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In this paper, we give new conditions for existence and uniqueness of a best proximity point for Geraghty- and Caristi-type
mappings. The presented results are most valuable generalizations of the Geraghty and Caristi fixed point theorems.

1. Introduction and Preliminaries The following are two examples of Geraghty functions j3.
The Banach contraction principle (BCP) in metric spaces has et ifre (0, 00)
been generalized and extended in various ways. As a general- ’ T
ization of the BCP, Geraghty [1] proved the following. B(t) =
0, ift=0,
Theorem 1 [1]. Let (X, d) be a complete metric space and 1 (3)
let T:X— X be an operator. Suppose that there exists 118 if t € (0, 00),
e fs L +t
B :[0,+00) —> [0, 1) satisfying the condition ap(t) =
0, ift=0.
B(t,) — limpliest, — 0, as n — +co0. (1)

One of the important extensions of the BCP was given by
Caristi [2].
If T satisfies the following inequality
Theorem 2 [2]. Let I be a self-mapping on a complete metric
space (X, d). Assume that there is a bounded below and lower

d(Tx, Ty) < B(d(x,y))d(x, y), forall x, y € X, (2) semicontinuous function y : X — R so that
d(x,Ix) < y(x) - y(Ix) (4)

then T has a unique fixed point. for all x € X. Then, I possesses a fixed point.
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On the other hand, Kirk et al. [3] in 2003 introduced the
notion of a cyclic representation.

Definition 3 [3]. Let A and B be nonempty subsets of a metric
space (X,d) and T: AUB— AUB. Then, T is called a
cyclic map if T(A) € Band T(B) C A.

The following interesting theorem for a cyclic map was
given in [3].

Theorem 4 [3]. Let A and B be nonempty closed subsets of a
complete metric space (X,d). Suppose that T: AUB—
AUB is a cyclic map such that

d(Tx, Ty) <kd(x,y) (5)

for all x € A and y € B, where k€ [0,1) is a constant. Then,
T has a unique fixed point u and u€ ANB.

Let .4 and ¥ be nonempty sets of a metric space (X, d).
Given a map, I' : M —> N. An element x € / is called a
best proximity point of I" if

d(x, ITx)=d(M, V) =inf {d(m,n),m,el,neN}. (6)

The set of best proximity points of I' is denoted by P
(M, V). The research of best proximity points is meaningful
in optimization. The problem of existence of best proximity
points in uniformly convex Banach spaces and in metric
spaces as well as the convergence of sequences to such points
has been focused on and successfully solved in some classic
pioneering works (see [4]).

Definition 5 [5]. Let (X, d) be a metric space and A and B be
subsets of X. Amap T : AUB — A U B is said to be a cyclic
contractive map if it satisfies

T(A) CB,T(B) CA; 7)

(i) d(Tx, Ty) <kd(x,y) +
and y € B.

(1-k)dist(A, B), for all xe A

Eldred and Veeramani [5] extended Theorem 4 to
include the case A N B =&, by the following existence result
of a best proximity point.

Theorem 6 [5]. Let A and B be nonempty closed subsets of a
metric space X and let T : AU B — A U B be a cyclic contrac-
tion map. If either A or B is boundedly compact, then there
exists x € AU B such that d(x, Tx) = dist(A, B).

A convenience attention has been recently devoted to the
research on existence and uniqueness of best proximity
points of self-mappings, as well as, to the investigation of
associated relevant properties, for instance, stability of the
iterations. The various related performed researches include
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the cases of cyclic ¢-contractions [6, 7], cyclic Meir-Keeler
contractions [8], weak cyclic Bianchini contractions [9],
weak cyclic Kannan contractions [10], p-cyclic summing iter-
ated contractions [11], and MF-cyclic contractions with
Property UC [12]. Some contractive conditions and related
properties under general contractive conditions including
some proximal rational types have been also investigated
[13]. In this paper, we ensure the existence of best proximity
points for Geraghty and Caristi type contraction mappings.

2. A Best Proximity Point Result for Geraghty-
Type Contractions

In this section, we introduce cyclic Geraghty contraction
maps and give new conditions for existence and uniqueness
of a best proximity point.

Definition 7. Let X be a complete metric space and . and ¥
be subsets of X. A map I': MUN — M U N is a cyclic
Geraghty contraction map if there exists § € # such that

T(M)C N, T(N)C M s (8)

(i) d(I'x,I'y) <B(d(x,9))d(x,y) forallx,y e LU N

where & is the set of functions §: [0, 00) — [0, 1) so tha-
tif ¢, € [0, d(M, N)) and B(I,) — 1, then ¢, —> 0sif £, €
(d(M, V), o) and B(I',) — 1, then t, —> d(M, NV).

We give the following theorem (comparable to Theorem
3.1 of [1]).

Theorem 8. Let M and N be closed subsets of a complete met-
ric space X such that diam( M), diam(N) < d(M, V). Sup-
poseI' : MU N — MU N is a cyclic Geraghty contraction
map. Then, Pp(M, V) # 0. Further, if x,€ M and x,, ;=T
X, then {x,,} converges to a best proximity point.

Proof. Fix x € # U W and define a sequence {x,} in LU N
by x, =I"x, n € N,. First, we show that lim,_,  d(x,,x,,,)
=d(M, V). We have

d(xn’ xn+1) = d(rxn—l’ Fxn) < ﬁ(d(xn—l’ xn))d(xn—l’ xn)'
(©)

Hence, {d(x,,x,,;)} is monotonic decreasing and
bounded below. So,

llm d(xn’xnﬂ) (10)
exists. Letlim,,_, . d(x,, x,,,,) = 8. Itis clear that d (.4, /') < 8.

Assume that 6 > d(, /). We have
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6= lim d(xn’ xn+1) < lim ﬁ(d(xn—l’xn))d(xn—l’ xn)
n—-00 n—-00 11
< lim d(x,_,,x,) =0, -

n—-00

sod=d(M,N).
Hence, lim,_, d(x,,x,,,) =d(M, V). We shall show
that d(x,,, X,,,,) — 0 and d(x,,_;, X5,,;) — 0. We have

d(xzw x2n+2) = d(FXZn—P Fx2n+1)
< B(A(xgn-15 TXp1) ) A (X015 TXpa)-

(12)

That is, {d(x,,,%,,,,)} is monotonic decreasing and
bounded below. Hence, lim,_, . d(x,,, X,,.,) exists.

Let lim,_  d(x,,, X5,,,) =0. Assume that §>0. One
writes

0= lim d(x2n’ x2n+2)
n—00

< lim B(d (%15 X2041) )4 (X215 X241) (13)

n—00

< lim d(x,, 5, x,,) =6,

n—00

so 6=0. Hence, d(x,,,x,,,,) — 0. Similarly, we have
d(xy,_1,%pp.1) — 0. Also, {x,,} is a Cauchy sequence.
Assume that {x,,} is not Cauchy. Then,

lim sup d(x,,, x,,,) > 0. (14)

n,m—0o0
By using the triangular inequality,

A(%2> Xo) < (X X212) + A X120 Xppsz) + A(Xg> X2p042)-

(15)

Hence, we have

A(Xp Xgn) S A(Xp Xg002) + B(A(Xgpi1> Xppni1) )4
(%2ne1> Xome1) + A (X2 Xopa2)
< d(Xy Xapi2) + B(A(Xaps1> Xomir))B - (16)
(A2 X3) ) A (X200 X31)

+d(Xy Xpmi2)>

which gives us

d(xZn’ x2m) < [(1 - JB(d('xZnH’ x2m+l)):3(d(x2n’ me)]_l
[d(Xan Xape2) + Xy Xopmi2)]-
(17)

Since lim sup,, ,, _,.,d(x,,,X,,) >0 and limsup, , . .d
(‘xZn’ x2n+2) = 0’ we get

lim sup|(1 = B(d(Xyp11> X)) B(A (X2 X2))]

n,Mm—00

= 00.

Observe that lim sup,,,, . B(d(x,,, X,,,)) = 1. Taking
into account that 8 € &, we get lim sup,, ,,,_,.d(x,,,X,,,) =0
and this contradicts our assumption. Hence, {x,,} is a Cau-
chy sequence in . Because {x,,} is Cauchy, X is complete,

and ./ is closed; lim,,_,  x,, =x € /. Now,

A(M, V) <d(x,%,, 1) <d(x,%,,) + (X3 X0y 1) (19)

Thus, we have d(x, x,,_,) converges to d(.#, /). Since

d( M, V) <d(x,,, Ix) < B(d(xy,_15%))d(%X5,_1, %), (20)
therefore,

d(M, V) < lim d(x,,, ['x)
SJir&ﬁ(d(xZn—l’x))d(xZn—l’x) (21)

= d(M, ).

Thus, d(x, I'x)=d(M, V).

Theorem 9. Let M and N be two nonempty closed and con-
vex subsets of a uniformly convex Banach space X such that
diam(M) < d(M, V). Suppose I : MU N — MU N is a
cyclic Geraghty contraction map. Then, there exists a unique
x €M such that ||x—TIx|=d(M,N). Further, if x,€ M
and x,.,; =Ix,, then {x,,} converges to the best proximity
point.

Proof. By Theorem 8, P.(M, /') #0. Suppose x, y € P.(A,
) such that x#y. Since ||x—I'x||=d(M, /) and ||y -
I'y|=d(AM, V) were necessarily uniformly convexity of
X, Ix=x and I'*y=y. Since x#y, we have d(M, V)<
[Ix—y[| and so B(||x=y|)|[I'x -yl <|[I'x - y||. There-
fore, [[x— | = | T2x - Tyl < B(ITx =yl ITx -yl < | Tx -
y||. Similarly, ||[I'x — y|| <||x — I'y||; that is, it is a contradic-
tion. Therefore, x = y.

Example 1. Let ./ and ./ be subsets of R* defined by
M={(x,0): x=1},/={(0,y): y=21}. (22)
Suppose

I(x,y)=(In(1+y),In (1+x)) (23)

1+In(1+¢), 0<t<d(M,N),

t

T " (M, ).
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Here, d(M, /') = /2. For (x,0), (y,0) € 4, we have
[7°(,0) = T'(y, 0) [ = [[(0,1n (1 +x) ~In (1 +y))]]
= ’1n (i—ij}c) <l+ln(1+|x-y|)
=Bl (% 0) = (0 0) )1 (x 0) = (», ).
(25)
For (x,0) € . and (0, y) € /', we have
I'(x,0)-T'0,y)=(In(1+x),In (1+y))
=/tn(1 +x))2 +(In (1+))
S o)l
<y/x2+y (/% )
(% 0) = (0. )]
= B(ll(x.0) = (0, ) ) (x: 0) = (0, )|
(26)
Then, I' is a cyclic Geraghty contraction on . U /. Also,
10, 1) = T((1,0))]| = V2 =d(t, ).

3. A Best Proximity Point Result for Caristi-
Type Mappings

Recently, Du [14] established a direct proof of Caristi’s fixed
point theorem without using Zorn’s lemma. In this section,
we introduce a generalization of Caristi’s fixed point theorem
and provide a proof without using Zorn’s lemma. We start
with the following definition.

Definition 10. Let ./ and /¥ be nonempty subsets of a metric

space (X, d). Amap I' : /L —> N is called a semicontraction
if forall u e 4 and & € ¥, we have d(T'u, &) <d(u, §).

Our related result is as follows.

Theorem 11. Let (X, d) be a complete metric space and (M
N') be a pair of nonempty closed subsets of X such that M is
boundedly compact. Also, let I : Ml — N a semicontraction
map and is a bounded below and lower semicontinuous func-
tion x : M —> (—00,00]. Assume that for all ue M with
inf,. ,x(x) < x(u), there is v € M so that

d(Tu,v)>d(M, N),
d(T'u,v) < x(u) = x(v).

Then, there is u, € M so that x(u,) = inf . , x(x).

(27)

Proof. Assume thatinf, ,x(x) < x(y) for every y € 4. Given
Yo € M. Then, inf . ,x(x)<x(¢,). We have I'y,e /.
Therefore, there is y, € 4 such that

d(py Tpg) < x (1) = x (o) (28)

Journal of Function Spaces

Let us define inductively a sequence {y,} € S,,, where

Sp={wedd(Tu, ,w)<x(p,.)-xw)}  (29)
so that
1
x(u,) < Inf x()+ . (30)
Therefore,

= X(thy)- (31)

Since {y, } € M and A is boundedly compact, {¢,} has
a convergent subsequence to x € .. Suppose 1, — x, d(I’
Ho %) < X (Hy, ) — x(x). Since I'x € ¥, there is z € A so that
d(I'x,z) >d(M, V) and d(I'x, z) < y(x) — x(2). Therefore,

d(rl’ln—l’ [’ln) < X(Mn—l)

X(2) < x(x) =d(I'x, z) < x(x) —d(I'x, 2)

+x (s, )~ 2(0) ~ (T, x)

X(#nk) [d (I'x,2) +d(r,4n, )} (32)
X(ynk) [d (I'x,2) + d(mn ,rxﬂ
X

() (009

We find that z € S,, . By (30), we get

IN

IN

.
x(#,) = 5 < Jnf x(0) < x(2) (33)
Thus,
X(2) < x(x) < Jim x () < x(2). (34)

It is a contradiction, so there is u, € # such that x(u,)
=inf . 4 x(%).

Definition 12. Let # and /" be nonempty subsets of a metric
space X. The mapping I' : MU N — M U N is a cyclic

semicontraction if
(i) [(M)cNand [ (N)C M
(ii) Forall y € M and & € &, we have d(I'y, &) <d(u, &)

For example, let ./ and ./ be subsets of R? defined by
M={(x,0): x=21}, /' ={(0,y): y=1}. (35)

Suppose I'(x,y)=
traction on # U and ||(0,1) —

(/7> /%), then I is cyclic semicon-
r((1,0)||=d(4,.n).

Theorem 13. Let (M, V') be a pair of nonempty closed sub-
sets of X such that M is boundedly compact. Suppose that
L'l N— MU N is a cyclic semicontraction map and



Journal of Function Spaces

there exists a bounded below and lower semicontinuous
function y : M —> (—00, 0] so that

d(p, Tp) < x(1) = x(I'n) (36)

for all ye MU N. Then, I admits a best proximity point.

Proof. The function y is proper, so there is & € /4 with y(&)
< 00. Put

H={pet|d(I't,u)<x(&) - x(p)}- (37)

Let pweH. Since d(u, I'u) < x(u) — x(I'y), we have y
(T'w) < x(u). Thus,

— (T, T*u) + X(§) = x(w) = d(TE, p)
§) = [d(Tw, I°p) + d(IE, )]
&) - [d(Tu, ) +d(TE Ty,
(by definition of a cyclic semicontraction)
< () - d(I*u, %),
(38)

Hence,
d(Iu, IE) < x(§) = x(I*w), (39)

and so I*ueC. Assume that d(u, T'y)>d(M, V) for all
u € M. Then, for each p € H, there is 7 € H so that

u# T d(Iu, 7)< x(u) - x(7)- (40)

By Theorem 11, there is 4, € C so that y(y) =inf, .y
x(). Thus, for above u, € H, we obtain

0<d(, V) <d(Tp,T*p) < x(u) - x(Tp) (a1)
<x(u) = x(I°u) =0,

a contradiction and so I' has a best proximity point.

From now on, ./ and /4 are nonempty subsets of a

Banach space X. For (x,y,) € # x /V, the inward sets of
(%95 y,) relative to M x N are as follows:

Iy(xg)={ty+(1—-t)xp,y €N, t =0},

(42)
Ly(yo)={Ix+(1-t)y,x€M,t=0}.

For example, let .# and /4 be subsets of R defined by

M=1,2), ¥ =]-2,-1]. (43)

Then, for (x,y) € # x ¥, we have
Ly(x) = (00,2}, L4 (y) = [y, +00). (44)
We now define cyclic weakly inward mappings.

Definition 14. Given I' : M U N — X . Such I' is said to be

(i) Cyclic inward if (I'x,I'y) el (x)x1I,(x) for all
(x,y) e M x N

(ii) Cyclic weakly inward if (I'x, I'y) €I ,(x) x I ,(x) for
all (x,y) e xN
(iii) Cyclic weakly inward contraction if it is cyclic weakly

inward and d(I'x,I'y) <kd(x,y) for all (x,y)e€
M x N, where ke (0,1).

Theorem 15. Let M and N be closed and convex. Then
I':ll vV — X is cyclic weakly inward if

d((1—h)9+hI9, )

lim =d(M, N),9€ N, (45)
h—0* h

- ry,
lim QWZPIRENN) _ gy iy 9em. (46)

h—0* h

Proof. Suppose that ((45), (46)) hold. Fix 9e ., given
e>0. Choose 1€ (0,1) and ye so that

(A =AN)x+ALO—y|| <d(M, V) + Ae. (47)
Thus,

(9= (A=A 9+ A7Yy]|| <A d(, /) +e.  (48)

Consequently, I'9eI ,(9). Similarly, for ye #, I'ye
La(y)-

Conversely, assume that I' is cyclic weakly inward; that is,

(I'9, Iy) €I ,(9)xI,(9) forall (9,y) € M x N.Given & > 0.
There exists b € I ;(9) so that

[[b-TI9| <e. (49)
Since / is convex, there is A, > 0 so that
(1=A)9+AbeM,0< A <A, (50)
Therefore,
d(1-A)x+ A9, )

)
=29+ AT9—[(1-2)9 + Ab)| (51)

B A

<e&.

The condition (45) holds. Similarly, the condition (46)
is satisfied.



Theorem 16. Let M and N be closed and convex. Let I :
MU N —> X be a cyclic weakly inward contraction map-
ping. If M is boundedly compact, then I has a unique best
proximity point in M.

Proof. Let k (0<k<1) denote a Lipschitz constant of I
Choose € >0 so that k<1-¢/l +¢. By Theorem 15, (45)

is verified. Let 9 € # with ||-I'9|| > d(M, V), then there is
A €(0,1) so that

d((1-1)9+AT9, ¥) < Ael|9 - T'9)|. (52)

By the definition of a dance, there is b € /" so that

[[(1=A)9+Ar9 - b| < Ae||9 - T9). (53)
Hence,
Ae||[9=T9|| > ||9-b-A(9-T9)] (54)
2 [|9-b|| - A|[9-T9,
and so
|b—Tb|| <||b-[(1-21)9+ATY|
+{[(L=A)9+ A9 -T9)|||I9-Tb|
< Ae||9-T9|| + (1= A)||9—-T9|| +k||9 - b
=|[9-T9| + (e- A9 -T9| (55)

1-¢ 1-¢
+pelo- b~ (Ts k)=t

<||9-r9|| - G;i —k) 19 b]]-

If forall 9 e A, ||9—T9| >d(M, V), then denote b € N
as above by f9, where f : #/ — / is a mapping. Put

1-¢

K= (1 —k)_1|9—r9||- (56)

1+e¢

Note that x : # U/ — R* is continuous and the fol-
lowing

19 =9I < x(9) = x(f9) (57)

holds. Due to Theorem 13, f admits a best proximity point,
which contradicts (57).
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