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In this paper, we obtain conditions of the inclusion relations between �-modulation spaces and Triebel–Lizorkin spaces.

1. Introduction

�e modulation space ��푠
�푝,�푞 was first introduced by Feichtinger 

[1] in 1983 by the short-time Fourier transform. modulation 
space has a close relationship with the topics of time-frequency 
analysis (see [2]), and it has been regarded as a appropriate 
space for the study of partial differential equations (see 
[3–5]).

�e �-modulation space is introduced by Gröbner [6] to 
link Besov and modulation spaces by the parameter  
0 ≤ �훼 ≤ 1. One can find some basic properties about  
�- modulation spaces in [7, 8]. Among many features of the  
�-modulation spaces, an interesting subject is the inclusion 
between �-modulation and function spaces, have been con-
cerned by many authors to this topic, see [8–11]. As applica-
tions, �-modulation spaces are quite recently applied to the 
field of partial differential equations. In [12], Misiolek and 
Yoneda proved locally ill-posedness of the Euler equations in 
the frame of �-modulation spaces. Furthermore, Han and 
Wang [13] proved a global well-posedness for the nonlinear 
Schrödinger equations on �-modulation spaces, and also in 
[14] studied the Cauchy problem for the derivative nonlinear 
Schrödinger equation on �-modulation spaces.

Remark 1. Modulation spaces are special �-modulation 
spaces in the case �훼 = 0, so our theorems also works well in 
the special case �훼 = 0.

In this research, we are interested in studying the inclusion 
relations between �-modulation spaces ��푠,�훼

�푝,�푞 and Triebel–
Lizorkin spaces ��푝,�푟 for �푝 ≤ 1, which greatly improve and extend 

the results for the inclusion relations between local Hardy 
spaces and �-modulation spaces obtained by Kato in [10].

2. Preliminaries

�e notation �푋 ≲ �푌 denotes the statement that �푋 ≤ �퐶�푌 with 
a positive constant � that may depend on �푛, �훼, �푝, �푞, �푠, �푟. �e 
notation �푋 ∼ �푌 means the statement �푋 ≲ �푌 ≲ �푋, and the 
 notation �푋 ≃ �푌 stands for �푋 = �퐶�푌. For a multi-index 
�푘 = (�푘1, �푘2, ..., �푘�푛) ∈ ℤ�푛, we denote |�푘|∞ := max�푖=1,2,...,�푛

�儨�儨�儨�儨�푘�푖
�儨�儨�儨�儨, 

|�푘| = �儨�儨�儨�儨�푘1
�儨�儨�儨�儨 + ⋅ ⋅ ⋅ + �儨�儨�儨�儨�푘�푛

�儨�儨�儨�儨 and < �푘 >:= (1 + |�푘|2)1/2.
Let �푆 := �푆(ℝ�) be the Schwartz space and �푆� := �푆�(R�) be 

the space of tempered distributions. We define the Fourier 
transform F� and the inverse Fourier transform F−1� of 
�푓 ∈ �푆(ℝ�) by

We give some definitions and properties of sequences.

Definition 2. Let 0 < �푝, �푞 ≤ ∞, �푠 ∈ R, �훼 ∈ [0, 1). Let {�푎�푘}�푘∈ℤ� 
be a sequence, we denote its ℓ�푠,�훼�푝  (quasi-) norm

(1)F�푓(�휉) =�̂푓(�휉) = ∫
R

�
�푓(�푥)�푒−2�휋�푖�푥.�휉�푑�푥 and

F
−1�푓(�푥) =�̂푓(−�푥) = ∫

R
�
�푓(�휉)�푒2�휋�푖�푥.�휉�푑�휉.

(2)

�儩�儩�儩�儩{�푎�푘}�儩�儩�儩�儩ℓ�푠,�훼�푝 = {{{{{
( ∑

�푘∈ℤ�푛

�儨�儨�儨�儨�푎�푘�儨�儨�儨�儨�푝⟨�푘⟩�푠�푝/1−�훼)
1/�푝

; 0 < �푝 < ∞,

sup�푘∈ℤ�푛
�儨�儨�儨�儨�푎�푘�儨�儨�儨�儨⟨�푘⟩�푠/1−�훼; �푝 = ∞,
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and let ℓ�푠,�훼�푝  be the (quasi-) Banach space of sequences whose 
ℓ�푠,�훼�푝  (quasi-) norm is finite.

Let {��푗}�푗∈ℕ be a sequence, we denote its ℓ�푠,1�푝  (quasi-) norm

and let ℓ�푠,1�푝  be the (quasi-) Banach space of sequences whose 
ℓ�푠,1�푝  (quasi-) norm is finite.

Let {��푘}�푘∈ℤ� be a sequence, we denote its ℓ�푠,0�푝  (quasi-) norm

and let ℓ�푠,0�푝  be the (quasi-) Banach space of sequences whose 
ℓ�푠,0�푝  (quasi-) norm is finite.

We recall some embedding lemmas about sequences 
defined above.

Lemma 3 (sharpness of embedding, for uniform decompo-
sition). Suppose 0 < �푝, �푞 ≤ ∞, �푠1, �푠2 ∈ ℝ. �en

holds if and only if

Lemma 4 (sharpness of embedding, for dyadic decomposi-
tion). Suppose 0 < �푝, �푞 ≤ ∞, �푠1, �푠2 ∈ ℝ. �en.

holds if and only if

Lemma 5 (sharpness of embedding, for �-decomposition). 
Suppose 0 < �푝, �푞 ≤ ∞, �푠1, �푠2 ∈ ℝ, �훼 ∈ [0, 1). �en

holds if and only if

We recall some definitions of the function spaces treated in 
this paper.

Suppose that �푐 > 0 and �퐶 > 0 are two appropriate con-
stants, which relate to the space dimension �, and a Schwartz 
functions sequence {��훼�푘 }�푘∈ℤ� satisfies

(3)
�儩�儩�儩�儩�儩{�푏�푗}�儩�儩�儩�儩�儩ℓ�푠,1�푝 = {{{{{

( ∑
�푗∈ℕ0

�儨�儨�儨�儨�儨�푏�푗�儨�儨�儨�儨�儨�푝2�푗�푠�푝)
1/�푝

; 0 < �푝 < ∞,
sup�푗∈ℕ0

�儨�儨�儨�儨�儨�푏�푗�儨�儨�儨�儨�儨2�푗�푠; �푝 = ∞,

(4)

�儩�儩�儩�儩{�푐�푘}�儩�儩�儩�儩ℓ�푠,0�푝 = {{{{{
( ∑

�푘∈Z�푛

�儨�儨�儨�儨�푐�푘�儨�儨�儨�儨�푝⟨�푘⟩�푠�푝)
1/�푝

; 0 < �푝 < ∞,

sup�푘∈Z�푛
�儨�儨�儨�儨�푐�푘�儨�儨�儨�儨⟨�푘⟩�푠; �푝 = ∞,

(5)ℓ�푠1 ,0�푝 ⊂ ℓ�푠2 ,0�푞 ,

(6){ �푠2 ≤ �푠1,
1
�푞 + �푠2

�푛 < 1
�푝 + �푠1

�푛 , or { �푠1 = �푠2,
�푝 = �푞.

(7)ℓ�푠1 ,1�푝 ⊂ ℓ�푠2 ,1�푞 ,

(8)�푠2 < �푠1 or { �푠1 = �푠2,
1
�푞 ≤ 1

�푝 .

(9)ℓ�푠1 ,�훼�푝 ⊂ ℓ�푠2 ,�훼�푞 ,

(10)
1 − �훼
�푞 + �푠2

�푛 < 1 − �훼
�푝 + �푠1

�푛 or { �푠1 = �푠2,
1
�푞 ≤ 1

�푝 .

�en {��훼�푘 }�푘∈ℤ� constitutes a smooth decomposition of ℝ�. �e 
frequency decomposition operators associated with the above 
function sequence are defined by

for �푘 ∈ ℤ�. Let 0 < �푝, �푞 ≤ ∞, �푠 ∈ R, and �훼 ∈ [0, 1). �en the  
�-modulation space associated with the above decomposition 
is defined by

with the usual modifications when �푞 = ∞. For simplicity, we 
denote �푀�푠

�푝,�푞 = �푀�푠,0
�푝,�푞,�푀�푝,�푞 = �푀0,0

�푝,�푞, and �휂�푘(�휉) = �휂0�푘(�휉).

Remark 6. We recall that the above definition is independent 
of the choice of exact ��� (see [8], proposition 2.3). Also, 
for sufficiently small �훿 > 0, one can construct a function 
sequence {��훼�푘 }�푘∈ℤ� such that �휂�� (�휉)=1 and �휂�� (�휉)�휂�ℓ (�휉) = 0 
if �푘 ̸= ℓ, when � lies in the ball �퐵(⟨�푘⟩�훼/1−�훼�푘, ⟨�푘⟩�훼/1−�훼�훿)  
(see [15, 9, Appendix A]).

To define the Bosov spaces and Triebel–Lizorkin spaces, 
we introduce the dyadic decomposition of ℝ�. Let �휑(�휉) be a 
smooth bump function supported in the ball {�휉 : |�휉| < (3/2)} 
and be equal to 1 on the ball {�휉 : |�휉| ≤ (4/3)}. For integers 
�푗 ∈ ℕ, we define the Littewood–Paley operators

Let 0 < �푝, �푞 ≤ ∞ and �푠 ∈ ℝ. �en the Besov spaces is defined 
by

Let 0 < �푝 < ∞, 0 < �푟 ≤ ∞, and �푠 ∈ ℝ. �en the  
Triebel–Lizorkin spaces is defined by

(11)

{{{{{{
{{{{{{
{

�儨�儨�儨�儨�휂�훼�푘 (�휉)
�儨�儨�儨�儨 ≥ 1, �푖�푓�儨�儨�儨�儨�儨�휉 − ⟨�푘⟩�훼/1−�훼�푘�儨�儨�儨�儨�儨 < �푐⟨�푘⟩�훼/1−�훼;

supp �휂�훼�푘 ⊂ {�휉 : �儨�儨�儨�儨�儨�휉 − ⟨�푘⟩�훼/1−�훼�푘�儨�儨�儨�儨�儨 < C⟨�푘⟩�훼/1−�훼};
∑
�푘∈Z�

�휂�훼�푘 (�휉) ≡ 1, ∀�휉 ∈ R
�푛;

�儨�儨�儨�儨�儨�퐷
�훿�휂�훼�푘 (�휉)

�儨�儨�儨�儨�儨 ≲ ⟨�푘⟩−(�훼|�훿|/1−�훼), ∀�휉 ∈ R
�푛, �훿 ∈ (Z+ ⋃ {0})�푛.

(12)✷
�훼
�푘 := F

−1�휂�훼�푘F,

(13)

�푀�푠,�훼
�푝,�푞(R�푛) = {�푓 ∈ �푆�耠(R�푛) : �儩�儩�儩�儩�푓�儩�儩�儩�儩�푀�푠,�훼

�푝,�푞(R�푛)
= ( ∑

�푘∈Z�푛
⟨�푘⟩�푠�푞/1−�훼�儩�儩�儩�儩✷�훼

�푘�푓�儩�儩�儩�儩�푞�퐿�푝
)

1/�푞

< ∞}}},

(14)Δ̂ �푗�푓 = (�휑(2−�푗�휉) − �휑(2−�푗+1�휉))�푓(�휉),

(15)Δ̂ 0�푓 = �휑(�휉)�푓(�휉).

(16)

�퐵�푠
�푝,�푞(R�푛)
= {{{

�푓 ∈ �푆�耠(R�푛) : �儩�儩�儩�儩�푓�儩�儩�儩�儩�퐵�푠
�푝,�푞
= (∞∑

�푗=0
2�푗�푠�푞�儩�儩�儩�儩�儩Δ �푗�푓�儩�儩�儩�儩�儩�푞�퐿�푝

)
1/�푞

< ∞}}}
.

(17)

�퐹�푠
�푝,�푟(R�푛)

=
{
{{�푓 ∈ �푆�耠(R�푛) : �儩�儩�儩�儩�푓�儩�儩�儩�儩�퐹�푠

�푝,�푟
=
�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩(

∞∑
�푗=0

2�푗�푠�푟�儨�儨�儨�儨�儨Δ �푗�푓
�儨�儨�儨�儨�儨�푟)

1/�푟�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�퐿�푝

< ∞
}}}.
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Let ℚ� be the collection of all cubes �v� in ℝ� with sides parallel 
to the axes, centered at 2−v�푘, and with side length 2−v, where 
� ∈ ℤ� and v ∈ ℕ0.

Let � be a cube in ℝ� and �푚 > 0, then �� is the cube in 
ℝ� concentric with � and with side length � times the side 
length of �. We write (v, �푘) < (v�, �푘�) if v ≥ v� and

Let �푎 ∈ ℝ, then �푎+ = max(�푎, 0) and [�푎] stands for the largest 
integer less than or equal to �.

Definition 7 (see [16]). Let �푠 ∈ ℝ, 0 < �푝 ≤ 1 < �푟 ≤ ∞. Let � 
and � be integers with

(1)  �e (complex-valued) function �푎(�푥) is called a �-atom if

for some �푄 = �푄0,�푘 ∈ Q
�푛 and

(2)  Let �푄 = �푄v,�푘 ∈ Q
�푛. �e (complex-valued) function 

�푎(�푥) is called a (�푄, �푠, �푝, �푟)-atom if (20) is satisfied,

and

(3) �e distribution �푔 ∈ �푆� is called an (�푠, �푝, �푟)-atom if

for some v ∈ ℕ0 and �푘 ∈ ℤ�, where �푎��(�푥) is a 
(�푄��, �푠, �푝, �푟)-atom and ��� are complex numbers with

with usual modification if �푞 = ∞.

Lemma 8 (see [16]). Let �푠 ∈ ℝ, 0 < �푝 ≤ 1 < �푟 ≤ ∞. Let � 
and � be fixed integers satisfying (19). �en �푓 ∈ �푆� is an ele-
ment of ��푠

�푝,�푟 if and only if it can be represented as

where �� are �-atoms, �� are (�푠, �푝, �푟)-atoms, �� and �� are 
 complex numbers with

(18)�푄v,�푘 ⊂ 2�푄v� ,�푘� with �푄v,�푘, 2�푄v� ,�푘� ∈ Q
�푛.

(19)

�퐾 ≥ ([�푠] + 1)+and �퐿 ≥ max{[�푛( 1
�푝 − 1) − �푠], −1}.

(20)supp �푎 ⊂ 5�푄,

(21)�儨�儨�儨�儨�퐷
��푎(�푥)�儨�儨�儨�儨 ≤ 1 for |�훼| ≤ �퐾.

(22)�儨�儨�儨�儨�퐷�훼�푎(�푥)�儨�儨�儨�儨 ≤ |�푄|−(1/�푟)+(�푠/�푛)−(|�훼|/�푛) for |�훼| ≤ �퐾,

(23)∫
R

�
�푥��푎(�푥)�푑�푥 = 0 for

�儨�儨�儨�儨�훽�儨�儨�儨�儨 ≤ �퐿.

(24)�푔 = ∑
(�휇,�푙)<(v,�푘)

�푑�휇�푙�푎�휇�푙(�푥) (convergence in �퐹�푠
�푝,�푟),

(25)( ∑
(�휇,�푙)<(v,�푘)

�儨�儨�儨�儨�儨�푑�휇�푙
�儨�儨�儨�儨�儨�푟)

1/�푟

≤ �儨�儨�儨�儨�푄v,�푘
�儨�儨�儨�儨(1/�푟)−(1/�푝),

(26)�푓 =
∞
∑
�푗=1

(�휇�푗�푎�푗 + �휆�푗�푔�푗) (convergence in �푆�耠),

(27)
(∞∑

�푗=1

�儨�儨�儨�儨�儨��푗�儨�儨�儨�儨�儨�푝 + �儨�儨�儨�儨�儨��푗
�儨�儨�儨�儨�儨�푝)

1/�푝

≲ �儩�儩�儩�儩��儩�儩�儩�儩�퐹�푠
�푝,�푟
.

We also give the following lemma for inclusion relations 
between Besov and �-modulation spaces [8].

Lemma 9. Let 0 < �푝, �푞 ≤ ∞, and �푠 ∈ ℝ. �en the following 
tow statement are true:

(1)  �푀�푠,�훼
�푝,�푞 ⊂ �퐵�푝,�푞 ⇐⇒ �푠 ≥ 0 ∨ [�푛(�훼 − 1)( 1

�푝 − 1
�푞)] ∨ [�푛(�훼 − 1)

(1 − 1
�푝 − 1

�푞)].

(2)  �퐵�푝,�푞 ⊂ �푀�푠,�훼
�푝,�푞 ⇐⇒ �푠 ≤ 0 ∧ [�푛(�훼 − 1)( 1

�푝 − 1
�푞)] ∧ [�푛(�훼 − 1)

(1 − 1
�푝 − 1

�푞)].

Lemma 10 (Young’s inequality).

(1)  Let 0 < �푝 ≤ 1, �푅 > 0, supp�푓, supp�푔 ⊆ �퐵(�푥, �푅) ⊆ R
�. 

We have

 for all �푓, �푔 ∈ �푆(R�) and �푅 > 0, where � independent of 
� ∈ ℝ�.

(2)  Let 1 ≤ �푝, �푞, �푟 ≤ ∞ satisfy 1 + (1/�푞) = (1/�푝) + (1/�푟). 
�en we have 

�e following Bernstein multiplier theorem will be used in 
our proof.

Lemma 11 (Bernstein multiplier theorem). Let 0 < �푝 ≤ 1, 
��훿� ∈ �2 for |�훿| ≤ [�푛(1 − �훼)((1/�푝) − (1/2))] + 1. �en,

3. Main Results

Now, we state our main results as follows.

Theorem 12. Let 0 < �푝 ≤ 1, 0 < �푞, �푟 ≤ ∞, �푠 ∈ ℝ, and 
0 ≤ �훼 < 1. �en, �푀�푠,�훼

�푝,�푞(ℝ�푛) ⊂ �퐹�푝,�푟(ℝ�푛) holds if and only if 
either of the following conditions is satisfied.

(1)   �푝 ≥ �푞, �푠 ≥ 0, 1�푟 ≤
1
�푞;

(2)   �푝 < �푞, �푠 > �푛(1 − �훼)( 1
�푝 − 1

�푞).

Theorem 13. Let 0 < �푝 ≤ 1, 0 < �푞, �푟 ≤ ∞, �푠 ∈ ℝ, and 
0 ≤ �훼 < 1. �en, �퐹�푝,�푟(ℝ�푛) ⊂ �푀�푠,�훼

�푝,�푞(ℝ�푛) holds if and only if 
either of the following conditions is satisfied.

(1)   �푝 > �푞, �푠 < −�푛(1 − �훼)( 1
�푝 + 1

�푞 − 1);
(2)   �푝 ≤ �푞, �푠 ≤ −�푛(1 − �훼)( 1

�푝 + 1
�푞 − 1).

We prove the following two propositions used for the proof of 
the �eorem 12.

(28)
�儩�儩�儩�儩�푓 ∗ �푔�儩�儩�儩�儩�퐿�

≤ �퐶�푅�푛((1/�푝)−1)�儩�儩�儩�儩�푓�儩�儩�儩�儩�퐿�

�儩�儩�儩�儩�푔�儩�儩�儩�儩�퐿�
.

(29)
�儩�儩�儩�儩�푓 ∗ �푔�儩�儩�儩�儩��

≲ �儩�儩�儩�儩�푓
�儩�儩�儩�儩��

�儩�儩�儩�儩�푔
�儩�儩�儩�儩� �

.

(30)

�儩�儩�儩�儩�儩F
−1�푓�儩�儩�儩�儩�儩�퐿�푝

≲ ∑
|�훿|≤[�푛(1−�훼)((1/�푝)−(1/2))]+1

�儩�儩�儩�儩�儩�휕
�훿�푓�儩�儩�儩�儩�儩�퐿2

.
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Proof. Take � to be a nonzero smooth function whose Fourier 
transform has small support, such that ✷�

��푓� = �푓� and ✷�
ℓ�푓� = 0  

if �푘 ̸= ℓ, where we denote �푓�푘 = �푓((�휉 − ⟨�푘⟩�훼/(1−�훼)�푘)/⟨�푘⟩�훼/(1−�훼)). 
Denote

For a truncated (only finite nonzero items) nonnegative 
sequence {��}�∈ℤ�. We have

On the other hand,

Hence,

�us, we obtain ℓ0,�훼�푞 ⊂ ℓ0,�훼�푟 , if �0,�훼
�푝,�푞 ⊂ ��푝,�푟. ⬜

Proof of �eorem 12. We divide this proof into two parts.

Necessary. For � ≥ �, using Proposition 14 and Lemma 3 to 
deduce ℓ(�푠/1−�훼),0�푞 ⊂ ℓ0,0�푝 , which implies �푠 ≥ 0.

On the other hand, we use Proposition 15 and Lemma 5 
to deduce ℓ0,�훼�푞 ⊂ ℓ0,�훼�푟 , which implies (1/�푟) ≤ (1/�푞).

For � ≥ �, using Proposition 14 and Lemma 3 to deduce 
ℓ(�푠/1−�훼),0�푞 ⊂ ℓ0,0�푝 , which implies �푠 > �푛(1 − �훼)((1/�푝) − (1/�푞)).
Sufficiency. For � ≥ �. We have (1/�푟) ≤ (1/�푞), and then 
��푝,�푞 ⊂ ��푝,�푟. using Lemma 9, we obtain ��푠,�훼

�푝,�푞 ⊂ ��푝,�푞. �us we 
deduce that

Which is the desired conclusion.
For � < �. Use �0,�훼

�푝,�푝 ⊂ ��푝,�푝 obtained above to deduce that

for any �휀 > 0, �푟 ∈ (0,∞].
We prove the following two propositions used for the proof 

of the �eorem 13.

Proposition 16. Let 0 < �푝 < ∞, 0 < �푞, �푟 ≤ ∞, �푠 ∈ ℝ, and 
0 ≤ �훼 < 1. �en we have

(1)  �푀�푠,�훼
�푝,�푞 ⊂ �퐹�푝,�푟 ⇒ ℓ(�푛(1−�훼))/(�푞)+�푛�훼(1−(1/�푝))+�푠,1�푞 ⊂ ℓ(�푛(1−(1/�푝))),1�푝 ;

(2) �퐹�푝,�푟 ⊂ �푀�푠,�훼
�푝,�푞 ⇒ ℓ(�푛(1−(1/�푝))),1�푝 ⊂ ℓ(�푛(1−�훼))/(�푞)+�푛�훼(1−(1/�푝))+�푠,1�푞 .

(36)�퐸 = ∑
�∈ℤ�

�푎��푓�.

(37)

‖�퐸‖�퐹�푝,�푟 =
�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩( ∑

�푘∈Z�푛

�儨�儨�儨�儨�儨Δ �푗�퐸�儨�儨�儨�儨�儨�푟)
1/�푟�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�퐿�푝

∼
�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩( ∑

�푘∈Z�푛

�儨�儨�儨�儨�푎�푘�푓�푘�儨�儨�儨�儨�푟)
1/�푟�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�퐿�푝

∼
�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩( ∑

�푘∈Z�푛
�푎�푘�푟�儨�儨�儨�儨�푓�푘�儨�儨�儨�儨�푟)

1/�푟�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�퐿�푝

∼ �儩�儩�儩�儩�푎�푘�儩�儩�儩�儩ℓ0,�훼�푟
.

(38)

‖�퐸‖�푀0,�훼
�푝,�푞
= (∑

�푘∈ℤ�푛

�儩�儩�儩�儩✷�훼
�푘�퐸�儩�儩�儩�儩�푞�퐿�푝

)1/�푞 = (∑
�푘∈ℤ�푛

�儩�儩�儩�儩�푎�푘�푓�푘�儩�儩�儩�儩�푞�퐿�푝
)1/�푞

= (∑
�푘∈ℤ�푛

�푎�푘�푞�儩�儩�儩�儩�푓�儩�儩�儩�儩�푞�퐿�푝
)1/�푞 ∼ �儩�儩�儩�儩�푎�푘�儩�儩�儩�儩ℓ0,�훼�푞

.

(39)‖�퐸‖�0,�훼
�푝,�푞
∼ �儩�儩�儩�儩�푎��儩�儩�儩�儩ℓ0,�훼�푞

, ‖�퐸‖��푝,�푟 ∼ �儩�儩�儩�儩�푎��儩�儩�儩�儩ℓ0,�훼�푟
,

(40)�푀�푠,�훼
�푝,�푞 ⊂ �퐵�푝,�푞 ⊂ �퐹�푝,�푞 ⊂ �퐹�푝,�푟.

(41)�푀�푛(1−�훼)((1/�푝)−(1/�푞))+2�휀,�훼
�푝,�푞 ⊂ �푀�휀,�훼

�푝,�푝 ⊂ �퐹�휀
�푝,�푝 ⊂ �퐹�푝,�푟,

Proposition 14. Let 0 < �푝 < ∞, 0 < �푞, �푟 ≤ ∞, �푠 ∈ ℝ, and 
0 ≤ �훼 < 1. �en we have

(1)  �푀�푠,�훼
�푝,�푞 ⊂ �퐹�푝,�푟 ⇒ ℓ(�푠/1−�훼),0�푞 ⊂ ℓ0,0�푝 ;

(2)  �퐹�푝,�푟 ⊂ �푀�푠,�훼
�푝,�푞 ⇒ ℓ0,0�푝 ⊂ ℓ(�푠/1−�훼),0�푞 .

Proof. Take � to be a smooth function whose Fourier 
transform has compact small support, denote �푓� = �푓(. − �푘).  
We define

For a truncated (only finite nonzero items) nonnegative 
sequence {��푘}�푘∈ℤ�, where N is some large integer.

By the definition of �-modulation space ��푠,�훼
�푝,�푞, we have

On the other hand, we use the orthogonality of {��
� }�∈ℤ� as 

�푁 → ∞, we obtain

Hence,

�us, we obtain ℓ(�푠/1−�훼),0�푞 ⊂ ℓ0,0�푝 , if �푀�푠,�훼
�푝,�푞 ⊂ �퐹�푝,�푟 hold.

On the other hand, we obtain ℓ0,0�푝 ⊂ ℓ(�푠/1−�훼),0�푞 , if �퐹�푝,�푟 ⊂ �푀�푠,�훼
�푝,�푞 

hold. ⬜

Proposition 15. Let 0 < �푝 < ∞, 0 < �푞, �푟 ≤ ∞, �푠 ∈ ℝ and 
0 ≤ �훼 < 1. �en we have

(31)�퐻�푁 = ∑
�푘∈ℤ�

�푐�푘�푓�푁
�푘 ; �푓�푁

�푘 (�푥) = �푓�푘(�푥 − �푘�푁).

(32)

�儩�儩�儩�儩�퐻�푁
�儩�儩�儩�儩�푀�푠,�훼

�푝,�푞
=(∑

�푘∈Z�푛

����✷�훼
�푘�퐻�푁

�����푞�퐿�푝
⟨�푘⟩�푠�푞/1−�훼)

1/�푞

∼ (∑
�푘∈Z�푛

������푐�푘�푓�푁
�푘
������푞�퐿�푝

⟨�푘⟩�푠�푞/1−�훼)
1/�푞

∼ (∑
�푘∈Z�푛

�푐�푘�푞�����푓�����푞�퐿�푝
⟨�푘⟩�푠�푞/1−�훼)

1/�푞

∼ (∑
�푘∈Z�푛

�푐�푘�푞⟨�푘⟩�푠�푞/1−�훼)
1/�푞

∼ �����푐�푘����ℓ(�푠/1−�훼),0�푞 .

(33)

�儩�儩�儩�儩�퐻�푁
�儩�儩�儩�儩�퐹�푝,�푟 ∼ �儩�儩�儩�儩�퐻�푁

�儩�儩�儩�儩�퐿�푝
= (∫

R
�푛

�儨�儨�儨�儨�儨�儨�儨�儨�儨�儨�儨∑�푘∈Z�푛
�푐�푘�푓�푁

�푘

�����������
�푝�푑�푥)

1/�푝

�푁→∞�㨀→ (∫
R

�푛

∑
�푘∈Z�푛

�����푐�푘�푓�푘�����푝�푑�푥)
1/�푝

∼ (∑
�푘∈Z�푛

�푐�푝�푘 �푑�푥)
1/�푝

∼ �����푐�푘����ℓ0,0�푝
.

(34)

�儩�儩�儩�儩�퐻�푁
�儩�儩�儩�儩�푀�푠,�훼

�푝,�푞
∼ �儩�儩�儩�儩�푐�푘

�儩�儩�儩�儩ℓ(�푠/1−�훼),0�푞
, lim

�푁→∞
�儩�儩�儩�儩�퐻�푁

�儩�儩�儩�儩�퐹�푝,�푟 ∼
�儩�儩�儩�儩�푐�푘

�儩�儩�儩�儩ℓ0,0�푝
,

(35)�푀�푠,�훼
�푝,�푞 ⊂ �퐹�푝,�푟 ⇒ ℓ0,�훼�푞 ⊂ ℓ0,�훼�푟 .
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Hence,

�us, if ��푠,�훼
�푝,�푞 ⊂ ��푝,�푟, we obtain the desired inclusion

Next we prove that the inclusion ��푝,�푟 ⊂ ��푠,�훼
�푝,�푞 implies 

ℓ�푝�푛(1 − (1/�푝)), 1 ⊂ ℓ�푞(�푛(1 − �훼)/�푞) + �푛�훼(1 − (1/�푝)) + �푠 , 1. By 
the definition of �-modulation space, we obtain that

Hence,

On the other hand, by the same argument of the previous 
proof, we deduce that

�us, if ��푝,�푟 ⊂ ��푠,�훼
�푝,�푞 holds, we obtain the desired inclusion

 ⬜

Proposition 17. Let 0 < �푝 ≤ 1. We have the following 
inclusion relation:

(46)
�儩�儩�儩�儩�퐺�푁

�儩�儩�儩�儩�푀�푠,�훼
�푝,�푞
≲ �儩�儩�儩�儩�儩�푏�푗

�儩�儩�儩�儩�儩ℓ�푠+�푛�훼(1−(1/�푝))+(�푛(1−�훼)/�푞),1�푞
,

lim
�푁→∞

�儩�儩�儩�儩�퐺�푁
�儩�儩�儩�儩�퐹�푝,�푟 ∼

�儩�儩�儩�儩�儩�푏�푗
�儩�儩�儩�儩�儩ℓ�푛(1−(1/�푝)),1�푝

.

(47)ℓ�푛(1−�훼)/�푞+�푛�훼(1−(1/�푝))+�푠,1�푞 ⊂ ℓ�푛(1−(1/�푝)),1�푝 .

(48)

�儩�儩�儩�儩�퐺�푁
�儩�儩�儩�儩�푀�푠,�훼

�푝,�푞
= (∑

�푘∈Z�푛
⟨�푘⟩�푠�푞/1−�훼�儩�儩�儩�儩✷�훼

�푘g�푁
�儩�儩�儩�儩�푞�퐿�푝

)
1/�푞

≥ (∑
�푗≥�푁

∑
�푘∈�̃퐴�푗

⟨�푘⟩�푠�푞/1−�훼�푏�푞�푗�儩�儩�儩�儩�儩✷�훼
�푘g

�푁
�푗
�儩�儩�儩�儩�儩�푞�퐿�푝

)
1/�푞

= (∑
�푗≥�푁

∑
�푘∈�̃퐴�푗

�푏�푞�푗 ⟨�푘⟩�푠�푞/1−�훼�儩�儩�儩�儩�儩F−1�휂�훼�푘�儩�儩�儩�儩�儩�푞�퐿�푝
)

1/�푞

∼ (∑
�푗≥�푁

∑
�푘∈�̃퐴�푗

�푏�푞�푗 ⟨�푘⟩�푠�푞/1−�훼⟨�푘⟩(�푛�훼�푞/1−�훼)(1−(1/�푝)))
1/�푞

∼ (∑
�푗≥�푁

�儨�儨�儨�儨�儨�̃퐴�푗
�儨�儨�儨�儨�儨�푏�푞�푗⟨�푘⟩(�푞/1−�훼)[�푠+�푛�훼(1−(1/�푝))])

1/�푞

∼ (∑
�푗≥�푁

�푏�푞�푗 2�푗�푛(1−�훼).2�푗�푞[�푠+�푛�훼(1−(1/�푝))])
1/�푞

∼ (∑
�푗≥�푁

�푏�푞�푗 2�푗�푞[�푠+�푛�훼(1−(1/�푝))+(�푛(1−�훼)/�푞)])
1/�푞

∼ �儩�儩�儩�儩�儩�푏�푗�儩�儩�儩�儩�儩ℓ�푠+�푛�훼(1−(1/�푝))+(�푛(1−�훼)/�푞),1�푞
.

(49)
�儩�儩�儩�儩�퐺�푁

�儩�儩�儩�儩�푀�푠,�훼
�푝,�푞
≳ �儩�儩�儩�儩�儩�푏�푗

�儩�儩�儩�儩�儩ℓ�푠+�푛�훼(1−(1/�푝))+(�푛(1−�훼)/�푞),1�푞
.

(50)lim
�푁→∞

�儩�儩�儩�儩�퐺�푁
�儩�儩�儩�儩�퐹�푝,�푟 ∼

�儩�儩�儩�儩�儩�푏�푗
�儩�儩�儩�儩�儩ℓ�푛(1−(1/�푝)),1�푝

.

(51)ℓ�푛(1−(1/�푝)),1�푝 ⊂ ℓ(�푛(1−�훼)/�푞)+�푛�훼(1−(1/�푝))+�푠,1�푞 .

(52)�퐹�푛(1−�훼)((2/�푝)−1)
�푝,∞ ⊂ �푀0,�훼

�푝,�푞 .

Proof. Let � be a nonzero Schwartz function whose Fourier 
transform has compact support in {�휉 : 3/4 ≤ |�휉| ≤ 4/3},  
satisfying �푔(�휉) = 1 on {�휉 : 7/8 ≤ |�휉| ≤ 8/7}. Set �푔�(�휉) := �푔(�휉/2�).  
By the definition of Δ �, we have Δ ��푔� = �푔� for �푗 ≥ 0, and 
Δ ��푔� = 0 if � ̸= �. Denote

we have |�퐴 �푗| ∼
�儨�儨�儨�儨�儨 ̃�퐴 �푗

�儨�儨�儨�儨�儨 ∼ 2�푗�푛(1−�훼) for � ≥ �, where � is a 
 sufficiently large number. We define

for a truncated (only finite nonzero items) nonnegative 
sequence {��푗}

∞
�푗=0.

We first prove that the inclusion ��푠,�훼
�푝,�푞 ⊂ ��푝,�푟 implies 

ℓ(�푛(1−�훼)/�푞)+�푛�훼(1−(1/�푝))+�푠,1�푞 ⊂ ℓ�푛(1−(1/�푝)),1�푝 . By the definition of  
�-modulation space, we obtain that

On the other hand, we turn to the estimate of ������
������푝,�푟, using 

the orthogonality of {��
� } as �푁 → ∞, we obtain

(42)
̃�퐴 �푗 = {�푘 ∈ Z

�푛 : ✷�훼
�푘�푔�푗 = F

−1�휂�훼�푘}, �퐴 �푗 = {�푘 ∈ Z
�푛 : ✷�훼

�푘�푔�푗 ̸= 0},

(43)�퐺�푁 = ∑
�푗≥�푁

�푏�푗�푔�푁
�푗 ; �푔�푁

�푗 (�푥) = �푔�푗(�푥 − �푗�푁),

(44)

�儩�儩�儩�儩�퐺�푁
�儩�儩�儩�儩�푀�푠,�훼

�푝,�푞
= (∑

�푘∈Z�푛
⟨�푘⟩�푠�푞/1−�훼�儩�儩�儩�儩✷�훼

�푘�퐺�푁
�儩�儩�儩�儩�푞�퐿�푝

)
1/�푞

≲ (∑
�푗≥�푁

∑
�푘∈�퐴�푗

⟨�푘⟩�푠�푞/1−�훼�푏�푞�푗�儩�儩�儩�儩�儩✷�훼
�푘�푔�푁

�푗
�儩�儩�儩�儩�儩�푞�퐿�푝

)
1/�푞

≲ (∑
�푗≥�푁

∑
�푘∈�퐴�푗

�푏�푞�푗 ⟨�푘⟩�푠�푞/1−�훼�儩�儩�儩�儩�儩F−1�휂�훼�푘�儩�儩�儩�儩�儩�푞�퐿�푝
)

1/�푞

∼ (∑
�푗≥�푁

∑
�푘∈�퐴�푗

�푏�푞�푗 ⟨�푘⟩�푠�푞/1−�훼⟨�푘⟩(�푛�훼�푞/1−�훼)(1−(1/�푝)))
1/�푞

∼ (∑
�푗≥�푁

�儨�儨�儨�儨�儨�퐴 �푗
�儨�儨�儨�儨�儨�푏�푞�푗⟨�푘⟩�푞/1−�훼[�푠+�푛�훼(1−(1/�푝))])

1/�푞

∼ (∑
�푗≥�푁

�푏�푞�푗 2�푗�푛(1−�훼).2�푗�푞[�푠+�푛�훼(1−(1/�푝))])
1/�푞

∼ (∑
�푗≥�푁

�푏�푞�푗 2�푗�푞[�푠+�푛�훼(1−(1/�푝))+(�푛(1−�훼)/�푞)])
1/�푞

∼ �儩�儩�儩�儩�儩�푏�푗�儩�儩�儩�儩�儩ℓ�푠+�푛�훼(1−(1/�푝))+(�푛(1−�훼)/�푞),1�푞
.

(45)

�儩�儩�儩�儩�퐺�푁
�儩�儩�儩�儩�퐹�푝,�푟 =

�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩(∑
�푗∈N0

�儨�儨�儨�儨�儨Δ �푗�퐺�푁
�儨�儨�儨�儨�儨�푟)

1/�푟�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�퐿�푝

= �儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩(
∞∑
�푗=�푁

�儨�儨�儨�儨�儨�푏�푗g�푁�푗 �儨�儨�儨�儨�儨�푟)
1/�푟�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�퐿�푝

�푁→∞�㨀→ (∫
R

�푛

∞∑
�푗=�푁

�儨�儨�儨�儨�儨�푏�푗g�푗�儨�儨�儨�儨�儨�푝�푑�푥)
1/�푝

≃ ( ∞∑
�푗=�푁

�푏�푝�푗 2�푗�푛(1−(1/�푝))�푝)
1/�푝 = �儩�儩�儩�儩�儩�儩{�푏�푗}�푗≥�푁�儩�儩�儩�儩�儩�儩ℓ�푛(1−(1/�푝)),1�푝

.
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By a dilation argument, we have

�us,

By Lemma 8 we have

which is the desired conclusion. ⬜

Proof of �eorem 13. We divide this proof into two parts.

Sufficiency. For � ≥ �, by Lemma 9, we obtain 
�퐵�푝,∞ ⊂ �푀�푛(1−�훼)(1−(1/�푝)),�훼

�푝,∞ . Using ��푝,∞ ⊂ ��푝,∞, we deduce that

In addition, we have �퐹�푛(1−�훼)((2/�푝)−1)
�푝,∞ ⊂ �푀0,�훼

�푝,�푝 by Proposition 17. 
By potential li�ing, we obtain

�us, the desired conclusion can be deduced by a standard 
interpolation argument between (66) and (67).

For � < �, recalling �퐹�푝,∞ ⊂ �푀�푛(1−�훼)(1−(2/�푝)),�훼
�푝,�푝  obtained in 

Proposition 17, we deduce that

for any �휀 > 0, �푟 ∈ (0,∞].

(62)

�儩�儩�儩�儩�푔�휏
�儩�儩�儩�儩�푀0,�훼

�푝,�푞
∼ �儩�儩�儩�儩�儩F

−1�푔�휏
�儩�儩�儩�儩�儩�퐿�푝

≲ ∑
|�훿|≤[�푛(1−�훼)((1/�푝)−(1/2))]+1

�儩�儩�儩�儩�儩�휕
�훿�푔�휏

�儩�儩�儩�儩�儩�퐿2

≲ ∑
|�훿|≤[�푛(1−�훼)((1/�푝)−(1/2))]+1

�儨�儨�儨�儨�푄v�푘
�儨�儨�儨�儨
(1/2)−(1/�푝)�儨�儨�儨�儨2

−�휏�푛�儨�儨�儨�儨
(1−�훼)((2/�푝)−1)−(�훿/�푛).

(63)

�儩�儩�儩�儩�푔�휏
�儩�儩�儩�儩�푀0,�훼

�푝,�푞
∼ �儩�儩�儩�儩�儩F

−1�푔�휏
�儩�儩�儩�儩�儩�퐿�푝

≲ �儨�儨�儨�儨�푄v�푘
�儨�儨�儨�儨
(1/2)−(1/�푝)�儨�儨�儨�儨2

−�휏�푛�儨�儨�儨�儨
(1−�훼)((1/�푝)−(1/2)).

(64)

�儩�儩�儩�儩�푔
�儩�儩�儩�儩
�푝
�푀0,�훼

�푝,�푞
=
�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩
∑
�휏≤�휈

�푔�휏

�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩

�푝

�푀0,�훼
�푝,�푞

≤ ∑
�휏≤�휈

�儩�儩�儩�儩�푔�휏
�儩�儩�儩�儩�푀0,�훼

�푝,�푞

≤ �儨�儨�儨�儨�푄v�푘
�儨�儨�儨�儨
(�푝/2)−1 ∑

�휏≤�휈

�儨�儨�儨�儨2
−�휏�푛�儨�儨�儨�儨

(1−�훼)(1−(�푝/2))

≲ �儨�儨�儨�儨�푄v�푘
�儨�儨�儨�儨
(�푝/2)−1.�儨�儨�儨�儨2

−v�푛�儨�儨�儨�儨
(1−�훼)(1−(�푝/2)) ∼ 1.

(65)

�儩�儩�儩�儩�푓
�儩�儩�儩�儩�푀0,�훼

�푝,�푞
=
�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩

∞
∑
�푗=1

(�휇�푗�푎�푗 + �휆�푗�푔�푗)
�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�儩�푀0,�훼

�푝,�푞

≤ (
∞
∑
�푗=1

(�儨�儨�儨�儨�儨�휇�푗
�儨�儨�儨�儨�儨
�푝�儩�儩�儩�儩�儩�푎�푗

�儩�儩�儩�儩�儩�푀0,�훼
�푝,�푞
+ �儨�儨�儨�儨�儨�휆�푗

�儨�儨�儨�儨�儨
�푝�儩�儩�儩�儩�儩�푔�푗

�儩�儩�儩�儩�儩�푀0,�훼
�푝,�푞
))

(1/�푝)

≲ (
∞
∑
�푗=1

�儨�儨�儨�儨�儨�휇�푗
�儨�儨�儨�儨�儨
�푝 + �儨�儨�儨�儨�儨�휆�푗

�儨�儨�儨�儨�儨
�푝)

(1/�푝)
≲ �儩�儩�儩�儩�푓

�儩�儩�儩�儩�퐹�푛(1−�훼)((2/�푝)−1)
�푝,∞

,

(66)�퐹�푝,∞ ⊂ �푀�푛(1−�훼)(1−(1/�푝)),�훼
�푝,∞ .

(67)�퐹�푝,∞ ⊂ �푀�푛(1−�훼)(1−(2/�푝)),�훼
�푝,�푝 .

(68)
�퐹�푝,�푟 ⊂ �퐹�푝,∞ ⊂ �푀�푛(1−�훼)(1−(2/�푝)),�훼

�푝,�푝 ⊂ �푀�푛(1−�훼)(1−(1/�푝)−(1/�푞))−�휀,�훼
�푝,�푞 ,

Proof. We first verify

for any �푛(1 − �훼)((2/�푝) − 1)-atom �. Tack � to be an �푛(1 − �훼)
((2/�푝) − 1)-atom as in Definition 7 (with �푠 = �푛(1 − �훼)((2/�푝) − 1)). 
Observing that �퐾 ≥ [�푛(1 − �훼)((2/�푝) − 1)] + 1 ≥ [�푛(1 − �훼)
((1/�푝) − (1/2))] + 1, we have

for |�훿| ≤ [�푛(1 − �훼)((1/�푝) − (1/2))] + 1. By the Bernstein mul-
tiplier theorem, we have the following estimate of �:

Next, we turn to the estimate of an (�푠, �푝,∞)-atom for 
�퐹�푛(1−�훼)((2/�푝)−1)
�푝,∞ . By Definition 7, an (�푠, �푝,∞)-atom � can be 

represented by

for some � ∈ ℤ� and v ∈ ℕ0, where �푎��(�푥) are (�푄��, �푠, �푝,∞)-
atoms and ��� are complex numbers with

for a fixed � ≤ �, we denote

�en, � can be represented by

We now concentrate on the estimate of ��. By Definition 7, we 
have.

for |�훿| ≤ [�푛(1 − �훼)((1/�푝) − (1/2))] + 1 ≤ �퐾. Recalling 
supp �푎�� ⊂ 5�푄��, we use (60) and the almost orthogonality of 
��� to deduce that

for all |�훿| ≤ [�푛(1 − �훼)((1/�푝) − (1/2))] + 1. By the Bernstein 
multiplier theorem, we deduce that

(53)‖�푎‖�0,�훼
�푝,�푞
≲ 1,

(54)
�儨�儨�儨�儨�儨�휕

��푎�儨�儨�儨�儨�儨 ≤ 1,

(55)

‖�푎‖�푀0,�훼
�푝,�푞
∼ �儩�儩�儩�儩�儩F

−1�푎�儩�儩�儩�儩�儩�퐿�푝
≲ ∑

|�훿|≤[�푛(1−�훼)((1/�푝)−(1/2))]+1
�儩�儩�儩�儩�儩�휕

�훿�푎�儩�儩�儩�儩�儩�퐿2
≲ 1.

(56)

�푔 = ∑
(�휇,�푙)<(v,�푘)

�푑�휇�푙�푎�휇�푙(�푥)(convergence in �퐹�푛(1−�훼)((2/�푝)−1)
�푝,∞ ),

(57)sup(�휇,�푙)<(v,�푘)�儨�儨�儨�儨�儨�푑�휇�푙
�儨�儨�儨�儨�儨 ≤ �儨�儨�儨�儨�푄v�푘

�儨�儨�儨�儨−(1/�푝),

(58)�푔�휏 = ∑
(�휏,�푙)<(v,�푘)

�푑�휏�푙�푎�휏�푙(�푥).

(59)
�푔 = ∑

�휏≤�휈
�푔�휏(convergence in �퐹�푛(1−�훼)((2/�푝)−1)

�푝,∞ ).

(60)

�儨�儨�儨�儨�儨�휕�훿�푎�휏�푙
�儨�儨�儨�儨�儨 ≤ �儨�儨�儨�儨�푄�휏�푙

�儨�儨�儨�儨(1−�훼)((2/�푝)−1)−(�훿/�푛) = �儨�儨�儨�儨2−�휏�푛�儨�儨�儨�儨(1−�훼)((2/�푝)−1)−(�훿/�푛),

(61)

�儨�儨�儨�儨�儨�휕
�훿�푔�휏

�儨�儨�儨�儨�儨 =
�儨�儨�儨�儨�儨�儨�儨�儨�儨�儨

∑
(�휏,�푙)<(v,�푘)

�푑�휏�푙�휕�훿�푎�휏�푙(�푥)
�儨�儨�儨�儨�儨�儨�儨�儨�儨�儨

≲ sup(�휏,�푙)<(v,�푘)
�儨�儨�儨�儨�儨�푑�휇�푙

�儨�儨�儨�儨�儨
�儨�儨�儨�儨2

−�휏�푛�儨�儨�儨�儨
(1−�훼)((2/�푝)−1)−(�훿/�푛)

≲ �儨�儨�儨�儨�푄v�푘
�儨�儨�儨�儨
−(1/�푝)�儨�儨�儨�儨2

−�휏�푛�儨�儨�儨�儨
(1−�훼)((2/�푝)−1)−(�훿/�푛),
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[14]  J. Han and B. Wang, “α-modulation spaces (II) derivative NLS,” 
Journal of Differential Equations, vol. 267, no. 6, pp. 3646–3692, 
2019.

[15]  M. Fornasier, “Banach frames for α-modulation spaces,” Applied 
and Computational Harmonic Analysis, vol. 22, no. 2, pp. 157–175, 
2007.

[16]  H. Triebel, “Monographs in Mathematics,” �eory of function 
spaces. II, vol. 84, Birkhauser Verlag, Basel, 1992.

Necessity. We use Proposition 16 to deduce inclusion relation 
ℓ�푛(1−(1/�푝)),1�푝 ⊂ ℓ((�푛(1−�훼))/�푞)+�푛�훼(1−(1/�푝))+�푠,1�푞 . �en, Lemma 4 yields 
that �푠 ≤ −�푛(1 − �훼)((1/�푝) + (1/�푞) − 1) for � ≤ �, while the ine-
quality is strict for � > �.
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