parameter H. It is self-
similar and has the stationary increments and its incre-
ment process has long-range dependence when Hurst
parameter 1/2 <H < 1, which makes BHðtÞ a suitable can-
didate to model many complex phenomena in finance
and other practical problems. When H ≠ 1/2, the BHðtÞ
neither is a semimartingale nor a Markov process. These
properties mean that the analysis tools for the classical
stochastic differential equation theory no longer work.
The most obvious problem is how to define a proper
notion of stochastic integral with respect to BHðtÞ. Three
main integration techniques with regard to BHðtÞ have
been researched, see, for example, [4–8] and the refer-
ences therein.

In recent years, there has been much interest in a
stochastic averaging method, which provides a powerful
tool to approximate the original dynamical systems
under random fluctuations by a simpler system. The
first work, which was introduced by Khasminskii [9],
investigated a stochastic averaging method for stochastic

differential equations with Gaussian random fluctuations.
Since then, the stochastic averaging method has been
developed for many types of stochastic differential equa-
tions, see, e.g., [10–15].

Some phenomena of biological dynamics, engineering,
and financial markets can be better understood when the
effect of time delays is considered in the models, see, e.g.,
[16]. Hence, stochastic delay differential equations driven
by fractional Brownian motion are proposed and have
recently attracted great attention [17–19]. However, except
[20] studied averaging method for stochastic delay differen-
tial equations of neutral type driven by G-Brownian
motion, the averaging method for neutral stochastic delay
differential equations is seldom considered. In this paper,
our aim is to study the stochastic averaging method for
neutral stochastic delay differential equations driven by
fractional Brownian motion.

2. Model Description and Preliminaries

The aim of this section is to introduce the model and some
preliminary lemmas.

The following notations are needed in this paper.
Let (Ω, F, fFtgt≥0, P) be a complete probability space.

BHðtÞ is a m-dimensional fractional Brownian motion with
Hurst parameter H ∈ ð1/2, 1Þ defined on the space
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(Ω, F, fFtgt≥0, P). Let ∣∙ ∣ denote the Euclidean norm. Let
ℂ = Cðð−∞,0� ;ℝdÞ denote the family of all continuous
functions ξ : ð−∞,0�⟶ℝd with the norm kξkℂ = sup

−∞<s≤0
jξðsÞj. For a stochastic process ξ = fξðtÞ, t∈ð−∞,T�g, ξt
∈ℂ defined by ξtðsÞ = ξðt + sÞ, s ∈ ð−∞,0�, t ∈ ½0, T�.
Throughout the paper, the symbol N stands for a
generic constant, whose value can change from one line to
another.

In this paper, we will discuss the following neutral sto-
chastic delay differential equations driven by fractional
Brownian motion:

d x tð Þ + c tð Þx t − τ tð Þð Þ½ � = f t, x tð Þ, x t − τ tð Þð Þð Þdt
+ g t, x tð Þ, x t − τ tð Þð Þð ÞdBH tð Þ,

ð1Þ

with initial condition x0 = ξ ∈ Cðð−∞,0� ;ℝdÞ, Where c ∈ C
ðð−∞,T�, ½0, 1ÞÞ, 0 < T <∞. The function τ: ½0, T�⟶ℝ+

is the time delay. The mappings f = ð f iÞd×1, f i : ½0, T� ×
ℝd ×ℝd ⟶ℝ, g = ðgi,jÞd×m, gi,j : ½0, T� ×ℝd ×ℝd ⟶ℝ
are Borel measurable.

The following operator theory is useful to obtain our
main results.

Lemma 1 (see [21]). Suppose that D is a bounded linear oper-
ator on Banach space X, if kDk < 1, then I −D has a bounded
inverse operator ðI −DÞ−1, and kðI −DÞ−1k ≤ 1/ð1 − kDkÞ.

Lemma 2 (see [21]). Assume that D is a bounded linear oper-
ator on Banach space X and has an inverse bounded operator,
for arbitrary ΔD : X ⟶ X, if kΔDk < 1/kD−1k, then S =D +
ΔD has a bounded inverse, and S−1 =∑∞

j=0ð−1ÞjD−1

ðD−1ΔDÞj.
Let the Banach space

Q = x : xj −∞,Tð �∈C −∞,0ð � ;ℝd
� �n o

: ð2Þ

Φ : Q⟶Q be defined by

Φxð Þ tð Þ = x tð Þ + c tð Þx t − τ tð Þð Þ: ð3Þ

Lemma 3. Let cM = max
t∈ð−∞,T�

cðtÞ. If 0 ≤ cðtÞ < 1, then Φ has a

bounded inverse Φ−1 on Q, and for all x ∈Q

Φ−1x
� �

tð Þ =〠
j≥0

Y
0≤i≤j−1

−1ð Þjc t − iτ tð Þð Þx t − jτ tð Þð Þ, ð4Þ

kΦ−1xk ≤ kxk/1 − cM:

Proof. The proof processes are similar to Lemma 2.6 in [22],
so we omit it here.

We note that Φ and Φ−1 are both linear operators. Then,
the system (1) can be changed by the inverse transformation
of Φ into the following:

du tð Þ = f t, Φ−1u
� �

tð Þ, Φ−1u
� �

t − τ tð Þð Þ� �
dt

+ g t, Φ−1u
� �

tð Þ, Φ−1u
� �

t − τ tð Þð Þ� �
dBH tð Þ,

ð5Þ

with initial condition u0 = ðΦ−1x0Þ. So, we can conclude that
uðtÞ is a solution of system (5) if and only if ðΦ−1uÞðtÞ is a
solution of system (1).

System (5) can be written in the integral form:

u tð Þ = u0 +
ðt
0
f s, Φ−1u

� �
sð Þ, Φ−1u
� �

s − τ sð Þð Þ� �
ds

+
ðt
0
g s, Φ−1u

� �
sð Þ, Φ−1u
� �

s − τ sð Þð Þ� �
dBH sð Þ,

ð6Þ

where
Ð t
0gðs, xðsÞ, x, ðs − τðsÞÞÞdBHðsÞ is a pathwise-defined

integral which can be represented by fractional derivatives,
see, e.g., Young et al. [4], Zähle [5], and Nualart and Răş-
canu [7].

Let H ∈ ð1/2, 1Þ, 1 −H < α < 1/2, denoted byWα,∞
ð−∞,T�, the

space of measurable functions h : ð−∞,T�⟶ Rd with the
norm

hk kt = hk k∞,t +
ðt
0
h:+t−s − h:k k∞,s t − sð Þ− α+1ð Þds <∞, ð7Þ

where khk∞,t = sup
−∞<s≤t

jhðsÞj.
Let α ∈ ð0, 1/2Þ be fixed. DenotingWα,1

0 the space of mea-
surable functions h : ½0, T�⟶ℝd such that

hk kα,1 ≔
ðT
0

h sð Þj j
sα

ds +
ðT
0

ðs
0

h sð Þ − h yð Þj j
s − yð Þα+1 dyds <∞: ð8Þ

For h ∈Wα,1
0 , defining the left-side fractional derivative

Dα
0+hðuÞ by

Dα
0+h uð Þ = 1

Γ 1 − αð Þ
h uð Þ
uα

+ α
ðu
0

h uð Þ − h yð Þ
u − yð Þ1+α dy

" #
1 0,Tð Þ uð Þ:

ð9Þ

Also denoted byW1−α,∞
T is the space of measurable func-

tions h : ½0, T�⟶ℝm such that

hk k1−α,∞,T ≔ sup
0≤s<t≤T

h tð Þ − h sð Þj j
t − sð Þ1−α +

ðt
s

h yð Þ − h sð Þj j
y − sð Þ2−α dy

 !
<∞:

ð10Þ
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For any h ∈W1−α,∞
T , setting ht−ðuÞ≔ hðuÞ − hðtÞ and

defining the right-sided fractional derivative D1−α
t− ht−ðuÞ by

D1−α
t− ht− uð Þ = −1ð Þ1−α

Γ αð Þ
h uð Þ − h tð Þ
t − uð Þ1−α

"

+ 1 − αð Þ
ðt
u

h uð Þ − h yð Þ
y − uð Þ2−α dy

#
1 0,tð Þ uð Þ:

ð11Þ

For z ∈W1−α,∞
T , we have

Λα zð Þ≔ 1
Γ 1 − αð Þ sup

0<s<t<T
D1−α
t− zt−

� �
sð Þ�� ��

≤
1

Γ 1 − αð ÞΓ αð Þ zk k1−α,∞,T <∞,
ð12Þ

where Γð·Þ is the gamma function. Moreover, if h ∈Wα,1
0 and

z ∈W1−α,∞
T , one can define the integral

Ð t
0hdz in the sense of

Zähle [5] for all t ∈ ½0, T� and it follows from Nualart and
Răşcanu [7] that

ðt
0
hdz

����
���� ≤Λα zð Þ hk kα,1: ð13Þ

For our purpose, we adopt the following hypotheses on
the coefficients.

(H1) The function gðt, x, yÞ is continuously differentia-
ble in variables x and y and there exist some constants
β, δ, 0 < β, δ ≤ 1 such that the following properties hold
for all x, y, ~x, ~y ∈ℝd , t ∈ ½0, T�:

(H2) The function f ðt, x, yÞ is Lipschitz continuous and
has linear growth in the variable x and y, uniformly in
t ∈ ½0, T�, that is, j f ðt, x, yÞ − f ðt, ~x, ~yÞj ≤Nðjx − ~xj + jy − ~yjÞ,
j f ðt, x, yÞj ≤Nð1 + jxj + jyjÞ.

Let α0 = min f1/2, β, δ/ð1 + δÞg. Under the hypotheses
ðH1Þ − ðH2Þ with β > 1 −H and δ > ð1/HÞ − 1, we can follow
the work of Shevchenko [8] to testify that system (5) has a
unique solution uðtÞ∈Wα,∞

ð−∞,T�, for all α ∈ ð1 −H, α0Þ. Hence,

system (1) has a unique solution ðΦ−1uÞðtÞ = xðtÞ∈Wα,∞
ð−∞,T�.

Furthermore, we can deduce g ∈Wα,1
0 according to Nualart

and Rᾰşcanu [7]. On the other hand, the trajectories of BH are
almost surely locally β′-Hölder-continuous for all 0 < β′ <H
see Zähle [5]. Then, BH belongs to the space W1−α,∞

T . Hence,
from the above discussion, we have the following estimate:

ðt
0
g sð ÞdBH sð Þ

����
���� ≤Λα BH� �

gk kα,1, ð15Þ

where ΛαðBHÞ has moments of all orders.
Given that ϵ ∈ ½0, ϵ0� with ϵ0 > 0 is a fixed number, con-

sider the following standard form of system (5)

duϵ tð Þ = ϵ f t, Φ−1u
� �

ϵ
tð Þ, Φ−1u
� �

ϵ
t − τ tð Þð Þ� �

dt

+ ϵHg t, Φ−1u
� �

ϵ
tð Þ, Φ−1u
� �

ϵ
t − τ tð Þð Þ� �

dBH tð Þ,
ð16Þ

with uϵð0Þ = u0. Correspondingly, the standard form of sys-
tem (1) is

d xϵ tð Þ + c tð Þxϵ t − τ tð Þð Þ½ � = ϵ f t, xϵ tð Þ, xϵ t − τ tð Þð Þð Þdt
+ ϵHg t, xϵ tð Þ, xϵ t − τ tð Þð Þð ÞdBH tð Þ,

ð17Þ

with xϵð0Þ = x0.
Let �f ðx, yÞ: ℝd ×ℝd →ℝd and �gðx, yÞ: Rd × Rd ⟶

Rðd×mÞ be measurable functions and satisfy the conditions in
ðH1Þ − ðH2Þ and the following inequalities:

I1ð Þ 1
~T

ð ~T
0
f s, x, yð Þ − ~f x, yð Þ
��� ���2ds ≤ ψ1

~T
� �

1 + xj j2 + yj j2� �
,

I2ð Þ 1
~T

ð ~T
0
g s, x, yð Þ − ~g x, yð Þj j2ds ≤ ψ2

~T
� �

1 + xj j2 + yj j2� �
,

ð18Þ

where ~T ∈ ½0, T�, ψið~TÞ are positive bounded functions

with sup
0≤~T≤T

jψið~TÞj ≤N , lim
~T→∞

ψið~TÞ = 0, i = 1, 2:

g t, x, yð Þ − g t, ~x, ~yð Þj j ≤N x − ~xj j + y − ~yj jð Þ, ∂xig t, x, yð Þ − ∂xig t, ~x, yð Þ�� �� + ∂yig t, x, yð Þ − ∂yig t, x, ~yð Þ
��� ���

≤N x − ~xj jδ + y − ~yj jδ
� �

, g t, x, yð Þ − g s, x, yð Þj j + ∂xig t, x, yð Þ − ∂xig s, x, yð Þ�� ��
+ ∂yig t, x, yð Þ − ∂yig s, x, yð Þ
��� ��� ≤N t − sj jβ, ∂xig t, x, yð Þ�� �� + ∂yig t, x, yð Þ

��� ���
≤N , g t, x, yð Þj j ≤N 1 + xj j + yj jð Þ:

ð14Þ
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Let wϵðtÞ denote the solution to the following averaged
system:

dwϵ tð Þ = ϵ�f Φ−1w
� �

ϵ
tð Þ, Φ−1w
� �

ϵ
t − τ tð Þð Þ� �

dt

+ ϵH�g Φ−1w
� �

ϵ
tð Þ, Φ−1w
� �

ϵ
t − τ tð Þð Þ� �

dBH tð Þ,
ð19Þ

with wϵð0Þ = u0. Then, yϵðtÞ≔ ðΦ−1wÞϵðtÞ is the solution to
the following averaged system:

dyϵ tð Þ = ϵ�f Φ−1y
� �

ϵ
tð Þ, Φ−1y
� �

ϵ
t − τ tð Þð Þ� �

dt

+ ϵH�g Φ−1y
� �

ϵ
tð Þ, Φ−1y
� �

ϵ
t − τ tð Þð Þ� �

dBH tð Þ,
ð20Þ

with yϵð0Þ = x0.
Now, from the above hypotheses, we are in conditions to

demonstrate the relationship between xϵðtÞ and yϵðtÞ.

3. Main Results and Proofs

The main goal of this section is to use the averaging principle
to investigate the neutral stochastic delay differential equa-
tions driven by fractional Brownian motion. Theorem 6
shows that the solution yϵðtÞ of the averaged system (20)
converges to solution xϵðtÞ of the original system (17) in
the sense of mean square.

The following lemmas are crucial for our analysis and are
proved in Shevchenko [8] and Nualart and Răşcanu [7].

Lemma 4 (see [8]). Assume that hypotheses ðH1Þ − ðH2Þ
hold. Then, there exists a constant G0 > 0, for t ∈ð−∞, T�
such that

E uϵk k2T ≤ G0: ð21Þ

Lemma 5 (see [7]). Assume that hypotheses ðH1Þ − ðH2Þ
hold. Then, there exists a constant G1 > 0, for s, t ∈ ½0, T�,
we have

uϵ tð Þ − uϵ sð Þj j ≤G1 1 + 2 Φ−1�� �� uϵk kT
� �

t − sj j1−α: ð22Þ

From Lemma 5, we can prove similarly that jwϵðtÞ −
wϵðsÞj ≤ G1ð1 + 2kΦ−1kkwϵkTÞjt − sj1−α.

Theorem 6. Assume that hypotheses ðH1Þ − ðH2Þ and ðI1Þ
− ðI2Þ hold. For ϵ ∈ ð0, ϵ0� is a positive small parameter with
ϵ0 a constant, θ > 0, there exist constants ϵ1 ∈ ð0, ϵ0�,O > 0
such that for any ϵ ∈ ð0, ϵ1�, t ∈ ½0,Oϵ−λ�, 0 < λ < 1, we get

sup
0≤t≤Oϵ−λ

E uϵ tð Þ −wϵ tð Þj j2 ≤ θ, ð23Þ

and then, we obtain

sup
0≤t≤Oϵ−λ

E xϵ tð Þ − yϵ tð Þj j2 ≤ Φ−1�� ��2θ: ð24Þ

Proof. According to systems (16) and (19), on account of the
elementary inequality, we obtain

E uϵ tð Þ −wϵ tð Þj j2 ≤ 2ϵ2E
ðt
0
f s, Φ−1u

� �
ϵ
sð Þ, Φ−1u
� �

ϵ
s − τ sð Þð Þ� ������

− �f Φ−1w
� �

ϵ
sð Þ, Φ−1w
� �

ϵ
s − τ sð Þð Þ� �Þds����

2

+ 2ϵ2HE
ðt
0
g s, Φ−1u

� �
ϵ
sð Þ, Φ−1u
� �

ϵ
s − τ sð Þð Þ� ������

− �g Φ−1w
� �

ϵ
sð Þ, Φ−1w
� �

ϵ
s − τ sð Þð Þ� �ÞdBH sð Þ

����
2

≕ J1 tð Þ + J2 tð Þ,
ð25Þ

where ½0, t� ⊂½0, b� ⊂½0, T�. On the one hand, for term J1ðtÞ,
we derive

J1 tð Þ = 2ϵ2E
ðt
0
f s, Φ−1u

� �
ϵ
sð Þ, Φ−1u
� �

ϵ
s − τ sð Þð Þ� ������

− �f Φ−1w
� �

ϵ
sð Þ, Φ−1w
� �

ϵ
s − τ sð Þð Þ� �Þds����

2

≤ 2bϵ2E
ðt
0
f s, Φ−1u

� �
ϵ
sð Þ, Φ−1u
� �

ϵ
s − τ sð Þð Þ� ���

− �f Φ−1w
� �

ϵ
sð Þ, Φ−1w
� �

ϵ
s − τ sð Þð Þ� �j2ds:

ð26Þ

On the other hand, applying (15) for term J2ðtÞ, it
follows that

J2 tð Þ ≤ 4ϵ2HΛ2
α BH� �

b1−2αE
ðt
0
g s, Φ−1u

� �
ϵ
sð Þ, Φ−1u
� �

ϵ
s − τ sð Þð Þ� �

− �g Φ−1w
� �

ϵ
sð Þ, Φ−1w
� �

ϵ
s − τ sð Þð Þ� ��� ��2ds

+ 4ϵ2HΛ2
α BH� �

E
ðt
0

ðs
0

1
s − rð Þ1+α g s, Φ−1u

� �
ϵ
sð Þ, Φ−1u
� �

ϵ
s − τ sð Þð Þ� �

− �g Φ−1w
� �

ϵ
sð Þ, Φ−1w
� �

ϵ
s − τ sð Þð Þ� ��� 

− g r, Φ−1u
� �

ϵ
rð Þ, Φ−1u
� �

ϵ
r − τ rð Þð Þ� �

+ �g Φ−1w
� �

ϵ
rð Þ, Φ−1w
� �

ϵ
r − τ rð Þð Þ� ���drds�2

≔ J21 tð Þ + J22 tð Þ:

ð27Þ
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Furthermore, by (H1), Lemma 4 and Lemma 5 yields

Hence, under hypotheses ðH1Þ − ðH2Þ, ðI1Þ − ðI2Þ and
Lemma 4, we get

and so

Then, select λ ∈ ð0, 1Þ, O > 0, such that for each t ∈ ½0,O
ε−λ� ⊂ ½0, T�, we obtain

sup
0≤t≤Oε−λ

E uε tð Þ −wε tð Þj j2 ≤ Kε1−λ, ð31Þ

where

K =Nελ−1 1 + 2 Φ−1�� ��2G0
� �

ε2−2λO2 + ε2H+2αλ−2λΛ2
α BH� �

O2−2α
� �hn

+ ε2HΛ2
α BH� �

ε2 αλ−λ−βλð ÞO2 1+β−αð Þ
�

+ Φ−1�� ��2
� G2

1 1 + 4 Φ−1�� ��2G0
� �

ε4αλ−4λO4−4α + G0ε
2αλ−2λO2−2α

� ��io

× exp N Φ−1�� ��2 ε2−2λO2 + ε2H+2αλ−2λΛ2
α BH� �

O2−2α
� �� �

:

ð32Þ

J22 tð Þ ≤ 4ϵ2HΛ2
α BH� �

× E
ðt
0

ðs
0

g s, Φ−1u
� �

ϵ
sð Þ, Φ−1u
� �

ϵ
s − τ sð Þð Þ� �

− g r, Φ−1u
� �

ϵ
rð Þ, Φ−1u
� �

ϵ
r − τ rð Þð Þ� ��� ��

s − rð Þ1+α dr

  

+
ðs
0

�g Φ−1w
� �

ϵ
sð Þ, Φ−1w
� �

ϵ
s − τ sð Þð Þ� �

− �g Φ−1w
� �

ϵ
rð Þ, Φ−1w
� �

ϵ
r − τ rð Þð Þ� ��� ��

s − rð Þ1+α dr

!
ds

!2

≤Nϵ2HΛ2
α BH� �

b2 1+β−αð Þ + Φ−1�� ��2 G2
1 1 + 4 Φ−1�� ��2G0
� �

b4−4α +G0b
2−2α

� �h i
:

ð28Þ

E uε tð Þ −wε tð Þj j2 ≤ 2bε2E
ðt
0
f s, Φ−1u

� �
ε
sð Þ, Φ−1u
� �

ε
s − τ sð Þð Þ� �

− �f Φ−1w
� �

ε
sð Þ, Φ−1w
� �

ε
s − τ sð Þð Þ� ��� ��2ds

+ 4ε2HΛ2
α BH� �

b1−2α × E
ðt
0
g s, Φ−1u

� �
ε
sð Þ, Φ−1u
� �

ε
s − τ sð Þð Þ� �

− �g Φ−1w
� �

ε
sð Þ, Φ−1w
� �

ε
s − τ sð Þð Þ� ��� ��2ds

+Nε2HΛ2
α BH� �

b2 1+β−αð Þ + Φ−1�� ��2 G2
1 1 + 4 Φ−1�� ��2G0
� �

b4−4α +G0b
2−2α

� �h i

≤N ε2b + ε2HΛ2
α BH� �

b1−2α
� �

Φ−1�� ��2Eðt
0
sup
0≤σ≤s

uε σð Þ −wε σð Þj j2ds +N ε2b2 + ε2HΛ2
α BH� �

b2−2α
� �

1 + 2 Φ−1�� ��2G0
� �

+Nε2HΛ2
α BH� �

b2 1+β−αð Þ + Φ−1�� ��2 G2
1 1 + 4 Φ−1�� ��2G0
� �

b4−4α +G0b
2−2α

� �h i
,

ð29Þ

sup
0≤t≤b

E uε tð Þ −wε tð Þj j2 ≤N ε2b + ε2HΛ2
α BH� �

b1−2α
� �

Φ−1�� ��2Eðb
0
sup
0≤σ≤s

uε σð Þ −wε σð Þj j2ds

+N ε2b2 + ε2HΛ2
α BH� �

b2−2α
� �

1 + 2 Φ−1�� ��2G0
� �

+Nε2HΛ2
α BH� �

b2 1+β−αð Þ + Φ−1�� ��2 G2
1 1 + 4 Φ−1�� ��2G0
� �

b4−4α + G0b
2−2α

� �h i
:

ð30Þ
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Thus, for any given number θ > 0, we can choose ε1
∈ ð0, ε0� such that for each ε ∈ ð0, ε1� and t ∈ ½0,Oε−λ� ⊂ ½0, T�,

sup
0≤t≤Oε−λ

E uε tð Þ −wε tð Þj j2 ≤ θ, ð33Þ

and hence,

sup
0≤t≤Oε−λ

E xε tð Þ − yε tð Þj j2 = sup
t∈ 0,Oε−λ½ �

E Φ−1u
� �

ε
tð Þ − Φ−1w

� �
ε
tð Þ�� ��2

≤ Φ−1�� ��2θ:
ð34Þ

The proof is therefore complete.

Finally, as an application, we consider the following
example.

Example 1. Consider the neutral stochastic delay differential
equations driven by fractional Brownian motion:

d xε tð Þ + 0:8xε t − τð Þ½ � = εf t, xε tð Þ, xε t − τð Þð Þdt
+ εHg t, xε tð Þ, xε t − τð Þð ÞdBH tð Þ,

ð35Þ

where the initial condition xεð0Þ = fξðsÞ, −∞ < s ≤ 0g, E
kξk2 <∞, τ > 0 is a constant, t ∈ ½0, T�,

f t, xε tð Þ, xε t − τð Þð Þ = 2 xε tð Þ + xεð
� t − τð ÞÞ cos2t, g t, xε tð Þ, xε t − τð Þð Þ = 2,

ð36Þ

BHðtÞ is a fractional Brownian motion. Then,

�f xε tð Þ, xε t − τð Þð Þ = 1
π

ðπ
0
2 xε tð Þ + xε t − τð Þð Þ cos2tdt

= xε tð Þ + xε t − τð Þ, �g xε tð Þ, xε t − τð Þð Þ = 2:
ð37Þ

Let ðΦxεÞðtÞ = xεðtÞ + cðtÞxεðt − τÞ. Thus, ðΦ−1xεÞðtÞ =
∑j≥0

Q
0≤i≤j−1 ð−1Þjcðt − iτÞxεðt − jτÞ. Define a new averaged

stochastic differential delay equation

dyε tð Þ = ε�f Φ−1y
� �

ε
tð Þ, Φ−1y
� �

ε
t − τð Þ� �

dt

+ εH�g Φ−1y
� �

ε
tð Þ, Φ−1y
� �

ε
t − τð Þ� �

dBH tð Þ,
ð38Þ

namely,

dyε tð Þ = ε Φ−1y
� �

ε
tð Þ + Φ−1y

� �
ε
t − τð Þ� �

dt + 2εHdBH tð Þ:
ð39Þ

Obviously, when t ∈ ½0, τ�, the explicit solution of system
(39) can be obtained as

yε tð Þ = eεt ξ + ε
ðt
0
e−εs 〠

i≥1
−0:8ð Þiyε s − iτð Þ

 (

+〠
i≥0

−0:8ð Þiyε s − i + 1ð Þτð Þ
!
ds + 2εH

ðt
0
e−εsdBH sð Þ

)
:

ð40Þ

When t ∈ ½τ, 2τ�, the explicit solution of system (2) is
given by

yε tð Þ = eε t−τð Þ yε τð Þ + ε
ðt
τ

e−ε s−τð Þ 〠
i≥1

−0:8ð Þiyε s − iτð Þ
 (

+〠
i≥0

−0:8ð Þiyε s − i + 1ð Þτð Þ
!
ds + 2εH

ðt
τ

e−ε s−τð ÞdBH sð Þ
)
:

ð41Þ

Repeating the same steps, we can deduce solution yεðtÞ
on the entire interval ½0, T�. It is easy to see that functions
f , g, �f , �g in systems (35) and (39) satisfy all the conditions
in ðH1Þ − ðH2Þ and ðI1Þ − ðI2Þ; therefore, Theorem 6 holds.
That is,

E xε tð Þ − yε tð Þj j2 ≤ Φ−1�� ��2θ: ð42Þ
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