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In this paper, we give new conditions for existence and uniqueness of a best proximity point for Geraghty- and Caristi-type
mappings. The presented results are most valuable generalizations of the Geraghty and Caristi fixed point theorems.

1. Introduction and Preliminaries

The Banach contraction principle (BCP) in metric spaces has
been generalized and extended in various ways. As a general-
ization of the BCP, Geraghty [1] proved the following.

Theorem 1 [1]. Let ðX, dÞ be a complete metric space and
let T : X ⟶ X be an operator. Suppose that there exists
β : ½0, +∞Þ⟶ ½0, 1Þ satisfying the condition

β tnð Þ⟶ 1 implies tn ⟶ 0, as n⟶ +∞: ð1Þ

If T satisfies the following inequality

d Tx, Tyð Þ ≤ β d x, yð Þð Þd x, yð Þ, for all x, y ∈ X, ð2Þ

then T has a unique fixed point.

The following are two examples of Geraghty functions β.

β tð Þ =
e−te

t , if t ∈ 0,∞ð Þ,

0, if t = 0,

8>><
>>:

aβ tð Þ =
1

1 + t2
, if t ∈ 0,∞ð Þ,

0, if t = 0:

8>><
>>:

ð3Þ

One of the important extensions of the BCP was given by
Caristi [2].

Theorem 2 [2]. Let Γ be a self-mapping on a complete metric
space ðX, dÞ. Assume that there is a bounded below and lower
semicontinuous function ψ : X ⟶ℝ so that

d x, Γxð Þ ≤ ψ xð Þ − ψ Γxð Þ ð4Þ

for all x ∈ X. Then, Γ possesses a fixed point.
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On the other hand, Kirk et al. [3] in 2003 introduced the
notion of a cyclic representation.

Definition 3 [3]. Let A and B be nonempty subsets of a metric
space ðX, dÞ and T : A ∪ B⟶ A ∪ B. Then, T is called a
cyclic map if TðAÞ ⊆ B and TðBÞ ⊆ A.

The following interesting theorem for a cyclic map was
given in [3].

Theorem 4 [3]. Let A and B be nonempty closed subsets of a
complete metric space ðX, dÞ. Suppose that T : A ∪ B⟶
A ∪ B is a cyclic map such that

d Tx, Tyð Þ ≤ kd x, yð Þ ð5Þ

for all x ∈ A and y ∈ B, where k ∈ ½0, 1Þ is a constant. Then,
T has a unique fixed point u and u ∈ A ∩ B.

Let M and N be nonempty sets of a metric space ðX, dÞ.
Given a map, Γ : M⟶N . An element x ∈M is called a
best proximity point of Γ if

d x, Γxð Þ = d M,Nð Þ≕ inf d m, nð Þ,m, ∈M, n ∈Nf g: ð6Þ

The set of best proximity points of Γ is denoted by PΓ
ðM,N Þ. The research of best proximity points is meaningful
in optimization. The problem of existence of best proximity
points in uniformly convex Banach spaces and in metric
spaces as well as the convergence of sequences to such points
has been focused on and successfully solved in some classic
pioneering works (see [4]).

Definition 5 [5]. Let ðX, dÞ be a metric space and A and B be
subsets of X. A map T : A ∪ B⟶ A ∪ B is said to be a cyclic
contractive map if it satisfies

T Að Þ ⊂ B, T Bð Þ ⊂ A ; ð7Þ

(i) dðTx, TyÞ ≤ kdðx, yÞ + ð1 − kÞdistðA, BÞ, for all x ∈ A
and y ∈ B.

Eldred and Veeramani [5] extended Theorem 4 to
include the case A ∩ B =∅, by the following existence result
of a best proximity point.

Theorem 6 [5]. Let A and B be nonempty closed subsets of a
metric space X and let T : A ∪ B⟶ A ∪ B be a cyclic contrac-
tion map. If either A or B is boundedly compact, then there
exists x ∈ A ∪ B such that dðx, TxÞ = distðA, BÞ:

A convenience attention has been recently devoted to the
research on existence and uniqueness of best proximity
points of self-mappings, as well as, to the investigation of
associated relevant properties, for instance, stability of the
iterations. The various related performed researches include

the cases of cyclic ϕ-contractions [6, 7], cyclic Meir-Keeler
contractions [8], weak cyclic Bianchini contractions [9],
weak cyclic Kannan contractions [10], p-cyclic summing iter-
ated contractions [11], and MF-cyclic contractions with
Property UC [12]. Some contractive conditions and related
properties under general contractive conditions including
some proximal rational types have been also investigated
[13]. In this paper, we ensure the existence of best proximity
points for Geraghty and Caristi type contraction mappings.

2. A Best Proximity Point Result for Geraghty-
Type Contractions

In this section, we introduce cyclic Geraghty contraction
maps and give new conditions for existence and uniqueness
of a best proximity point.

Definition 7. Let X be a complete metric space andM and N

be subsets of X. A map Γ : M ∪N ⟶M ∪N is a cyclic
Geraghty contraction map if there exists β ∈F such that

Γ Mð Þ ⊂N , Γ Nð Þ ⊂M ; ð8Þ

(i) dðΓx, ΓyÞ ≤ βðdðx, yÞÞdðx, yÞ for all x, y ∈M ∪N

where F is the set of functions β : ½0,∞Þ⟶ ½0, 1Þ so tha-
tif tn ∈ ½0, dðM,N ÞÞ and βðΓnÞ⟶ 1, then tn ⟶ 0;if tn ∈
ðdðM,N Þ,∞Þ and βðΓnÞ⟶ 1, then tn ⟶ dðM,N Þ.

We give the following theorem (comparable to Theorem
3.1 of [1]).

Theorem 8. LetM andN be closed subsets of a complete met-
ric space X such that diamðMÞ, diamðN Þ < dðM,N Þ. Sup-
pose Γ : M ∪N ⟶M ∪N is a cyclic Geraghty contraction
map. Then, PΓðM,N Þ ≠ 0. Further, if x0 ∈M and xn+1 = Γ
xn, then fx2ng converges to a best proximity point.

Proof. Fix x ∈M ∪N and define a sequence fxng in M ∪N

by xn = Γnx, n ∈N0. First, we show that limn→∞dðxn, xn+1Þ
= dðM,N Þ: We have

d xn, xn+1ð Þ = d Γxn−1, Γxnð Þ ≤ β d xn−1, xnð Þð Þd xn−1, xnð Þ:
ð9Þ

Hence, fdðxn, xn+1Þg is monotonic decreasing and
bounded below. So,

lim
n→∞

d xn, xn+1ð Þ ð10Þ

exists. Let limn→∞dðxn, xn+1Þ = δ. It is clear that dðM,N Þ ≤ δ.
Assume that δ > dðM,N Þ. We have
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δ = lim
n→∞

d xn, xn+1ð Þ ≤ lim
n→∞

β d xn−1, xnð Þð Þd xn−1, xnð Þ
< lim

n→∞
d xn−1, xnð Þ = δ,

ð11Þ

so δ = dðM,N Þ.
Hence, limn→∞dðxn, xn+1Þ = dðM,N Þ. We shall show

that dðx2n, x2n+2Þ⟶ 0 and dðx2n−1, x2n+1Þ⟶ 0: We have

d x2n, x2n+2ð Þ = d Γx2n−1, Γx2n+1ð Þ
≤ β d x2n−1, Γx2n+1ð Þð Þd x2n−1, Γx2n+1ð Þ: ð12Þ

That is, fdðx2n, x2n+2Þg is monotonic decreasing and
bounded below. Hence, limn→∞dðx2n, x2n+2Þ exists.

Let limn→∞dðx2n, x2n+2Þ = δ. Assume that δ > 0. One
writes

δ = lim
n→∞

d x2n, x2n+2ð Þ
≤ lim

n→∞
β d x2n−1, x2n+1ð Þð Þd x2n−1, x2n+1ð Þ

< lim
n→∞

d x2n−2, x2nð Þ = δ,
ð13Þ

so δ = 0. Hence, dðx2n, x2n+2Þ⟶ 0. Similarly, we have
dðx2n−1, x2n+1Þ⟶ 0. Also, fx2ng is a Cauchy sequence.
Assume that fx2ng is not Cauchy. Then,

lim sup
n,m→∞

d x2n, x2mð Þ > 0: ð14Þ

By using the triangular inequality,

d x2n, x2mð Þ ≤ d x2n, x2n+2ð Þ + d x2n+2, x2m+2ð Þ + d x2m, x2m+2ð Þ:
ð15Þ

Hence, we have

d x2n, x2mð Þ ≤ d x2n, x2n+2ð Þ + β d x2n+1, x2m+1ð Þð Þd
� x2n+1, x2m+1ð Þ + d x2m, x2m+2ð Þ

≤ d x2n, x2n+2ð Þ + β d x2n+1, x2m+1ð Þð Þβ
� d x2n, x2mð Þð Þd x2n, x2mð Þ
+ d x2m, x2m+2ð Þ,

ð16Þ

which gives us

d x2n, x2mð Þ ≤ 1 − β d x2n+1, x2m+1ð Þð Þβ d x2n, x2mð Þðð½ �−1
� d x2n, x2n+2ð Þ + d x2m, x2m+2ð Þ½ �:

ð17Þ

Since lim supn,m→∞dðx2n, x2mÞ > 0 and lim supn,m→∞d
ðx2n, x2n+2Þ = 0, we get

lim sup
n,m→∞

1 − β d x2n+1, x2m+1ð Þð Þð β d x2n, x2mð Þð Þ½ �−1 =∞:

ð18Þ

Observe that lim supn,m→∞βðdðx2n, x2mÞÞ = 1. Taking
into account that β ∈F , we get lim supn,m→∞dðx2n, x2mÞ = 0
and this contradicts our assumption. Hence, fx2ng is a Cau-
chy sequence in M. Because fx2ng is Cauchy, X is complete,
and M is closed; limn→∞x2n = x ∈M. Now,

d M,Nð Þ ≤ d x, x2n−1ð Þ ≤ d x, x2nð Þ + d x2n, x2n−1ð Þ: ð19Þ

Thus, we have dðx, x2n−1Þ converges to dðM,N Þ. Since

d M,Nð Þ ≤ d x2n, Γxð Þ ≤ β d x2n−1, xð Þð Þd x2n−1, xð Þ, ð20Þ

therefore,

d M,Nð Þ ≤ lim
n→∞

d x2n, Γxð Þ
≤ lim

n→∞
β d x2n−1, xð Þð Þd x2n−1, xð Þ

= d M,Nð Þ:
ð21Þ

Thus, dðx, ΓxÞ = dðM,N Þ:

Theorem 9. Let M and N be two nonempty closed and con-
vex subsets of a uniformly convex Banach space X such that
diamðMÞ < dðM,N Þ. Suppose Γ : M ∪N ⟶M ∪N is a
cyclic Geraghty contraction map. Then, there exists a unique
x ∈M such that kx − Γxk = dðM,N Þ. Further, if x0 ∈M
and xn+1 = Γxn, then fx2ng converges to the best proximity
point.

Proof. By Theorem 8, PΓðM,N Þ ≠ 0. Suppose x, y ∈ PΓðM,
N Þ such that x ≠ y. Since kx − Γxk = dðM,N Þ and ky −
Γyk = dðM,N Þ were necessarily uniformly convexity of
X, Γ2x = x and Γ2y = y. Since x ≠ y, we have dðM,N Þ <
kΓx − yk and so βðkΓx − ykÞkΓx − yk < kΓx − yk. There-
fore, kx − Γyk = kΓ2x − Γyk ≤ βðkΓx − ykÞkΓx − yk < kΓx −
yk. Similarly, kΓx − yk < kx − Γyk; that is, it is a contradic-
tion. Therefore, x = y.

Example 1. Let M and N be subsets of ℝ2 defined by

M = x, 0ð Þ: x ≥ 1f g,N = 0, yð Þ: y ≥ 1f g: ð22Þ

Suppose

Γ x, yð Þ = ln 1 + yð Þ, ln 1 + xð Þð Þ ð23Þ

β Γð Þ =

1 + ln 1 + tð Þ, 0 ≤ t < d M,Nð Þ,

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t

d M,Nð Þ

s
, t > d M,Nð Þ:

8>>>><
>>>>:

ð24Þ
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Here, dðM,N Þ = ffiffiffi
2

p
. For ðx, 0Þ, ðy, 0Þ ∈M, we have

Γ x, 0ð Þ − Γ y, 0ð Þk k = 0, ln 1 + xð Þ − ln 1 + yð Þð Þk k
= ln 1 + x

1 + y

� �����
���� ≤ 1 + ln 1 + x − yj jð Þ

= β x, 0ð Þ − y, 0ð Þk kð Þ x, 0ð Þ − y, 0ð Þk k:
ð25Þ

For ðx, 0Þ ∈M and ð0, yÞ ∈N , we have

Γ x, 0ð Þ − Γ 0, yð Þ = ln 1 + xð Þ, ln 1 + yð Þð Þ
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln 1 + xð Þð Þ2 + ln 1 + yð Þð Þ2

q

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 + y2

p
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x, 0ð Þ − 0, yð Þk k
d M,Nð Þ

s

� x, 0ð Þ − 0, yð Þk k
= β x, 0ð Þ − 0, yð Þk kð Þ x, 0ð Þ − 0, yð Þk k:

ð26Þ

Then, Γ is a cyclic Geraghty contraction onM ∪N . Also,
kð0, 1Þ − Γðð1, 0ÞÞk = ffiffiffi

2
p

= dðM,N Þ.

3. A Best Proximity Point Result for Caristi-
Type Mappings

Recently, Du [14] established a direct proof of Caristi’s fixed
point theorem without using Zorn’s lemma. In this section,
we introduce a generalization of Caristi’s fixed point theorem
and provide a proof without using Zorn’s lemma. We start
with the following definition.

Definition 10. LetM and N be nonempty subsets of a metric
space ðX, dÞ. A map Γ : M⟶N is called a semicontraction
if for all u ∈M and ξ ∈N , we have dðΓu, ξÞ ≤ dðu, ξÞ:

Our related result is as follows.

Theorem 11. Let ðX, dÞ be a complete metric space and ðM,
N Þ be a pair of nonempty closed subsets of X such that M is
boundedly compact. Also, let Γ : M⟶N a semicontraction
map and is a bounded below and lower semicontinuous func-
tion χ : M⟶ ð−∞,∞�. Assume that for all u ∈M with
inf x∈MχðxÞ < χðuÞ, there is v ∈M so that

d Γu, vð Þ > d M,Nð Þ,
d Γu, vð Þ ≤ χ uð Þ − χ vð Þ:

ð27Þ

Then, there is u0 ∈M so that χðu0Þ = inf x∈MχðxÞ.

Proof.Assume that inf x∈MχðxÞ < χðyÞ for every y ∈M. Given
μ0 ∈M. Then, inf x∈MχðxÞ < χðμ0Þ. We have Γμ0 ∈N .
Therefore, there is μ1 ∈M such that

d μ1, Γμ0ð Þ ≤ χ μ1ð Þ − χ μ0ð Þ: ð28Þ

Let us define inductively a sequence fμng ⊆ Sn, where

Sn ≔ w ∈M ∣ d Γμn−1,wð Þ ≤ χ μn−1ð Þ − χ wð Þf g, ð29Þ

so that

χ μnð Þ < inf
w∈Sn

χ τð Þ + 1
n
: ð30Þ

Therefore,

d Γμn−1, μnð Þ ≤ χ μn−1ð Þ − χ μnð Þ: ð31Þ

Since fμng ⊆M and M is boundedly compact, fμng has
a convergent subsequence to x ∈M. Suppose μnk ⟶ x, dðΓ
μnk , xÞ ≤ χðμnkÞ − χðxÞ. Since Γx ∈N , there is z ∈M so that
dðΓx, zÞ > dðM,N Þ and dðΓx, zÞ ≤ χðxÞ − χðzÞ. Therefore,

χ zð Þ ≤ χ xð Þ − d Γx, zð Þ ≤ χ xð Þ − d Γx, zð Þ
+ χ μnk

� �
− χ xð Þ − d Γμnk , x

� �
= χ μnk

� �
− d Γx, zð Þ + d Γμnk , x

� �h i
≤ χ μnk

� �
− d Γx, zð Þ + d Γμnk , Γx

� �h i
≤ χ μnk

� �
− d Γμnk , z

� �
ð32Þ

We find that z ∈ Snk . By (30), we get

χ μnk

� �
−

1
nk

< inf
w∈Snk

χ τð Þ ≤ χ zð Þ: ð33Þ

Thus,

χ zð Þ < χ xð Þ ≤ lim
k→∞

χ μnk

� �
≤ χ zð Þ: ð34Þ

It is a contradiction, so there is u0 ∈M such that χðu0Þ
= inf x∈MχðxÞ.

Definition 12. LetM and N be nonempty subsets of a metric
space X. The mapping Γ : M ∪N ⟶M ∪N is a cyclic
semicontraction if

(i) ΓðMÞ ⊂N and ΓðN Þ ⊂M

(ii) For all μ ∈M and ξ ∈N , we have dðΓμ, ξÞ ≤ dðμ, ξÞ
For example, let M and N be subsets of ℝ2 defined by

M = x, 0ð Þ: x ≥ 1f g,N = 0, yð Þ: y ≥ 1f g: ð35Þ

Suppose Γðx, yÞ = ð ffiffiffi
y

p , ffiffiffi
x

p Þ, then Γ is cyclic semicon-
traction on M ∪N and kð0, 1Þ − Γðð1, 0ÞÞk = dðM,N Þ.

Theorem 13. Let ðM,N Þ be a pair of nonempty closed sub-
sets of X such that M is boundedly compact. Suppose that
Γ : M ∪N ⟶M ∪N is a cyclic semicontraction map and
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there exists a bounded below and lower semicontinuous
function χ : M⟶ ð−∞,∞� so that

d μ, Γμð Þ ≤ χ μð Þ − χ Γμð Þ ð36Þ

for all μ ∈M ∪N . Then, Γ admits a best proximity point.

Proof. The function χ is proper, so there is ξ ∈M with χðξÞ
<∞. Put

H = μ ∈M ∣ d Γξ, μð Þ ≤ χ ξð Þ − χ μð Þf g: ð37Þ

Let μ ∈H. Since dðμ, ΓμÞ ≤ χðμÞ − χðΓμÞ, we have χ
ðΓμÞ ≤ χðμÞ. Thus,

χ Γ2μ
� 	

≤ χ Γμð Þ − d Γμ, Γ2μ
� 	

≤ χ Γμð Þ − d Γμ, Γ2μ
� 	

+ χ ξð Þ − χ μð Þ − d Γξ, μð Þ
= χ ξð Þ − d Γμ, Γ2μ

� 	
+ d Γξ, μð Þ
 �

= χ ξð Þ − d Γμ, Γ2μ
� 	

+ d Γξ, Γμð Þ
 �
,

by definition of a cyclic semicontractionð Þ
≤ χ ξð Þ − d Γ2μ, Γξ

� 	
:

ð38Þ

Hence,

d Γ2μ, Γξ
� 	

≤ χ ξð Þ − χ Γ2μ
� 	

, ð39Þ

and so Γ2μ ∈ C. Assume that dðμ, ΓμÞ > dðM,N Þ for all
μ ∈M. Then, for each μ ∈H, there is τ ∈H so that

μ ≠ τ, d Γμ, τð Þ ≤ χ μð Þ − χ τð Þ: ð40Þ

By Theorem 11, there is μ0 ∈ C so that χðμ0Þ = infμ∈H
χðμÞ. Thus, for above μ0 ∈H, we obtain

0 ≤ d M,Nð Þ < d Γμ, Γ2μ
� 	

≤ χ μð Þ − χ Γ2μ
� 	

≤ χ Γ2μ
� 	

− χ Γ2μ
� 	

= 0,
ð41Þ

a contradiction and so Γ has a best proximity point.

From now on, M and N are nonempty subsets of a
Banach space X. For ðx0, y0Þ ∈M ×N , the inward sets of
ðx0, y0Þ relative to M ×N are as follows:

IN x0ð Þ = ty + 1 − tð Þx0, y ∈N , t ≥ 0f g,
IM y0ð Þ = Γx + 1 − tð Þy0, x ∈M, t ≥ 0f g:

ð42Þ

For example, let M and N be subsets of R defined by

M = 1, 2½ �,N = −2, −1½ �: ð43Þ

Then, for ðx, yÞ ∈M ×N , we have

IN xð Þ = −∞, xð �, IM yð Þ = y, +∞½ Þ: ð44Þ

We now define cyclic weakly inward mappings.

Definition 14. Given Γ : M ∪N ⟶ X . Such Γ is said to be

(i) Cyclic inward if ðΓx, ΓyÞ ∈ IN ðxÞ × IMðxÞ for all
ðx, yÞ ∈M ×N

(ii) Cyclic weakly inward if ðΓx, ΓyÞ ∈ IN ðxÞ × IMðxÞ for
all ðx, yÞ ∈M ×N

(iii) Cyclic weakly inward contraction if it is cyclic weakly
inward and dðΓx, ΓyÞ ≤ kdðx, yÞ for all ðx, yÞ ∈
M ×N , where k ∈ ð0, 1Þ.

Theorem 15. Let M and N be closed and convex. Then
Γ : M ∪N ⟶ X is cyclic weakly inward if

lim
h→0+

d 1 − hð Þϑ + hΓϑ,Mð Þ
h

= d M,Nð Þ, ϑ ∈N , ð45Þ

lim
h→0+

d 1 − hð Þϑ + hΓϑ,Nð Þ
h

= d M,Nð Þ, ϑ ∈M: ð46Þ

Proof. Suppose that ((45), (46)) hold. Fix ϑ ∈M, given
ε > 0. Choose λ ∈ ð0, 1Þ and y ∈N so that

1 − λð Þx + λΓϑ − yk k ≤ d M,Nð Þ + λε: ð47Þ

Thus,

Γϑ − 1 − λ−1
� 	

ϑ + λ−1y

 ��� �� ≤ λ−1d M,Nð Þ + ε: ð48Þ

Consequently, Γϑ ∈ IN ðϑÞ. Similarly, for y ∈N , Γy ∈
IMðyÞ.

Conversely, assume that Γ is cyclic weakly inward; that is,
ðΓϑ, ΓyÞ ∈ IN ðϑÞ × IMðϑÞ for all ðϑ, yÞ ∈M ×N . Given ε > 0.
There exists b ∈ IN ðϑÞ so that

b − Γϑk k ≤ ε: ð49Þ

Since M is convex, there is λ0 > 0 so that

1 − λð Þϑ + λb ∈M, 0 < λ ≤ λ0: ð50Þ

Therefore,

d 1 − λð Þx + λΓϑ,Mð Þ
λ

≤
1 − λð Þϑ + λΓϑ − 1 − λð Þϑ + λb½ �k k

λ
≤ ε:

ð51Þ

The condition (45) holds. Similarly, the condition (46)
is satisfied.
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Theorem 16. Let M and N be closed and convex. Let Γ :
M ∪N ⟶ X be a cyclic weakly inward contraction map-
ping. If M is boundedly compact, then Γ has a unique best
proximity point in M.

Proof. Let k ð0 < k < 1Þ denote a Lipschitz constant of Γ.
Choose ε > 0 so that k < 1 − ε/1 + ε. By Theorem 15, (45)
is verified. Let ϑ ∈M with k−Γϑk > dðM,N Þ, then there is
λ ∈ ð0, 1Þ so that

d 1 − λð Þϑ + λΓϑ,Nð Þ < λε ϑ − Γϑk k: ð52Þ

By the definition of a dance, there is b ∈N so that

1 − λð Þϑ + λΓϑ − bk k < λε ϑ − Γϑk k: ð53Þ

Hence,

λε ϑ − Γϑk k > ϑ − b − λ ϑ − Γϑð Þk k
≥ ϑ − bk k − λ ϑ − Γϑk k, ð54Þ

and so

b − Γbk k ≤ b − 1 − λð Þϑ + λΓϑ½ �k k
+ 1 − λð Þϑ + λΓϑ − Γϑk k Γϑ − Γbk k

≤ λε ϑ − Γϑk k + 1 − λð Þ ϑ − Γϑk k + k ϑ − bk k
= ϑ − Γϑk k + ε − 1ð Þλ ϑ − Γϑk k

+ 1 − ε

1 + ε
ϑ − bk k − 1 − ε

1 + ε
− k

� �
ϑ − bk k

< ϑ − Γϑk k − 1 − ε

1 + ε
− k

� �
ϑ − bk k:

ð55Þ

If for all ϑ ∈M, kϑ − Γϑk > dðM,N Þ, then denote b ∈N
as above by f ϑ, where f : M⟶N is a mapping. Put

χ ϑð Þ = 1 − ε

1 + ε
− k

� �−1
ϑ − Γϑk k: ð56Þ

Note that χ : M ∪N ⟶ R+ is continuous and the fol-
lowing

ϑ − f ϑk k < χ ϑð Þ − χ f ϑð Þ ð57Þ

holds. Due to Theorem 13, f admits a best proximity point,
which contradicts (57).
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