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In this paper, we investigate the stochastic averaging method for neutral stochastic delay differential equations driven by fractional
Brownian motion with Hurst parameter H € (1/2, 1). By using the linear operator theory and the pathwise approach, we show that
the solutions of neutral stochastic delay differential equations converge to the solutions of the corresponding averaged stochastic

delay differential equations. At last, an example is provided to illustrate the applications of the proposed results.

1. Introduction

Since Kolmogorov’s work began in 1940 [1], the fractional
Brownian motion {B(t),t>0} with Hurst parameter H
€(0,1) has been studied by some authors [2, 3]. B(¢)
is a zero mean Gaussian stochastic process with a covari-
ance function determined by parameter H. It is self-
similar and has the stationary increments and its incre-
ment process has long-range dependence when Hurst
parameter 1/2 < H < 1, which makes B(t) a suitable can-
didate to model many complex phenomena in finance
and other practical problems. When H # 1/2, the Bf(t)
neither is a semimartingale nor a Markov process. These
properties mean that the analysis tools for the classical
stochastic differential equation theory no longer work.
The most obvious problem is how to define a proper
notion of stochastic integral with respect to B (t). Three
main integration techniques with regard to BF(t) have
been researched, see, for example, [4-8] and the refer-
ences therein.

In recent years, there has been much interest in a
stochastic averaging method, which provides a powerful
tool to approximate the original dynamical systems
under random fluctuations by a simpler system. The
first work, which was introduced by Khasminskii [9],
investigated a stochastic averaging method for stochastic

differential equations with Gaussian random fluctuations.
Since then, the stochastic averaging method has been
developed for many types of stochastic differential equa-
tions, see, e.g., [10-15].

Some phenomena of biological dynamics, engineering,
and financial markets can be better understood when the
effect of time delays is considered in the models, see, e.g.,
[16]. Hence, stochastic delay differential equations driven
by fractional Brownian motion are proposed and have
recently attracted great attention [17-19]. However, except
[20] studied averaging method for stochastic delay differen-
tial equations of neutral type driven by G-Brownian
motion, the averaging method for neutral stochastic delay
differential equations is seldom considered. In this paper,
our aim is to study the stochastic averaging method for
neutral stochastic delay differential equations driven by
fractional Brownian motion.

2. Model Description and Preliminaries

The aim of this section is to introduce the model and some
preliminary lemmas.

The following notations are needed in this paper.

Let (Q, F,{F,}., P) be a complete probability space.
B (t) is a m-dimensional fractional Brownian motion with
Hurst parameter H € (1/2,1) defined on the space
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(©Q, F,{F,} 50, P). Let || denote the Euclidean norm. Let
C =C((~00,0]; RY) denote the family of all continuous

functions & : (00,0 — R? with the norm [|&]|o= sup
—00<s<0

|&(s)|. For a stochastic process &={&(t),te(—00,T|}, ¢,
€C defined by &(s)=&(t+s),s€(—00,0],¢€]0,T].
Throughout the paper, the symbol N stands for a
generic constant, whose value can change from one line to
another.

In this paper, we will discuss the following neutral sto-
chastic delay differential equations driven by fractional
Brownian motion:

dlx(t) +c(t)x(t = ()] =f(t, x(t), x(t = 7(t)))dt
+g(tx(0), x(t ~ 7(0)))dB™ (1)
(1)

with initial condition x, =& € C((~00,0] ; RY), Where c€ C
((-00,T],[0,1)),0 < T < 0o. The function 7: [0, T] — R*
is the time delay. The mappings f = (f') .. f : [0, T] x
RIxRY—R, g=(g")4,,9"7:[0,T]xRI xR — R
are Borel measurable.

The following operator theory is useful to obtain our
main results.

Lemma 1 (see [21]). Suppose that D is a bounded linear oper-
ator on Banach space X, if || D|| < 1, then I — D has a bounded

inverse operator (I - D)™, and ||(I - D)™'|| < 1/(1 - ||D||).

Lemma 2 (see [21]). Assume that D is a bounded linear oper-
ator on Banach space X and has an inverse bounded operator,
for arbitrary AD : X — X, if||AD|| < 1/|| D], then S=D +

AD has a bounded inverse, and S'= Z}fo(—l)jD_l
(D'ADY.
Let the Banach space
Q= {x : x|<_OO)T]eC((—oo,0] ;IRd) } (2)
@ : Q—> Q be defined by
(@x) () = x(£) + c(t)x(t - 7(1)). (3)

Lemma 3. Let M = r(nax ]c(t). If0<c(t) < 1, then @ has a
te(—o00,T

bounded inverse ! on Q, and for all x € Q

n=2 I

]>00<1<] 1

c(t—ir(t)x(t-jr(1),  (4)

1D~ x]| < [lx[l/1 = M

Proof. The proof processes are similar to Lemma 2.6 in [22],
so we omit it here.
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We note that @ and @ are both linear operators. Then,
the system (1) can be changed by the inverse transformation
of @ into the following:

T(t)))dt
7(t)))dB" (1),

du(t) = f (£ (©@7"u) (1), (O u) (¢ -

o 4 (5)
+g(t (D7 u) (1), (D u)(t -

with initial condition u, = (®'x,). So, we can conclude that
u(t) is a solution of system (5) if and only if (®~'u)(t) is a
solution of system (1).

System (5) can be written in the integral form:

t
u(t) =uy + J F s (@7 ) (), (@7'u) (s —7(s)))ds
C (6)
+ J g(s (@7'u)(s), (@7'u) (s —(s)))dB" (s),
0
where J"f) g(s, x(s), x, (s — 7(s)))dB" (s) is a pathwise-defined
integral which can be represented by fractional derivatives,

see, e.g., Young et al. [4], Zihle [5], and Nualart and Ras-
canu [7].

Let H € (1/2,1),1 — H < a < 1/2, denoted by W"‘OO > the

space of measurable functions 4 : (—00,T] — Rd w1th the
norm

t
||h|\,=||h||oo,z+j0|\h.+t,s—h-||m,s<t—s> “Dis<co, (7)

where [hl o, = sup [h(s)].

—00<s<t
Let a € (0, 1/2) be fixed. Denoting W' the space of mea-
surable functions 4 : [0, T] — R such that

For h € W§', defining the left-side fractional derivative
D, h(u) by

D5 h(u) =

1 [hw) k() - h(y)
ri-a) [ T dy] onf)

)

Also denoted by W% is the space of measurable func-
tions h : [0, T] — R™ such that

I o= sup ('h“ fol [ 10 ’l(?'dy><oo

0<s<t<T (t—S)l ¢ (y S) -
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For any he W;®%, setting h,_(u)=h(u) - h(t) and
defining the right-sided fractional derivative D}"%h,_(u) by

Do, (= CD [h(u) ~h(t)

Lla) | (t-u)"™ 1)
+(1- (x)J %dy] 1(0,[)(”)'
For z € W%, we have
A= g PRl

1

S —F— < 00,
F(l _ (X)F(OC) ”ZHl—tx,oo,T S

lg(t: %, y) = g(t: %, y)| <N(|x = x| + [y = ¥|),

< N(Ix ~& + |y —?I‘S), |9(t:%y) = g(5: %, y)| +[0,,9(t, %, y) = 0,,9(5, % y)|

+ ‘ayig(t, x,y) =0, g(s, x,y)’ <NJt -5/,

where I'(-) is the gamma function. Moreover, if h € W' and
zZ€ WlT_“’OO, one can define the integral Ighdz in the sense of
Zihle [5] for all t € [0, T] and it follows from Nualart and
Réscanu [7] that
¢
J hdz
0

For our purpose, we adopt the following hypotheses on
the coefficients.

(H,) The function g(t,x,y) is continuously differentia-
ble in variables x and y and there exist some constants
B,6,0< 3,8 <1 such that the following properties hold
for all x,y,%,y € R% te [0, T]:

< Ao(@) [l (13)

8,9(t:x.7) =3, g(t. )| + |9, 9(t:%.9) = 3, 9(t:%.)

(14)

0,,9(t:%,y)| + ‘ay,.g(t, w)‘

<N, |g(t % y)| <N(1+ |x| + [y]).

(H,) The function f (¢, x, y) is Lipschitz continuous and
has linear growth in the variable x and y, uniformly in
te [0, 7], thatis, [f(£,x, ) = f(6% 7)[ < N(]x = %| + [y = J]),
(&%) <N(L+ x| + [y]).

Let oy =min {1/2, 5,8/(1+8)}. Under the hypotheses
(H,) - (H,) with $>1-H and 8 > (1/H) — 1, we can follow
the work of Shevchenko [8] to testify that system (5) has a
unique solution u(t)eW‘(xf.;,T], for all a € (1 - H, «,). Hence,
system (1) has a unique solution (@ 'u)(t) = x(t)GW‘(";o.f’o)T].
Furthermore, we can deduce g€ W' according to Nualart
and Réscanu [7]. On the other hand, the trajectories of B are
almost surely locally 3’ -Holder-continuous for all 0 < 8’ < H
see Zihle [5]. Then, BY belongs to the space WIT_“’OO. Hence,
from the above discussion, we have the following estimate:

[[sas 0| <@gl 03)

0

where A, (B') has moments of all orders.
Given that € € [0, ¢;] with €, > 0 is a fixed number, con-
sider the following standard form of system (5)

du (1) = ef (t, (@) (1), (@7 u) (t—7(1)))dt
+eg(t, (07'u) (1), (D7) (t-7(t)))dB" (1),
(16)

with u,(0) = u,. Correspondingly, the standard form of sys-
tem (1) is

dlx, (1) + c(t)x,(t = 7(1))] = ef (b X (0), % (¢ = 7(1)) )t
+ Mg (t,x (1), x,(t — (1)) dB" (1),
(17)

with x_(0) = x,.

Let f(xy): RYxR?—>R? and g(x,y): R* xR —
R™™) be measurable functions and satisfy the conditions in
(H,) — (H,) and the following inequalities:

(1) ;ﬁf(s 59) =T ) [[ds <y (T) (1+ e + ),

T ~
(1) [ 1965%.9) = (e ) Pds < (T) (14 e+ ),
(18)

where T € [0, T],w,(T) are positive bounded functions

with sup |y,(T)| <N, lim y,(T)=0,i=1,2.
0<T<T T—oo



Let w,(t) denote the solution to the following averaged
system:

dw,(t) = f( ON 1w)e(t ), ((D_lw)e(t—r(t)))dt
+ellg((@7'w) (1), (@7'w) (t - (1)) dB" (1),
(19)
with w,(0) = uy. Then, y (t) =
the following averaged system:
dye(t) = €f ((27) (D) (@7y) (1
+e1g((7) (0 (7). (¢ -

(O 'w),(t) is the solution to

7(t)))dt
r(t)))dBH(t),
(20)

with y_(0) = x,
Now, from the above hypotheses, we are in conditions to
demonstrate the relationship between x,(f) and y_(¢).

3. Main Results and Proofs

The main goal of this section is to use the averaging principle
to investigate the neutral stochastic delay differential equa-
tions driven by fractional Brownian motion. Theorem 6
shows that the solution y (t) of the averaged system (20)
converges to solution x,(t) of the original system (17) in
the sense of mean square.

The following lemmas are crucial for our analysis and are
proved in Shevchenko [8] and Nualart and Riscanu [7].

Lemma 4 (see [8]). Assume that hypotheses (HI) - (H2)
hold. Then, there exists a constant G,> 0, for t €(—c0, T
such that

E||u||7 < G- (21)
Lemma 5 (see [7]). Assume that hypotheses (H,) - (H,)

hold. Then, there exists a constant G, >0, for s,t €0, T],
we have

[ue(t) = ue(s)] < Gy (1+ 2|07 [|lul| ) [t =5 (22)

From Lemma 5, we can prove similarly that |w,(t) -
_ I-
we(s) < Gy (1 + 2|7 [[|we[| T) [ = |

J,(t) <4e A2 (BH)bIZ“EJ;|g(s, (@7'u) (), (@7'u) (s=7(5))) = g((P7'w) (5), (@7'w) (s~ 7(5))
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Theorem 6. Assume that hypotheses (H,) — (H,) and (I,)
— (I,) hold. For € € (0, €] is a positive small parameter with
€, a constant, 0> 0, there exist constants €, € (0, €,),0> 0
such that for any € € (0, €,],t € [0, 0e™],0< A < 1, we get

sup E‘ue(t) _we(t)|2S0’ (23)

0<t<Oe™*

and then, we obtain

sup Elx(t) -y () < |07 || 6. (24)

0<t<Oe™*

Proof. According to systems (16) and (19), on account of the
elementary inequality, we obtain

Elu(t) - w.(t)|* <2€’E

[[ (s (@7, (070) (5= 7))

2

—f((@'lw) (5 (CD‘lw)e(s - T(s))))ds
[[ (6t (@72 91 (@70) (5= 7(9)

2

+2eE

-g((27'w) (s), (@7'w) (s - 7(s))))dB" (s)
=J(t) + (1),

(25)

where [0, ¢] [0, b]
we derive

c[0, T]. On the one hand, for term J,(¢),

Ji(t)=2€’E J (f (s (@) (5), (@7'u) (s = 7(5)))

0

- f((@7'w) (s), (@'w) (s—7(s))))ds| ~ (26)
< ZbeZEJ0 f (s (@) (5), (@7'u) (s = 7(9)))

~ (@7 'w) (5), (O7'w) (s—7(s))) | ds.

On the other hand, applying (15) for term J,(t), it
follows that

)|2ds

-4 AL (BH)E(JLJZ@ 9(5 (274 (51 (90, (5= 7(61) ~ (97w (5) (7). - 7(6) (27

- g(r, (®71u)€(r), ((D’lu)e(r - T(r))) + g((@’lw)s(r), (Cl)’lw)e(r - T(r))) |drds> =], (1) + I (1).
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Furthermore, by (H,), Lemma 4 and Lemma 5 yields

dr

Joo(£) < 461 A2 (B E< [ ( [ late 07,6 @74 (o= x60) (02401 0 r ()

0 0 (S_r)l+a

X J 19((@7'w)_(s), (7'w)_(s=7(s))) - 3((@7'w) (1), (@'w) (r—7(r))] dr) ds) ’ (28)

0 (S_r)l+06

<NEAL(BY) [P0 1o | (G (14 407 PGy )b+ Gob ) .

Hence, under hypotheses (H,) - (H,), (I;) - (I,) and
Lemma 4, we get

E|u,(t) - w,(t)[* < ZbSZEJ; (5 (@71) (5), (7') (s 7(5))) = F((@'w), (5), (@7'w) (s~ 7(s))) s
+4eMAG (BT b1 x EJ; |9(s (@7u),(5), (©7'w), (s = 7(5))) = g((¢™'w), (5), (@'w) (s = 7(s))) | "ds
+ N A2 (BY) [zﬂl*ﬁ*@ o (Gf (1 +af|o! HZGO) b 4 Gob%w)] (29)
<N(e%b + A2 (BY) b1 2) || ! HZEJ; sup|u () = w,(0) Pds + N(£0 + A7 (B)677) (1 20! ||2G0)

+NeAL (B) [0 1 [0 |G (14 4|07 'y ) B4 + G ) |

and so

b
sup Elu, (t) —w,(¢)]> <N (’b+ 7 AL (BT)b' %) |0~ ||2EJ sup |u, (o) — w, (o)’ ds
0 0<o<s

0<t<b

+N(0* + &1 AL (BT)b*2) (1 +2||®’1H2G0) (30)

+ NN (BT) [0+ 07! |*(GF (1 + 407! |Gy )b + G )|

Then, select A € (0,1), O > 0, such that for each t € [0,0 k- NeH{ [(1 2o HZGO) (SZ—ZAOZ 1 220020 42 (BH)OZ—2a>

£ c [0, T}, we obtain
4 SZHAi (BH) <82(a/\—/\—ﬁ)t)02(1+ﬁ—a)+Hq)—l H2

wp Eu)-w(of ke, (Grlena)somgeation))

0<t<Oe*
X exp (NH(D—I HZ (8272/\02 " 82H+2a/\—2/\Ai (BH) Ozfza)).

where (32)



Thus, for any given number 0 >0, we can choose ¢,
€ (0, &) such that for each € € (0, ¢,] and t € [0, Oe™] ¢ [0, T},

sup E|u, ()~ w, (1) <6, (33)

0<t<Oe™*

and hence,

sup E|x,(t) =y ()= sup E|((D’1u)£(t)—(@’lw)e(t)lz

0<t<Oe™* te [O,OE’A]
<01 |Fo.
(34)
The proof is therefore complete.

Finally, as an application, we consider the following
example.

Example 1. Consider the neutral stochastic delay differential
equations driven by fractional Brownian motion:

dlx.(t) +0.8x,(t = 7)] = ef (£, x. (1), x.(t — 7))dt
(t—1))dB"(¢t),
(35)

+ el g(t, x, (1), x,

where the initial condition x,(0)={&(s),-co<s<0},E
I€]|* < 00, >0 is a constant, ¢ € [0, T],

f(t’xs(t)’xs(t_T)) :Z(xs(t) * X (36)
- (t-1)) cos’t, g(t, x, (), x,(t — 7)) = 2,
B (t) is a fractional Brownian motion. Then,

T

Fx (), x,(t-7)) = %JOZ(xs(t) +x,(t— 1)) cos’tdt
=X(t) + 2.t = 7), g (% (1), %, (t — 7)) = 2.
(37)
Let (Ox,)(t)=x,(t) + c(t)x,(t — 7). Thus, (@ 'x,)(t)=

220 [ocicj (=1)c(t - it)x,(t — jr). Define a new averaged
stochastic differential delay equation

dy.(t)=¢ ((Q)’ly)e(t), (@’1)/)8(1‘—1’))(11? (38)

Tg((@7y), (1), (@7'y) (t-7))dB" (1),

namely,

dy(t)=€((@7'y) (t) + (@7'y) (t—7))dt + 26" dB" ().
(39)
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Obviously, when ¢ € [0, 7], the explicit solution of system
(39) can be obtained as

yelt) = {5 e e (Z (~0.8)'y,(s i)

0 i>1

+ ) (-0.8)y (s (i+ 1)‘[‘)) ds + 28HJO e =dBH (s) }

20

(40)

When t € [, 27|, the explicit solution of system (2) is
given by

y(t) =€t {ys(f) + sr et (Z (-0.8)'y, (s i)

T i>1

t

T

+ z (-0.8)'y, (s — (i + 1)1)) ds + ZeHJ e dBH (5) }

(41)

Repeating the same steps, we can deduce solution y,(t)
on the entire interval [0, T]. It is easy to see that functions
f,9.f>g in systems (35) and (39) satisfy all the conditions
in (H,) - (H,) and (I;) — (I,); therefore, Theorem 6 holds.
That is,

Elx,(t) -y, (O < | @] °6. (42)
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