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For s ∈ℝ, denote by Ps
k f the “projection” of a function f inDðℝdÞ into the eigenspaces of the Dunkl Laplacian Δk corresponding to

the eigenvalue −s2: The parameter k comes from Dunkl’s theory of differential-difference operators. We shall characterize the range
of Ps

k on the space of functions f ∈DðℝdÞ supported inside the closed ball BðO, RÞ: As an application, we provide a spectral version
of the Paley-Wiener theorem for the Dunkl transform.

1. Introduction

Analysis of the Dunkl Laplacian operator Δk on ℝd com-
menced in the early 90’s, inspired by numerous results in
the Euclidean setting, as well as some extensions of this to
flat symmetric spaces. Here, the parameter k comes from
Dunkl’s theory of differential-difference operators [1]. In
recent years, there have been increasing interests in the
study of problems involving the Dunkl Laplacian and have
received a lot of attention, see for instance [1–15]. The
purpose of this paper is to study a family of eigenfunc-
tions for the Dunkl Laplacian derived through the use of
the inversion formula for the Dunkl transform. Our main
result may be interpreted as a contribution to the spectral
theory of the Dunkl Laplacian.

To state our main result, we need to introduce some nota-
tion. Writing the inversion formula for the Dunkl transform
in polar coordinates, we obtain

f xð Þ =
ð∞
0
s2λk+1 f sk xð Þ ds, f ∈D ℝd

� �
, ð1Þ

where f sk are “projections” of f into the eigenspaces of
Δk corresponding to the eigenvalue −s2 (see (35)). We

may also write the projection operators f ↦ f sk as
Dunkl-convolution with a normalized Bessel function of
the first kind (see (43)). In this paper, we discuss on
DðℝdÞ how properties of f are related to properties of
the eigenfunctions f sk: Essentially, we prove a theorem
characterizing f sk for f ∈DðℝdÞ with supp ð f Þ ⊂ BðO, RÞ,
involving analytic continuation to s ∈ℂ and growth
estimates of type, for all N ∈ℕ and for all multi-index
m ∈ℕd ,

∣∂mx f
s
k xð Þ∣ ≤ Ck,m,N ∥x∥ð Þ 1+∣s ∣ð Þ−Ne R+∥x∥ð Þ Im sj j, x ∈ℝd , ð2Þ

where Ck,m,N is a positive continuous increasing function
on ℝ+ (see Theorem 9). Several contributions have been
dedicated to this subject, see for instance [16–22].

As an application of the main result, we prove a
spectral version of the complex Paley-Wiener theorem
for the Dunkl transform Fk given in [23]. More pre-
cisely, we characterize the set of functions φðs, ηÞ defined
on ℝ × Sd−1 for which there exists a compactly sup-
ported smooth function f with support in BðO, RÞ so
that φðs, ηÞ =Fkð f ÞðsηÞ (see Theorem 10).

Hindawi
Journal of Function Spaces
Volume 2020, Article ID 7803719, 10 pages
https://doi.org/10.1155/2020/7803719

https://orcid.org/0000-0002-9077-4629
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2020/7803719


2. Background

For x, y ∈ℝd , we let hx, yi denote the usual Euclidean inner
product of ℝd and ∥x∥≔

ffiffiffiffiffiffiffiffiffiffiffihx, xip
the Euclidean norm. Let

Sd−1 be the unit sphere in ℝd:We denote by dσ as the Lebes-
gue surface measure on Sd−1:

For a nonzero vector α ∈ℝd define the reflection rα by

rα xð Þ≔ x − 2 α, xh i/∥α∥2� �
α, x ∈ℝd: ð3Þ

A root system is a finite set R of nonzero vectors in ℝd

such that α, β ∈R implies rαðβÞ ∈R: If, in addition, α, β ∈
R and α = cβ for some scalar c implies c = ±1, then R is
called reduced. Henceforth, we will assume that R is a
reduced root system. Fix a set of positive roots R+, so that
R =R+ ∪ ð−R+Þ:

The finite reflection group G generated by the root sys-
tem R is the subgroup of the orthogonal group OðdÞ gener-
ated by the reflections frα : α ∈R+g:

For a given root system R, a multiplicity function
k : R⟶ℝ+ ; α↦ kα is a nonnegative G-invariant function.

Given a reduced root system R on ℝd and a multiplicity
function k = ðkαÞα∈R, we define the weight function ϑk by

ϑk xð Þ≔
Y
α∈R+

α, xh ij j2kα , x ∈ℝd: ð4Þ

Then, ϑk is a positively homogeneous G-invariant func-
tion of degree 2hki, where

kh i≔ 〠
α∈R+

kα: ð5Þ

The main ingredient of the Dunkl theory is a family
of commuting first-order differential-difference operators,
TξðkÞ (called the Dunkl operators [1]), defined by

Tξ kð Þf xð Þ≔ ∂ξ f xð Þ + 〠
α∈R+

kα f xð Þ − f rαxð Þð Þ/ α, xh if g α, ξh i, ξ ∈ℝd ,

ð6Þ

where ∂ξ is the ordinary partial derivative with respect to
ξ: The Dunkl operators are akin to the partial derivatives
and they can be used to define the Dunkl Laplacian Δk,
which plays the role similar to that of the ordinary Lapla-
cian Δ,

Δk f xð Þ≔ 〠
d

i=1
Tξi

kð Þ2 f xð Þ = Δf xð Þ + 2 〠
α∈R+

kα ∇f xð Þ, αh i/ α, xh if g

− 〠
α∈R+

kα f xð Þ − f rαxð Þð Þ/ α, xh i2� �
∥α∥2,

ð7Þ

where fξ1,⋯, ξdg is an orthonormal basis of ðℝd , h·, · iÞ:
The above explicit expression of Δk has been proved in
[24].

For arbitrary finite reflection group G, and for any non-
negative multiplicity function k, there is a unique linear oper-
ator Vk on the space of algebraic polynomials on ℝd that
intertwines between the Dunkl operators and the partial
derivatives,

Tξ kð ÞVk =Vk∂ξ,∀ξ ∈ℝd , Vk1 = 1: ð8Þ

It has been proved in [25] that Vk has a Laplace type rep-
resentation which allows to extend Vk to larger function
spaces:

Vkf xð Þ =
ð
ℝd

f ξð Þdμkx ξð Þ, ð9Þ

with a unique probability measure μkx ∈M
1ðℝdÞ: In fact,

Vk induces a homeomorphism of CðℝdÞ and also that of
C∞ðℝdÞ ; see [23, 26].

For x, y ∈ℝd , define

Ek x, yð Þ≔ Vk e ·,yh i
� �

xð Þ: ð10Þ

For fixed y, the function Ekð·, yÞ is the unique real-
analytic solution of TξðkÞf ðxÞ = hy, ξif ðxÞ with f ð0Þ = 1
(see [13, 27]). Further, the (Dunkl) kernel Ek has a unique
holomorphic extension toℂd ×ℂd and satisfies the following
properties:

Fact 1 (see, for instance, [11, 25]).

(1) For all z,w ∈ℂd and λ ∈ℂ, we have Ekðz,wÞ = Ek
ðw, zÞ and Ekðλz,wÞ = Ekðz, λwÞ:

(2) For every multi-index m ∈ℕd , we have

∣∂mz Ek x, zð Þ∣ ≤ ∥x∥∣m∣ e∥x∥∥ Re z∥, ð11Þ

where ∣m ∣ =m1 +⋯ +md: In particular, ∣Ekðx, iyÞ ∣ ≤1 for
all x, y ∈ℝd:

For f ∈ L1ðℝd , ϑkðxÞdxÞ, the Dunkl transform is defined
by

Fk f ξð Þ≔ c−1k

ð
ℝd

f xð ÞEk x,−iξð Þϑk xð Þdx, ξ ∈ℝd , ð12Þ

where ck is the constant

ck ≔
ð
ℝd

e−∥x∥
2/2ϑk xð Þdx: ð13Þ

The Dunkl transform was introduced in [28] where the
L2-isometry (or the Plancherel theorem) was proved, while
the main results of the L1-theory were established in [11].
In particular, it has been proved that if f and Fk f are in L1
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ðℝd , ϑkðxÞdxÞ, then for almost every x ∈ℝd ,

f xð Þ = c−1k

ð
ℝd

Fk f ξð ÞEk ξ, ixð Þϑk ξð Þdξ, ξ ∈ℝd: ð14Þ

It is worth mentioning that the Dunkl transform is a
homeomorphism of the Schwartz space SðℝdÞ: Further,
according to ([29], Proposition 5.7.8), for f ∈ L1ðℝd , ϑkðxÞd
xÞ such that f ðxÞ = f0ð∥x∥Þ with f0 : ℝ+ ⟶ℂ, we have

Fk f ξð Þ =Hλk
f0 ∥ξ∥ð Þ, ð15Þ

where

λk ≔ kh i + d − 2ð Þ/2, ð16Þ

andHα is theHankel transformof indexαonL1ðℝ+, r2α+1drÞ,
given by

Hαg sð Þ = 1/ 2αΓ α + 1ð Þð Þ
ð∞
0
g rð Þjα rsð Þr2α+1dr: ð17Þ

Here, jα is the normalized Bessel function of the first kind
defined by

jα zð Þ≔ Γ α + 1ð Þ z/2ð Þ−αJα zð Þ, where 

Jα zð Þ = z/2ð Þα 〠
∞

n=0
−1ð Þn z/2ð Þ2n� �

/ n!Γ α + n + 1ð Þf g: ð18Þ

Let y ∈ℝd be given. For f ∈ SðℝdÞ, the generalized trans-
lation operator is defined by

τy f xð Þ≔ c−1k

ð
ℝd

Fk f ξð ÞEk ix, ξð ÞEk iy, ξð Þϑk ξð Þdξ, x ∈ℝd:

ð19Þ

Fact 2 (see [26]). The translation operator has the following
properties:

(1) For all x, y ∈ℝd ,τy f ðxÞ = τx f ðyÞ:
(2) For fixed y ∈ℝd ,τy extends to a continuous linear

mapping from C∞ðℝdÞ into itself

(3) If f , g ∈ SðℝdÞ and y ∈ℝd , then

ð
ℝd

τy f xð Þg xð Þϑk xð Þdx =
ð
ℝd

f xð Þτ−yg xð Þϑk xð Þdx: ð20Þ

The generalized translation operator is used to define a
convolution structure: For f , g ∈ SðℝdÞ,

f∗kg xð Þ≔ c−1k

ð
ℝd

f yð Þτxğ yð Þϑk yð Þdy, ð21Þ

where ğðxÞ≔ gð−xÞ:We can also write the convolution ∗k as

f∗kg xð Þ = c−1k

ð
ℝd

Fk f ξð ÞFkg ξð ÞEk ix, ξð Þϑk ξð Þdξ: ð22Þ

We refer the reader to [15] for more details on the convo-
lution product ∗k: It is worth mentioning, for the distribu-
tional version of the Dunkl transform, the translation
operator and the Dunkl convolution of distributions and
properties, we refer the reader to [30].

For n ∈ℕ, let Hn
k be the space of k-harmonic polyno-

mials of degree n on ℝd ,

Hn
k = Ker Δk ∩P n ℝd

� �
, ð23Þ

where Δk is the Dunkl Laplacian and P nðℝdÞ denotes the
space of homogeneous polynomials of degree n on ℝd: The
restriction of elements in Hn

k on the unit sphere Sd−1 in ℝd

are the so-called k-spherical harmonics. We shall not distin-
guish between Yn

k ∈H
n
k and its restriction to Sd−1: The space

Hn
k has a reproducing kernel Q

n
kð·, · Þ in the sense that

f xð Þ = d−1k

ð
Sd−1

f yð ÞQn
k x, yð Þϑk yð Þdσ yð Þ,∀f ∈Hn

k ,∥x∥ ≤ 1:

ð24Þ

Here, dk is the constant

dk ≔
ð
Sd−1

ϑk xð Þdσ xð Þ = ck/ 2λkΓ λk + 1ð Þ
n o

, ð25Þ

where ck and λk are as defined in (13) and (16), respectively.
According to [31], for x, y ≠ 0, the kernelQn

k can be written as

Qn
k x, yð Þ = ∥x∥∥y∥ð Þn n + λkð Þ/λkf gVk Cλk

n ·, y/∥y∥h ið Þ
h i

x/∥x∥ð Þ,
ð26Þ

where Vk is the Dunkl intertwining operator (8), and Cα
n is

the Gegenbauer polynomial of degree n,

Cα
n xð Þ = 2αð Þn/n!

� �
2F1 −n, n + 2α, α + 1

2 ; 1 − xð Þ/2
	 


,

ð27Þ

for α > 0, with 2F1 is the Gauss hypergeometric function.
The following analogue of the Funk-Hecke formula for k

-spherical harmonics will be used later on; for the proof, the
reader is referred to [32]. Let h be a continuous function on
½−1, 1�: Then, for any Yn

k ∈H
n
k ,

1
dk

ð
Sd−1

Vk h x, ·h ið Þ½ � yð ÞYn
k yð Þϑk yð Þdσ yð Þ =Λn hð ÞYn

k xð Þ, x ∈ Sd ,

ð28Þ
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where ΛnðhÞ is a constant defined by

Λn hð Þ≔ Γ λk + 1ð Þ/ ffiffiffi
π

p
Γ λk +

1
2

	 
	 
� �
n!/ 2λkð Þn

� �
�
ð1
−1
h tð ÞCλk

n tð Þ 1 − t2
� �λk−1/2dt:

ð29Þ

We summarize some basic properties of Gegenbauer
polynomials in a way that we shall use later.

Fact 3 (see [[6] (1.2.10)], [[33], (3.32.3)]). For λ ∈ℂ such that
Re λ > 0, the following two integral formulas hold:

ð1
−1

1 − t2
� �λ−1/2

Cλ
m tð ÞCλ

n tð Þdt = λ/ n + λð Þf g
� ffiffiffi

π
p

Γ λ + 1/2ð ÞΓ 2λ + nð Þ� �
/ n!Γ λ + 1ð Þð�

� Γ 2λð ÞÞgδm,n:ð1
−1
eizt 1 − t2

� �λ−1/2
Cλ
n tð Þdt = ffiffiffi

π
p

in Γ λ + 1/2ð Þ�
� Γ 2λ + nð Þg/ n!Γ 2λð ÞΓ λ + n + 1ð Þf g z/2ð Þn jλ+n zð Þ:

ð30Þ

Let DRðℝÞe denote the space of even compactly sup-
ported smooth functions with support in ½−R, R�, where
R > 0: The Paley-Wiener theorem for the Hankel trans-
form Hα (see (17)) states that Hα maps DRðℝÞe bijec-
tively onto the space HRðℂÞe of even entire functions g
satisfying, for all N ∈ℕ,

∣g zð Þ∣ ≤ CN 1+∣z ∣ð Þ−NeR ∣Im z∣,∀z ∈ℂ, ð31Þ

for some positive constant CN ; see for instance [34].
This result has been generalized by de Jeu [23] to the

Dunkl transform. To state the (complex) Paley-Wiener theo-
rem for Fk, we introduce the following notation. For R > 0,
let HRðℂdÞ be the space of entire functions F on ℂd with
the property that for all N ∈ℕ there exists a constant CN >
0 such that

∣F zð Þ∣ ≤ CN 1+∥z∥ð Þ−NeR∥Im z∥,∀z ∈ℂd: ð32Þ

We let DRðℝdÞ denote the space of smooth compactly
supported functions with support contained in the closed ball
BðO, RÞ ⊂ℝd with radius R > 0 and the origin as center.

Fact 4 (see [23]). The Dunkl transformFk is a linear isomor-
phism between DRðℝdÞ and HRðℂdÞ, for all R > 0:

An immediate consequence of the above Paley-Wiener
theorems can be stated as follows:

Lemma 5. Let F0 ∈ C∞ðℝÞe: Then, F0ð∥ξ∥Þ =Fk f ðξÞ for
some radial function f in DRðℝdÞ if and only if F0 extends

to an entire function on ℂ satisfying the estimate

∣F0 zð Þ∣ ≤ CN 1+∣z ∣ð Þ−NeR Im zj j,∀z ∈ℂ, ð33Þ

for all N ∈ℕ:

Proof. The statement follows from the fact that Fk f ðξÞ =
Hλk

f0ð∥ξ∥Þ whenever f is a radial function with f ðxÞ = f0ð∥
x∥Þ (see (15)), together with the Paley-Wiener theorems
stated above for the Hankel and the Dunkl transforms.

3. The Range of the Spectral Projection
Associated with Δk

Recall from (12) that the Dunkl transform of f ∈DðℝdÞ is
defined by

Fk f ξð Þ = c−1k

ð
ℝd

f xð ÞEk x,−iξð Þϑk xð Þdx: ð34Þ

Using polar coordinates, the Dunkl inversion formula
(14) becomes

f xð Þ = c−1k

ð∞
0
s2λk+1

ð
Sd−1

Fk f sηð ÞEk ix, sηð Þϑk ηð Þdσ ηð Þds

=
ð∞
0
s2λk+1Ps

k f xð Þds,

ð35Þ

where

Ps
k f xð Þ≔ c−1k

ð
Sd−1

Fk f sηð ÞEk ix, sηð Þϑk ηð Þdσ ηð Þ: ð36Þ

Notice that Δx
k P

s
k f ðxÞ = −s2Ps

k f ðxÞ:
From (36), we may derive a second formula for Ps

k f :
Indeed, substituting (34) into (36), we obtain

Ps
k f xð Þ = c−2k

ð
Sd−1

ð
ℝd

f yð ÞEk −isη, yð Þϑk yð Þdy
	 


� Ek ix, sηð Þϑk ηð Þdσ ηð Þ

= c−2k

ð
ℝd

f yð Þ
ð
Sd−1

Ek η,−isyð ÞEk isx, ηð Þϑk ηð Þdσ ηð Þ
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

≔Ik x,y;sð Þ

0
BBBBB@

1
CCCCCAϑk yð Þdy:

ð37Þ

According to [[35], page 2424], the inner integral is equal
to
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Ik x, y ; sð Þ = dk 〠
∞

n=0
Γ λk + 1ð Þ/ 2nΓ λk + n + 1ð Þð Þf g2 jn+λk

s∥x∥ð Þjn+λk s∥y∥ð ÞQn
k isx,−isyð Þ,

ð38Þ

where dk is the constant (25), Qn
kð·, · Þ is the reproducing

kernel (26), and jα is the normalized Bessel function (18).
We now use the well-known addition formula for Bessel
functions (see [[36] , p. 215]): for a,b,θ ∈ℝ,

jα
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 + b2 − 2ab cos θ

p� �
= 〠

∞

n=0
n + αð Þ/αf g

� Γ α + 1ð Þ/ 2nΓ α + n + 1ð Þð Þf g2 abð Þn jn+α að Þjn+α bð ÞCα
n cos θð Þ,

ð39Þ

which converges uniformly with respect to θ ∈ℝ: Using (38)
and (26) together with the Laplace representation (9) for Vk,
we deduce that

Ik x, y ; sð Þ = dk

ð
ℝd

jλk s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∥x∥2+∥y∥2 − 2∥y∥ x, ηh i

q	 

dμy/∥y∥ ηð Þ

= dk

ð
ℝd

jλk s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∥x∥2+∥y∥2 − 2 x, ηh i

q	 

dμy ηð Þ

= dkVk jλk s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∥x∥2+∥y∥2 − 2 x, ·h i

q	 
	 

yð Þ:

ð40Þ

Define js,λkðyÞ≔ jλkðs∥y∥Þ, then, by [[35] , p. 2429], we
have

Vk jλk s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∥x∥2+∥y∥2 − 2 x, ·h i

q	 
	 

yð Þ = τy js,λk −xð Þ = τ−x js,λk yð Þ:

ð41Þ

Consequently, the eigenfunction Ps
k f can be rewritten as

Ps
k f xð Þ = dkc

−2
k

ð
ℝd

τx f yð Þjλk s∥y∥ð Þϑk yð Þdy ð42Þ

Ps
k f xð Þ = 2−λkΓ λk + 1ð Þ−1 f∗k js,λk

� �
yð Þ: ð43Þ

Above, we have used some of the properties of the gener-
alized translation operator listed in Fact 2. The following
statement lists the necessary conditions for Theorem 9.

Proposition 6. Assume that f ∈DRðℝdÞ and let Ps
k f ðxÞ

defined either by (36) or (42), with s ∈ℝ and x ∈ℝd: Then
the following hold:

(1) Ps
k f ðxÞ is a smooth function on ℝ ×ℝd

(2) Δx
k P

s
k f ðxÞ = −s2 Ps

k f ðxÞ, where the upper index x indi-
cates the relevant variable

(3) For x ∈ℝd be given, Ps
k f ðxÞ extends to an even entire

function of s ∈ℂ

(4) For every N ∈ℕ and for every multi-index m ∈ℕd ,
there exists a constant Ck,m,N > 0 such that

∣∂mx P
s
k f xð Þ∣ ≤ Ck,m,N 1+∣s ∣ð Þ−Ne R+∥x∥ð Þ ∣Im s∣,∀s ∈ℂ ð44Þ

(5) For any k-spherical harmonic Yℓ
k of degree ℓ and for

every r > 0, the map

s↦ s−2ℓ
ð
Sd−1

Ps
k f rωð ÞYℓ

k ωð Þϑk ωð Þdσ ωð Þ ð45Þ

is entire on ℂ:

Proof.

(1) In view of properties of the translation operator τx
and the normalized Bessel function jα, the first state-
ment follows from the representation (42) of Ps

k f ðxÞ:
(2) The second property is immediate from (36), since

Δx
kEkðx, isηÞ = −s2Ekðx, isηÞ:

(3) Now, by (42), the map s↦ Ps
k f is certainly extends to

an even entire function on ℂ

(4) Since f ∈DRðℝdÞ, it follows from the Paley-Wiener
theorem for the Dunkl transform that Fk f extends
to an entire function on ℂd satisfying the estimate

∣Fk f ξð Þ∣ ≤ Ck,M 1+∥ξ∥ð Þ−MeR∥Im ξ∥ ð46Þ

for all M ∈ℕ ; see Fact 4. Consequently, by (36), we obtain

∣∂mx Ps
k f xð Þ∣ ≤ Ck,M′ 1+∣s ∣ð Þ−M sj j∣m∣e R+∥x∥ð Þ ∣Im s∣ ð47Þ

for all M ∈ℕ, where we used the estimate ∣∂mx Ekðx, zÞ ∣ ≤∥z
∥∣m∣e∥x∥∥ Re z∥ for all x ∈ℝd and z ∈ℂd: This finishes the proof
of the estimate (44).

(5) Let Yℓ
k be a k-spherical harmonic of degree ℓ: By the

Fubini theorem and (37), we have

ð
Sd−1

Ps
k f rωð ÞYℓ

k ωð Þϑk ωð Þdσ ωð Þ

= c−2k

ð
ℝd

f yð Þ
ð
Sd−1

Ik rω, y ; sð ÞYℓ
k ωð Þϑk ωð Þdσ ωð Þ

	 

ϑk yð Þdy,

ð48Þ
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where Ikðrω, y ; sÞ is as in (38),

Ik rω, y ; sð Þ = dk 〠
∞

n=0
n + λkð Þ/λkf g Γ λk + 1ð Þ/ 2nΓ λk + n + 1ð Þð Þf g2

� rs2∥y∥
� �n

jn+λk rsð Þjn+λk s∥y∥ð ÞVk Cλk
n ·, y/∥y∥h ið Þ

h i
ωð Þ:

ð49Þ

We now apply the Funk-Hecke formula (28) to deduce
that ð

Sd−1
Vk Cλk

n ·, y/∥y∥h ið Þ
h i

ωð ÞYℓ
k ωð Þϑk ωð Þdσ ωð Þ

= dkΛℓ Cλk
n

� �
Yℓ
k y/∥y∥ð Þ,

ð50Þ

where, by Fact 3, we have

Λℓ Cλk
n

� �
= Γ λk + 1ð Þ/ ffiffiffi

π
p

Γ λk +
1
2

	 
	 
� �
ℓ!/ 2λkð Þℓ

� �
�
ð1
−1
Cλk
n tð ÞCλk

ℓ tð Þ 1 − t2
� �λk−1/2dt

= λk/ λk + ℓð Þf g δℓ,n:
ð51Þ

Using the above identities, it follows thatð
Sd−1

Ps
k f rωð ÞYℓ

k ωð Þϑk ωð Þdσ ωð Þ

= 1
22λk+2ℓΓ λk + ℓ + 1ð Þ2

ð
ℝd

f yð Þ rs2∥y∥
� �ℓ

jℓ+λk rsð Þjℓ+λk
s∥y∥ð ÞYℓ

k y/∥y∥ð Þϑk yð Þdy
= φℓ+λk rsð Þ

ð∞
0
φℓ+λk stð Þf ℓ tð Þt2λk+1dt,

ð52Þ

where φℓ+λkðzÞ≔ 1/ð2λk+ℓΓðλk + ℓ + 1ÞÞzℓ jℓ+λkðzÞ and

f ℓ tð Þ≔
ð
Sd−1

f tηð ÞYℓ
k ηð Þϑk ηð Þdσ ηð Þ: ð53Þ

Above, we have used the fact that dk = ck/f2λkΓðλk + 1Þg ;
see (25). In conclusion,

s−2ℓ
ð
Sd−1

Ps
k f rωð ÞYℓ

k ωð Þϑk ωð Þdσ ωð Þ

= s−ℓφℓ+λk rsð Þ
ð∞
0
s−ℓφℓ+λk stð Þf ℓ tð Þt2λk+1dt:

ð54Þ

The desired result now follows from the fact that s−ℓφℓ+λk
ðszÞ is an entire function of s ∈ℂ:

The following lemma is needed for later use.

Lemma 7.

(1) For any radial function f on ℝd with f ðxÞ = f0ð∥x∥Þ
and for any k-spherical harmonic Yℓ

k of degree ℓ, we
have

Δk f Yℓ
k

� �
= f 0″ rð Þ + 2λk + 1ð Þ/rf gf 0′ rð Þ
�
− ℓ ℓ + 2λkð Þð Þ/r2� �

f0 rð Þ
�
Yℓ
k ωð Þ:

ð55Þ

(2) Under the change of variable f ðrÞ = ðrcÞ−αuðr/cÞ, the
differential equation

f ′′ rð Þ + A/rð Þf ′ rð Þ + μ2 − B/r2
� �� �

f rð Þ = 0 ð56Þ

transforms to the Bessel equation u′′ðrÞ + ð1/rÞu′ðrÞ + ð1 −
ν2/r2ÞuðrÞ = 0 with

A = 2α + 1,
μ = c−1,
B = ν2 − α2:

ð57Þ

Proof.

(1) In the polar coordinates x = rω, the Dunkl Laplacian
operator is expressed as

Δk =
d2

dr2
+ 2λk + 1

r
d
dr

+ 1
r2
Δk,Sd−1 , ð58Þ

whereΔk,Sd−1 is the analogue of the Laplace-Beltrami operator

on the sphere Sd−1, which, in particular, has k-spherical har-
monics as eigenfunctions,

Δk,Sd−1Yℓ
k ωð Þ = −ℓ ℓ + 2λkð ÞYℓ

k ωð Þ: ð59Þ

We refer the reader to [37] for more details on Δk,Sd−1 :

(2) Obvious

Next we will list the sufficient conditions for Theorem 9.

Proposition 8. For s ∈ℝ and x ∈ℝd , let f sðxÞ be a function
satisfying the following conditions:

(1) f sðxÞ is smooth on ℝ ×ℝd

(2) f sðxÞ is an eigenfunction of the Dunkl Laplacian with
eigenvalue −s2

(3) The mapping s↦ f sðxÞ extends to an even entire func-
tion on ℂ
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(4) For every N ∈ℕ and for every multi-index m ∈ℕd ,
there exists a positive continuous increasing function
Ck,m,N on ℝ+ such that

∣∂mx f s xð Þ∣ ≤ Ck,m,N ∥x∥ð Þ 1+∣s ∣ð Þ−Ne R+∥x∥ð Þ ∣Im s∣,∀s ∈ℂ ð60Þ

(5) For every r > 0 and every k-spherical harmonic Yℓ
k of

degree ℓ, the mapping

s↦ s−2ℓ
ð
Sd−1

f s rωð ÞYℓ
k ωð Þϑk ωð Þdσ ωð Þ ð61Þ

is entire on ℂ:
Then, there exists f ∈DRðℝdÞ such that f sðxÞ = Ps

k f ðxÞ.

Proof. Define the following function

f xð Þ≔
ð∞
0
s2λk+1 f s xð Þds: ð62Þ

The estimate (60) (with m = 0) shows that the integral
converge absolutely, and therefore, by assumption (1) and
the estimate (60) again, f is smooth on ℝd:

Below, we will prove that f ðxÞ = 0 for all ∥x∥>R: Let
fYℓ,j : 1 ≤ j ≤ dim ðH ℓ

kÞg be an orthonormal basis of H ℓ
k:

By (62), we have

f ℓ,j rð Þ =
ð∞
0
s2λk+1 f s,ℓ,j rð Þds, r > 0, ð63Þ

where f ℓ,jðrÞ≔ h f ðr · Þ, Yℓ,jik and f s,ℓ,jðrÞ≔ h f sðr · Þ, Yℓ,jik
are the k-spherical harmonic coefficients of f and f s,
respectively. Here, h·, · ik stands for the inner product in
L2ðSd−1, ϑkðηÞdσðηÞÞ: To show that f ðxÞ = 0 for all ∥x∥>R, it
is enough to prove that f ℓ,jðrÞ = 0 for all r > R: By Lemma 7
(1), the fact that f s,ℓ,jðrÞYℓ,jðηÞ are eigenfunctions of Δk with

eigenvalue −s2 implies

d2

dr2
+ 2λk + 1

r
d
dr

+ s2 −
ℓ ℓ + 2λkð Þ

r2

	 
( )
f s,ℓ,j rð Þ = 0: ð64Þ

Further, by Lemma 7 (2), the solution f s,ℓ,jðrÞ of equation
(64) is in the following form:

f s,ℓ,j rð Þ = cℓ,j sð Þ rℓ jℓ+λk rsð Þ =~cℓ,j sð Þ rℓs2ℓ jℓ+λk rsð Þ, ð65Þ

where cℓ,j is a function which depends only on s, and ~cℓ,jðsÞ
≔ s−2ℓcℓ,jðsÞ: Because of the condition (5) on f sðxÞ, the map-
ping s↦~cℓ,jðsÞ extends to an entire function of s ∈ℂ:

On the other hand, it is known that the normalized Bessel
function jαðzÞ has infinitely many positive zeros 0 < ρð1Þα <

ρð2Þα <⋯: Let 0 < r0 < ρð1Þℓ+λk and define

i r0ð Þ≔ inf z∈ℂ,∣z∣=r0 jℓ+λk zð Þ
��� ���: ð66Þ

For s ∈ℂ such that ∣s ∣ >0, the identity (65) and the
assumption (4) on f sðxÞ (with m = 0) imply, for r = r0/∣s ∣ ,

∣~cℓ,j sð Þ∣ ≤ Ck,0,N
r0
sj j

	 

i r0ð Þ−1r−ℓ0 sj j−ℓ 1 + sj jð Þ−Ne R+r0

sj j
� �

Im sj j,

ð67Þ

for all N ∈ℕ: In particular, if ∣s ∣ ≥1, we have

∣~cℓ,j sð Þ∣ ≤ Ck,M,r0 1 + sj jð Þ−Me R+r0ð Þ Im sj j, ð68Þ

for allM ∈ℕ (recall that Ck,0,N is an increasing function). For
the compact domain 0 ≤ ∣s ∣ ≤1, the estimate (68) holds true
with a different constant. Moreover, by (65) and the evenness
of f sðxÞ, the map s↦~cℓ,jðsÞ is even. Applying Lemma 5, there

exists a radial function ψ ∈DR+r0ðℝd+2ℓÞ such that ~cℓ,jðsÞ =
H hki+ðd+2ℓ−2Þ/2ψ0ð∥ξ∥Þ with ∥ξ∥ = s, where ψðxÞ = ψ0ðkxkÞ
andHα is the Hankel transform. Here, we have used the fact
that the Dunkl transform of radial functions at ξ is a Hankel
transform at ∥ξ∥ (see (15)). Now, letting r0 ⟶ 0 show supp
ðψÞ ⊂ BðO, RÞ in ℝd+2ℓ:

Using again (65) and the fact that ~cℓ,jðsÞ =H hki+ðd+2ℓ−2Þ/2
ψ0ðsÞ, the integral (63) becomes

f ℓ,j rð Þ = rℓ
ð∞
0
~cℓ,j sð Þjℓ+λk rsð Þs2ℓ+2λk+1ds

= rℓ
ð∞
0
H kh i+ d+2ℓ−2ð Þ/2ψ0 sð Þjℓ+λk rsð Þs2ℓ+2λk+1ds

= rℓ
ð∞
0
Hλk+ℓψ0 sð Þjℓ+λk rsð Þs2ℓ+2λk+1ds

= 2λk+ℓΓ λk + ℓð Þrℓψ0 rð Þ:

ð69Þ

That is,

ψ xð Þ = 2− λk+ℓð ÞΓ λk + ℓð Þ−1∥x∥−ℓ f ℓ,j ∥x∥ð Þ, x ∈ℝd+2ℓ, ð70Þ

which implies that f ℓ,jð∥x∥Þ = 0 for ∥x∥>R as desired.

It will follow that f sðxÞ = Ps
k f ðxÞ with f ðxÞ = Ð∞

0 s2λk+1 f s
ðxÞds provided we prove that if a function hsðxÞ satisfies
assumptions (1)–(5) of Proposition 8 with

Ð∞
0 s2λk+1hsðxÞds

= 0, then hsðxÞ = 0 for all x ∈ℝd and s ∈ℝ: To prove so, it
suffices to show that

Ð∞
0 s2λk+1hs,ℓ,jðxÞds = 0 implies hs,ℓ,jðxÞ

= 0 for all x ∈ℝd and s ∈ℝ: However, this follows by mim-
icking the proof given above together with the injectivity of
the Hankel transform on ℝ+:

We can now state the main result of this paper by putting
the above propositions together.
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Theorem 9. Let x ∈ℝd and s ∈ℝ: There exists a smooth com-
pactly supported function f with support contained in BðO, RÞ
such that Ps

k f ðxÞ = f sðxÞ if and only if f sðxÞ satisfies the condi-
tions listed in Proposition 8.

The following statement illustrates an interesting applica-
tion of Theorem 9. We may think of it as a spectral-
reformulation of the Paley-Wiener theorem for the Dunkl
transform (see Fact 4).

Theorem 10. Let φðs, ηÞ be a smooth function on ℝ × Sd−1:

Then, φðs, ηÞ =Fk f ðsηÞ for some f ∈DRðℝdÞ if and only if
the following two conditions hold:

(1) For each η ∈ Sd−1, the map s↦ φðs, ηÞ has an entire
extension with the property that for all N ∈ℕ, there
exists a constant Ck,N > 0 such that

∣φ s, ηð Þ∣ ≤ Ck,N 1+∣s ∣ð Þ−NeR ∣Im s∣ ð71Þ

(2) For an arbitrary k-spherical harmonic Yℓ
k of degree ℓ,

the map

s↦ s−ℓ
ð
Sd−1

φ s, ηð ÞYℓ
k ηð Þϑk ηð Þdσ ηð Þ ð72Þ

has an even entire extension.

Proof. Recall from (10) the Dunkl kernel Ekðx, yÞ =Vkðeh·,yiÞ
ðxÞ: Following [38], let tVk be the transpose of the Dunkl
intertwining operator Vk which satisfies on DðℝdÞ

ð
ℝd

f xð ÞVkh xð Þϑk xð Þdx =
ð
ℝd

tVkf xð Þ h xð Þdx: ð73Þ

By [38], supp ð f Þ ⊂ BðO, RÞ if and only if supp ðtVkf Þ ⊂
BðO, RÞ:

We now proceed towards the proof of the direct part.
Assume that φðs, ηÞ =Fk f ðsηÞ for some f ∈DRðℝdÞ: Then,

φ s, ηð Þ =
ð
ℝd

f xð ÞVk e−is η,·h i
� �

xð Þϑk xð Þdx =
ð
ℝ
gη pð Þe−ispdp,

ð74Þ

where gηðpÞ≔
Ð
hη,yi=p

tVkf ðyÞdy: Since supp ð f Þ ⊂ BðO, RÞ,
it follows that gη ∈DRðℝÞ: This together with the Paley-
Wiener theorem for the Euclidean Fourier transform on ℝ
completes the proof of the property (1).

Next, we turn our attention to the property (2). For r > 0
and s ∈ℂ, we haveð

Sd−1
Ps
k f rηð ÞYℓ

k ηð Þϑk ηð Þdσ ηð Þ

= c−1k

ð
Sd−1

Yℓ
k ηð Þ

ð
Sd−1

Fk f sωð ÞEk ω, irsηð Þϑk ωð Þdσ ωð Þ
	 


� ϑk ηð Þdσ ηð Þ = c−1k

ð
Sd−1

Fk f sωð Þ

�
ð
Sd−1

Ek irsω, ηð ÞYℓ
k ηð Þϑk ηð Þdσ ηð Þ

	 

ϑk ωð Þdσ ωð Þ:

ð75Þ

Using the Funk-Hecke formula (28) to deduce thatð
Sd−1

Ek irsω, ηð ÞYℓ
k ηð Þϑk ηð Þdσ ηð Þ = dkΛℓ eirs·

� �
Yℓ
k ωð Þ, ð76Þ

where, by Fact 3,

Λn eirs·
� �

= Γ λk + 1ð Þ/ ffiffiffi
π

p
Γ λk +

1
2

	 
	 
� �

� ℓ!/ 2λkð Þℓ
� �ð1

−1
eirstCλk

ℓ tð Þ 1 − t2
� �λk−1/2dt

= Γ λk + 1ð Þ/ 2ℓΓ λk + ℓ + 1ð Þ� �� �
irsð Þℓ jℓ+λk rsð Þ:

ð77Þ

This shows thatð
Sd−1

Ps
k f rηð ÞYℓ

k ηð Þϑk ηð Þdσ ηð Þ

= 1/ 2λk+ℓΓ λk + ℓ + 1ð Þ
� �n o

irsð Þℓ jℓ+λk rsð Þ

�
ð
Sd−1

Fk f sωð ÞYℓ
k ωð Þϑk ωð Þdσ ωð Þ:

ð78Þ

That is,

s−2ℓ
ð
Sd−1

Ps
k f rηð ÞYℓ

k ηð Þϑk ηð Þdσ ηð Þ

= 1/ 2λk+ℓΓ λk + ℓ + 1ð Þ
� �n o

irð Þℓ jℓ+λk rsð Þ

� s−ℓ
ð
Sd−1

φ s, ωð ÞYℓ
k ωð Þϑk ωð Þdσ ωð Þ:

ð79Þ

Since s↦ Ps
k f and s↦ jℓ+λkðrsÞ are even, it follows that

the map s↦ s−ℓ
Ð
Sd−1 φðs, ωÞYℓ

kðωÞϑkðωÞdσðωÞ is even. The
analycity of the latter map is immediate from Preposition 6.

For the converse part, define

f s xð Þ≔ c−1k

ð
Sd−1

φ s, ηð ÞEk ix, sηð Þϑk ηð Þdσ ηð Þ, s ∈ℝ, x ∈ℝd:

ð80Þ
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By the assumptions (1) and (2) on φðs, ηÞ and (11), the
function f s satisfies the hypothesis of Theorem 9. Thus, there
exists f ∈DRðℝdÞ such that f sðxÞ = Ps

k f ðxÞ: That is,

c−1k

ð
Sd−1

φ s, ηð Þ −Fk f sηð Þf gEk ix, sηð Þϑk ηð Þdσ ηð Þ = 0, ð81Þ

which implies

c−1k

ð∞
0

ð
Sd−1

φ s, ηð Þ −Fk f sηð Þf gEk ix, sηð Þϑk ηð Þdσ ηð Þs2λk+1ds = 0:

ð82Þ

This finishes the proof of the converse part.
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