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In this paper, we propose and analyze the compact finite difference scheme of the two-dimensional Cattaneo model. The stability
and convergence of the scheme are proved by the energy method, the convergence orders are 2 in time and 4 in space. We also use
the variables separation method to find the true solution of the problem. On this basis, the validity and accuracy of the scheme are

verified by numerical experiments.

1. Introduction

In the diffusion phenomenon described by traditional Fick
law and Fourier law, the moment a point passes by, it is dis-
turbed at a great distance, the propagation speed of the dis-
turbance seems to be infinite. However, this property is
unphysical. To solve the problem, Cattaneo modified the
constitutive equation by introducing a relaxation parameter
which plays the role of relaxation time, it should be noted
that the relaxation parameter is small and depends on the
thermodynamic properties of the material. Thus, he pro-
posed the Cattaneo model [1].

From a mathematical point of view, Cattaneo model
transforms the traditional diffusion equation into a hyper-
bolic equation, the speed of propagation is finite, and
improves the property of infinite propagation speed. On
the other hand, because of the hyperbolic nature of the
Cattaneo model, it may have oscillatory solutions and neg-
ative values.

From a physical point of view, the Cattaneo model
describes a physical phenomenon which is called heat
waves. Although this phenomenon can only be observed
under special circumstances, materials, or states [2], it is

still gradually accepted by the public. It can be used to
describe not only ultrasonic wave propagation in certain
diluted gases but also heat pulse propagation in some pure
nonmetallic crystals [3]. Straughan et al. [4] studied ther-
mal convection with the Cattaneo-Christov model in hor-
izontal layers of an incompressible Newtonian fluid.
Haddad [5] utilized the theory of Cattaneo-Christov to
investigate Brinkman's porous media. Cattaneo model is
widely used in extended irreversible thermodynamics, cos-
mological models, and crystalline solids [6-8].

Because the fractional models have the advantage of pre-
vious memory, scholars have studied various fractional
models [9-13]. With the wide application of the Cattaneo
model in physics and theoretical analysis, more and more
people pay attention to the generalization and solution of
the Cattaneo model. Compte and Metzler [14] generalized
the Cattaneo model from three perspectives which called
continuous-time random walks, nonlocal transport theory,
and delayed flux-force relation. Ferrillo et al. [15] compared
the Cattaneo model and fractional Cattaneo model and stud-
ied the asymptotic behavior of solutions to the Cattaneo
equations. Su et al. [16] studied solutions to the classical Cat-
taneo equation and compared with the solutions of a phase-
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lagging heat transport equation. Ciegis [17] studied the
numerical solutions of a class of hyperbolic heat conduction
equations, proposed explicit and implicit Euler schemes for
such equations, and verified that the convergence order of
this scheme was O(t + h?*). Huang and Yin [18] proposed a
fourth-order compact difference scheme for the 1D Cattaneo
model and verified that the convergence order of the scheme

was O(7? + h*) through numerical experiments. Zhao and
Sun [19] presented compact Crank-Nicolson schemes for a
class fractional Cattaneo equation in an inhomogeneous
medium and used the energy method to verify that the con-

vergence order of the scheme is O(>™ + h*). Li and Cao
[20] proposed an unconditionally stable scheme with conver-
gence order of O(r>™ + h*). Vong et al. [21] proposed a
higher-order difference scheme for a class of generalized Cat-
taneo equations and proved the stability and convergence of
the scheme by energy method.

There are many methods to solve partial differential
equations, such as the finite element method [22, 23], finite
volume element method [24, 25], and finite difference
method [26]. Compared with other methods, the finite differ-
ence method has the advantages of a low requirement for grid
nodes and simple calculation. In 1992, Lele [27] first pro-
posed a general form of compact difference scheme. Compact
difference scheme is a kind of finite difference scheme with
high precision, which is widely used in solving parabolic
equation and hyperbolic equation [28-33].

Previous scholars used different methods to study the
integer-order Cattaneo model and the fractional Cattaneo
model. The one-dimensional Cattaneo model describes the
heat conduction phenomenon of the uniform thin column
with side insulation, while the two-dimensional Cattaneo
model needs to be studied for the heat conduction phenom-
enon of the thin plate with upper and lower bottom insula-
tion. In this paper, we construct a compact difference
scheme for a two-dimensional Cattaneo model. The time
derivative is discretized with a central difference, and the
space derivative is discretized with compact operators, so that
the convergence order of the scheme reaches O(z2 + K + h;).

We use the energy method to verify the stability and conver-
gence of the scheme. Finally, we verify the validity and accu-
racy of the scheme through numerical experiments. It should
be noted that the above articles are all about constructing the
exact solution of the problem, and then calculating the right
term, so as to conduct numerical experiments. In this paper,
our example is the definite problem corresponding to the
homogeneous equation. The exact solution is obtained
through the separation of variables method, and then the
numerical experiment is conducted.

The arrangement of the article is as follows. In the second
part, we give some lemmas and symbols to derive a compact
difference scheme. In the third part, we give a strict proof of
the stability and convergence of the scheme by energy
method. In the fourth part, we obtain the true solution of
the specific problem through the separation of variable
method and use numerical experiments to prove the validity
of the scheme. In the fifth part, we make a final summary of
the article.
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2. Construction of the Compact Finite
Difference Scheme

In this chapter, we consider the following two-dimensional
Cattaneo model:

szun+ut=D(uxx+uyy), (x,y) € Q, te(0,T],

u(x, 3, 0) = 1ty (%, y)» (ry) €, W
U (%, 3, 0) =y (%, ), (x.y) €,

u(x,y,t) =0, (x,y) eI, te(0,T),

where Q=(0,L,)x(0,L,) is a rectangular region in R’,
I'=0Q is the boundary of the rectangular region, &> is a
relaxation parameter, D is the diffusion coefficient, and
uy(x,y) and wu;(x,y) are known functions. The above
model is considered under homogeneous Dirichlet bound-
ary conditions. The regularity assumption that problem (1)

has a solution u € C3%#(Q2x [0, T]) will be used in the fol-
lowing analysis.

In order to propose the compact finite difference scheme,
we first introduce some basic symbols and preliminary
lemmas. Take three positive integers M, N, and K, then let
h,=L,/M, h,=L,/N, t=T/K. In this case, the spatial node
can be expressed as (x;,y;), where x;=ih,,i=0,1, -, M;
¥ =jhy,j= 0,1,--,N; t,=nt,n=0,1,---,K, let Q, ={(x;
y)10<i<M,0<j<N}, Q ={u"|0<n<K}, Q=N
Q, Ty=0,NT, w={(i,j) | (x,y;) €2}, d0={(i;j) | (x;,
y;) €Iy} @=wUow. Let Uy ={ulu={u;|(ij) €ew}t} be
a grid function space defined on Q. For any grid function
u € Uy, introduce the following notations:

S = Ui yj = 2uj+ Ujyy i = Ujjg = 205+ Uy
x%ij 12 > Oytij 2 :
x y

(2)

The compact operators are defined as follows

hZ
I+ 28 |uy 1<i<M-1,0<j<N,
— 12 x g
Axui’j—
Ui j> i=0orM,
hZ
I+-28 |u;, 1<j<N-1,0<i<M,
- 12 7 |7
Ay

Let U, ={u|u=(u’ u',--uX)} be grid function space
defined on Q.. For any grid function u € U_, introduce the
following notations:
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n+l n-1 n+ n
S.u'= u u 6’1/!7”1/2 u —u
t - > Yt >
2T T
u — 1 u 2u" +un+1 (4)
. n-1/2 2. n
Ozu ,0u" = o

The following lemmas also play an important role in
constructing a scheme.

Lemma 1 [34]. Suppose g(x) € C?[c, ¢ + h], it holds that

h

6= 2lalc+h)-g(0) - 39" € e<E<crh, (5

where c is a constant.

Lemma 2 [34]. Suppose g(x) € C°[t,, t,.,,], it holds that

—g(tn) T

g == T_g/ gg (tf)’tn<tf<tn+1

(6)
Lemma 3 [34]. Suppose g(x) € C*[c — h, c + h], it holds that

g(c+h) - 2g(c) + g(c— h)
L (7)

@), c-h<&<c+h,

g'"(c)=
hZ

where c is a constant.

Lemma 4 [34]. Suppose g(x) € C[c — h, ¢ + h], it holds that

11—2 g”(c—h) + 10g”(c) +g”(c+ h)
y (®)
2409 &),

- % [g(c+h) = 2g(c) + g(c— )] +

where £, € (c—h, c+h), c is a constant.
Define the grid functions as uj; = u(x;, y;t,), 0<i<M,
0<j<N,0<n<K. We discrete at (xi,yj, t,) and refer to

the formula [34].

Bzu(xl-,yj, tn) 1 Bzu(xi,yj, tn—l) azu(xi’yj’ tn+1)
0x? T2 0x? " 0x?
4
20 u(xi’yj’ Em)
T T ot i< Ein <tpar

©)

3
We can obtain
2 o’u ou
& W (xi,)/j, tn) + E (xi,yj, tﬂ)
D |d%u . ’u ,
= — X Visty_g =5 | X Vi tuaa
2 |0x2 ( ] ) 0x2 ( i )
i (10)
azu aZM
+R§j1,,),(i,j) €cw,1<n<K-1,
where
4
N L G0
T2 9x2012
a4u(x,»,yj,;1ijn)
i W ’ tn—] < Eij” < t"+1’ t"—l < rlijn < tn+1
(11)

Utilizing Taylor formula results in

3
ou (xi,yj, tn) o1 o'u (xi,yj, Gijn)
T 815 — 5 o7 < Oijn < tuis

(12)

Using the above equation and Lemma 3 result in

. _D ’u o’u
0} + Oy = [a (o2 t01) 553 (502 1)

+ (_a)iyl; <xi,yj, tn—l) + giyl; (xp}’j) tn+1)]

+ R@

ijn?

(hj)ew, 1<n<K-1,

(13)

where Rl(ﬂ3 —Rfjg +72(1/6(0u(x XY 0
(xi’yj’ Pz]n)/at4))
We apply compact operators A, and A, to both sides of Eq.

(13) and apply Lemma 4, we get

) 108) + (62112)(2"u

D
EAA S+ A A = (Aysi L ASU A0

+Ax8)2)u:}”) 1]n,(z])ew1<n<K—1

(14)
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where By applying Lemma 1 and Lemma 2, we have
4 6
@) _ @ h 0 u( %u(x;,y,t
Ry = A ARG + 2 A5 (9507t 1) pYplo) 2r0
et g (5 o P o o)
u aju(x. §2NS )
T i »6]
+AyW (Mijn’)’j’ tn+1> - —43],% € (t: t;)-
3 ot
h4 a6 (15) a ) aZ
Al et “(xi»)’j) ) ;T “(xi’)’j’cz)
+ 24()( x3y6 (50 G tact) L b= S G e ().
u (17)
+A, 3 (% Sijn> tn+1)> :

Substituting the above equation into (16) and applying
A,A, to both sides, we have
We think about the differential equation (1) at point

(xv)’j’ to); 2
2e 5 5
TA"A)’ (8t* Ui — U (xi,y])) + A AU
az(., ‘,t) a(., ,,t) D
2 u ’; j’] o), u xla)’] 0 =5 (Ayé‘ﬁu% +Ay8§ufj +Ax8iu?j +Ax8jufj) + i
D a I/l(x,v, y]) t1> a u<xi’yj) to)
) 0x? " 0x?
where
aZu(xi,yj, t1> 82u(xi,yj, t(,)
+ 0 2 + 0 2 (16) 4 4 .o
y Y ‘rijn’:O(T+hx+hy>,(z,])ew. (19)
D azu(xi,yj, tl) azu(xi,yj, to)
- 2 - 2
2 0x 0x Omitting small terms Rl(fn) and r;;,. The numerical
5?2 ( X -,t) 9? ( X -,t) approximate solution is represented by the grid function
+ e dph _ “\te i to ' U Replacing uj; with it, the fourth-order compact differ-
oy’ oy’ ence scheme can be obtained

D
EAA U+ AAS UG = - (Ayai U+ AS UL +ASRUL 4 A U;;“) ,
(hj)ewl<n<K-1,

2¢? 3 : D 2770 2771 2770 2771
~Aa, (SiUﬁj —u (x,., yj>) +A A8 U =~ (AyaxU,.j +ASUL +AS2UY + AXSinj),

(i)
U?j =u (xi’yj)’ (i,)) € w,

U?J,:O,(i,j)eaw,OSnSK.

(20)
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From the above analysis, the following theorems can be
obtained.

Theorem 5. The truncation error of compact difference
scheme (20) is

|R;|:o<12+h§+hj),(i,j)ew,OgnsK. (21)

3. Analysis of the Compact Finite
Difference Scheme

Letu,ve Uy ={ulueUy; (i j) € 0w, u; =0}, we define the
following inner products and the correspondmg norms

(,v) = hyh, Zl wigVijs U]l = v/ (> 1),
M
(u’ V)],x :hxhyz (6xuz 1/2])6 Vie 1/2,j> H8 u“ - (u’ u)l,x’
i=1

N
(u, v)l,y:hxhy Z 2(8 U 1,2)8 Viji ||8 u” =./(u “)l,y’
pr}

M N
(M, V)X,y = hxhy Z Z(6x8yux 1/2,j- 1/2) (8)(8)/1/1 1/2,j- 1/2 H5 M” = (u’ M)X,y,

hz 2 22
X
V)= 5 )= 5 W)+ T (),

" e, uHZ) « (1o~ o)

l[ull 4 =/ (1) 1> (4]l

(), = (AA ), v) = (1,

IVl = (na
T 1sisM- 11<1<N—1| ‘7|'
(22)

Next, we introduce the Lemma that will be applied to the
stability analysis of the scheme.

Lemma 6 [35]. For any grid function u € U,, it holds that
L2 <l < Null? 23
gl = [y < ™ (23)

Applying the Lemma, we have the following result.
Theorem 7. Suppose {v};|0<i<M,0<j<N,0<n<K} is
the solution of the following difference scheme

62n1+A62n+1

D
2AA62v”+AA8v——(yxl] O

tVij
FAT 4 Axajvg.“> + g (hj)ew IsnsK-1,
(24)

2 : :
TA"A)' (8;1/1-]- -u, (xi,yj)) +AA, 0V

D
= 5( ),Siv?] +A},8§vllj +A, 821/0 +A, 82 1)

(25)

+ gij’ (i) € w,

5
vg. =u, (x,-,yj), (iy j) € w, (26)
vi;=0,(i,j) € 0w, 0<n < K. (27)
It holds that
D
167" I + 5 (V"™ IV 13) < DIV, I
3e? 37? 3¢
+ —lol*+ 519+ = Y g I 0sn<K -1,
T 4¢? 2 &
(28)

where ¢;; = A A u;(x;, y;), gj; is a source item.

Proof. Multiplying Eq. (24) by 26,v", and summing up for i
from 1 to M — 1, we have

267 (A, A8V, 8,V") +2(A,A,8v",6,V")
= D(AyGiv"_l + Ay8iv"+1 + Axéiv"_l + AxSiv”“, SIV")
+2(g",6v"),1<n<K-1.
(29)

Next, we deal with the two terms on the left-hand side of
Eq. (29), we have

&2 (AXAyva”, 8tv”)
2| /s2 . n, 2

=2¢ (Stv”,Stv") —;(6 v, 8" ) - —y((? v, 8" )
h2

2
h)’

T

2
(82vn)6tvn)x)y:| _ € [("(Sivnﬂlz”2_"6fvn—1/2"2)

2

h
— 5 (88" 2 P10,

12
_5”)_

2

h
é (”(Syai,anrl/Z"2_”6),621/}171/2 ”2)

272
11: (”5 5 5ivn+l/2||2_||5x5y82Vn_1/2||2)]
& _
— ? (IIS;V”*I/ZIIi—IléiV” 1/2"2)) 1 SﬂSK— 1.
(30)
2(A,A,8",8") =203, 1<n<K-1. (31)

Then we deal with the first term on the right-hand side of



Eq. (29).
(A, 00" + A5, 80"

W2 W2
— +}’82 82n1+ +)’62 62n+16v
127 127

]’12
— (62vn—1 +6ivn+l’6tv ) _)’ (62 n—1 8§vn+l’8tvn)ly

o= (18,5 =16, )
2
4}' (Is,.0 v"+1||2—||6 8,V '), 1<n<K-1.
(32)
Analogously

(A RTA +Ax6jv”+l,8tv”)
||5 VP18, )

2

4" (II(S é v”“ll [ 6 VL2 ) 1<n<K-1.
(33)

Combining (32) and (33), we have

D(A),(?)ZCV”_1 + A),Siv”“ + Axéiv”_l + Axéiv”“, 8tv”)

D _
== (||th”“||i—llvhv” 1IIIZL\), 1<n<K-1.

(34)

Substituting (30), (31), (34) into (29) and applying
Lemma 6, Cauchy-Schwarz inequality, we have

2
& 2 — 2 2
= (I8 21518y 1215) +208,v" 13

2(g"6,v")

2 3
+—8 n2+_ ny2
18717+ S 1971

D 12 —12
= (9™ =19, ) +
12 —12
<= IV 3=V, 1)

< —

27
D
2T
Dvn+12vn712 28;’12
(9 BT, R + 208,71 +

(35)

Sorting Eq. (35) and adding D/2||V,v" ||i to both sides, we
have
2 w122 D n+l )2 2 2 n-1/2)2
o™ I + 5 (V" IR +IV, V" 1) < eXl0pv" 11

D _ 3T
+ ) (IIth”IIi+||th” 1IIf\) + 7||g"||2, 1<n<K-1.

(36)

3
E||g”||2,13nsl<— 1.
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Let E" = &[5,y 2|3
n<K-1
Eq. (36) is written as

+ (D2)(IV, ™ AV, 13), 1<

3
E”sE"—1+77||g"||2,1s;1s1<—1. (37)

Summing over n results in

3T &
E"<E'+ — P 1<n<K-1. 38
2k;ug I (38)

Multiplying Eq. (25) by 8;v'?, summing up for i from 1
to M — 1, applying Lemma 4 and Cauchy-Schwarz inequality,
we have

2¢? 1 1 2¢? 1
T (A0 00) - T (9.0p) + (4,

D 1
+ - (M IG-10°13) = (9% 02)),

Ay(szv%, (‘)\fV%)

(39)

where ¢, = A A uy (x;, ).
Sorting Eq. (39), we have

2¢? 102 1o D 12 012
—||5zV2||A+II8zV2||A * 5 IV 121V 12)

= (<p, su) (4504 = 510001 + 2ol

 E 1o+ LIS <10 + S o
—||8;v < ||63v —167v
300t 4¢2? 9 trla T IR A

3¢, 3T o
+ — + — .
R
(40)
Sorting Eq. (40), we have
211847212 2 V, o 2 41V, 101
efopvelly + 5 IV I3 +HIVY 1)
4 ) (41)
< DIV + 2 gl + 2T g0
- heRAT L 4¢2 ’
Substituting (41) into (38), we get
3¢t 372
E"< DIV, 15 + —lol* + = 19°I°
T 4e
(42)

3T k2
+ — ,1<n<K-1.
2};ngn

End of the proof.
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Remark 8. According to the results, it can be seen that the
derivative term of initial value affects stability and con-
vergence, so this term in the Cattaneo model will be set
as zero in general. For details, please refer to the litera-
ture [15].

Theorem 9. Suppose {u; | (i, j) € @, 0 < n < K} is the solution
of Eq. (1), {U}; | (i, j) € @, 0< n < K} is the solution of the dif-
ference scheme (20). Let

e =uj;— U, (i,j) €0,0<n<K, (43)
it holds that
2 n+i D n+12 (2
167" 15 + 5 (Ve 5 +19,¢"13)
(44)

3 3T 2
<= += C(12+hi+h4) ,0sn<K-1.
4 2 7

Proof. Subtracting (14), (18), and (20), we can get the error
system

EAA Sel + AA S €]

D
= (4,8 + 4,8 + A8 + A8 )

+R(>

ijn>

(i,j)ew,1<n<K-1,

(45)
22 1
¢ Ste +AA, b€
D 2 2 2 2 46
z(y%%+®®%+@®%+@®b) (46)

+ rt]n’ (l’j) € w,

e =0, (i.]) € w, (47)
e?j:O,(i,j)an,OSnSK. (48)
2Dr? 1 1

TaBLe 1: Error and convergence order of compact difference
scheme.

h T order  order errl® errl?

1/4 1/20 — — 7.1854e-03 3.5927e-03
1/8 1/80 3.517 1.759 5.8076e-04 2.9038e-04
1/16 1/320 4.005 2.003 3.6204e-05 1.8102e-05
1/32 1/1280 3.999 2.000 2.2637e-06 1.3185e-06
1/64 1/5120 4.000 2.000 1.4151e-07 7.0753e-08

Using the Theorem 7 and noticing (47) and (48), we have

D
2 2 2
e2l18ze 215 + 5 (Ve 5 +IV,e" 1)

372 2 3T [ (3)k\2
g )+ 5 2 (A1)

) (49)
3 C2(1+h4 +h4) + EnCZ(T2 +h4+h4>2
T 2 2 x0T

3 3T 2
<=+ = C(T2+hi+]’l4).
42 2 y

End of the proof.

<D|IV,é"|I; +

Remark 10. Through Theorem 7 and Theorem 9, we prove
the stability and convergence of the scheme. Due to the basic
relationship between H' semi-norm and infinity norm, we
can also obtain that the proposed scheme is stable and con-
vergent in L norm.

4. Numerical Experiments

In this chapter, we verify the numerical accuracy and validity
of the proposed scheme.

In the following numerical experiment, for simplicity,
the domain is set to the square domain. The domain is
Q=(0,1)x(0,1), and h, is equal to h,. & =0.1, D=1,
uy(x, y) =sin (7x) sin (7y), u,(x,y) =0. In order to verify
the numerical accuracy of the scheme, we need the follow-
ing exact solution of the above problem. We can obtain
the exact solution by using the separation of variables
method,

2Dm?

—_— - —t+
e 42 g2

u(x,y,t)=e et <c0s

Before we give the experimental results, we first give the
definitions of I>-norm of the error and [®°-norm of the error.

sin {/ ——
V2Dm2/e2 — 1/4¢2 &2

- 4_121‘) sin (7x) sin (7y). (50)
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-4 -5
—6 4
-8 4
—~10
—-10
= —
g E
& -12 A &
g Ey
—14
—154
—16
—18
=20 T T T =20 T T T
1 2 3 4 5 2 4 6 8 10
log (h) log (1)
—&— log (Error) —&— log (Error)
—— Slope =4 —— Slope =2

FI1GURE 1: Order of spatial and temporal convergence.

Exact solution Numerical solution

‘/// \ 5. y N
, /////;/, \‘ 3 N

‘/f////////':

“‘

i

m

A
“6‘
“\““

FIGURE 2: The exact solution and the numerical at fixed D=1, €2 =0.1, T =1,h = 1/32 and 7 = 1/1280.

For all grid points, *-norm of the error is defined by For all grid points, [°°-norm of the error is defined by
_ K _ 17K
Errorp> = lsisrz{/ll?f)s(jsN Hij P (52)
M N
Errorp = h h | u -UX|. (51)
: ;; * Y where u;; is the true solution, U;; is the numerical solution,
i=1j i 1

and K is the last moment. Let N =M, order of spatial
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U(x,y,0.15)

t=0.15

U(x,y,0.5)

U(x,y,0.5)

t=0.5

0.1

0.05

F1GURE 3: Temperature images at different times when D=1, ¢ =0.1, h = 1/16, and 7 = 1/80.

0.05

U(x,y,0.15)

U(x,y,0.6)

t=0.15

t=0.5
x107° R

U(x,y,0.5)

U(xy,1)

FIGURE 4: Temperature images at different times when D=1, ¢ =0.01, h = 1/16, and 7 = 1/80.

convergence is denoted by P, and order of temporal conver-
gence is denoted by P,, which are defined as follows

W=

_log (Error,/Error,)

_ log (Error,/Error,)

log (h,/h,)

=

log (7,/7,)

(53)

In Table 1, let h=h,=h,, and T =1, for h and 7, take
the corresponding values, respectively, the compact differ-
ence scheme has the following corresponding error, order
of temporal convergence and order of spatial convergence.
The third column is the order of spatial convergence, and
the fourth column is the order of time convergence. We
can find that when the spatial step is reduced to one-
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e2=0.1

X107 -

FIGURE 5: Temperature images with different relaxation parameters when D=1, h = 1/16 and 1/320.

half of the original and the temporal step is reduced to
one-quarter of the original, the error is reduced to about one-
sixteenth of the original. At the same time, the compact differ-
ence scheme keeps the fourth-order spatial rate of convergence
and second-order temporal rate of convergency. So we also ver-
ify the stability and convergence of the scheme.

In order to verify the applicability of the compact differ-
ence scheme more accurately, we give the image of conver-
gence order defined the by [*-norm. In Figure 1, we can
see more clearly that the convergence order of the scheme
(20) is O(z% + K + h;), which also verifies that the scheme

(20) proposed in this paper is stable and effective. And the
relaxation parameter does not affect the convergence rate.

Figure 2 show the true solution and the numerical
solution when h =1/32 and 7 =1/1280.

Figure 3 shows the images when t is taken at different
moments. It can be seen from the images that as time
increases, the temperature also decreases gradually.

Next, the value of £ in the previous example is 0.01, and
the temperature image of t at different moments is also
obtained. See Figure 4, it has the same property as Figure 3.

Finally, we use two examples to test the influence of relax-
ation parameters, as shown in Figure 5. From Figure 3-5, we
can see that the larger & is, the more obvious the fluctuation
of temperature distribution is, and the slower the tempera-
ture change at the initial time.

In Figure 6, in order to observe the differences between
the Cattaneo model and the traditional diffusion equation
more conveniently, we give the temperature distribution
images of the one-dimensional Cattaneo model and the heat
conduction equation at different moments at the midpoint of
x=0.5. It can be seen from the Figure 6 that the Cattaneo
model has a slower temperature transformation at the initial
moment than the heat conduction equation, but at the same

1

0.8

0.6

0.4

U(0.5,t)

—— £=0.2
—o— €=0

FIGURE 6: Temperature distribution images at x =0.5.

time, the former has negative temperature and oscillation,
which is also affected by the hyperbolic property of Cattaneo
model.

5. Conclusion

In this paper, we propose a compact finite difference scheme
for a two-dimensional Cattaneo model and prove the stabil-
ity and convergence of the scheme by energy method. A con-
crete example is given, and the exact solution is obtained by
the method of separating variables, it can be seen from the
figures that the fitting degree of the exact solution and
numerical solution is higher, it is also verified by numerical
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experiments that the convergence order of the scheme is
O(‘rz+hi+h$). In conclusion, the proposed scheme is

simple, stable, and effective and has higher computational
accuracy than some existing methods.
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