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We study the weighted p — g-boundedness of Hardy-type operators in Morrey spaces £P*(R")
(or £PA(RY) in the one-dimensional case) for a class of almost monotonic weights. The obtained
results are applied to a similar weighted p — g-boundedness of the Riesz potential operator. The
conditions on weights, both for the Hardy and potential operators, are necessary and sufficient in
the case of power weights. In the case of more general weights, we provide separately necessary
and sufficient conditions in terms of Matuszewska-Orlicz indices of weights.

1. Introduction

The well-known Morrey spaces £P* introduced in [1] in relation to the study of partial
differential equations and presented in various books, see [2-4], were widely investigated
during the last decades, including the study of classical operators of harmonic analysis—
maximal, singular, and potential operators—in these spaces; we refer for instance to papers
[5-23], where Morrey spaces on metric measure spaces may be also found. Surprisingly,
weighted estimates of these classical operators, in fact, were not studied. Just recently, in
[24] we proved weighted p — p-estimates in Morrey spaces for Hardy operators on R! and
one-dimensional singular operators (on R! or on Carleson curves in the complex plane).

In this paper we develop an approach which allows us both to obtain weighted
p — q — estimations of Hardy-type operators and potential operators and extend them to
the multidimensional case, for the Hardy operators (related to integration over balls). Note
that, in contrast with the case of Lebesgue spaces, Hardy inequalities in Morrey norms admit
the value p = 1 for p; see Theorem 4.3. The progress in comparison with [24] is based on
the pointwise estimation of the Hardy operators we present in Sections 3.2 and 4.1. Such an
estimation is helpless in the case of Lebesgue spaces (A = 0), but proved to be effective in the



2 Journal of Function Spaces and Applications

case of Morrey spaces (0 < A < n). Roughly speaking, it is based on the simple fact that

x| P ¢ LP(A=0), but |x|*™P e P (A > 0). (1.1)

The admitted weights ¢(|]x — xo|) are generated by functions ¢(r) from the Bary-
Stechkin-type class; they may be characterized as weights continuous and positive for r €
(0, 00), with possible decay or growth at » = 0 and r = oo, which become almost increasing
or almost decreasing after the multiplication by some power. Such weights are oscillating
between two powers at the origin and infinity (with different exponents for the origin and
infinity).

We also note that the obtained estimates show that the Hardy operators (with admitted
weights) act boundedly not only in local and global Morrey spaces (see definitions in
Section 3.1), but also from a larger local Morrey space into a more narrow global Morrey
space (see Theorems 4.3 and 4.4).

The paper is organized as follows. In Section 2 we give necessary preliminaries on
some classes of weight functions. In Section 3 we prove some statements on embedding of
Morrey spaces £P4(Q) into some weighted LP(Q, 0)-spaces. In Section 4 we prove theorems
on the weighted p — g-boundedness of Hardy operators in Morrey spaces. Finally, in
Section 5 we apply the results of Section 4 to a similar weighted boundedness of potential
operators. The conditions on weights, both for the Hardy and potential operators are
necessary and sufficient in the case of power weights. In the case of more general weights,
we provide separately necessary and sufficient conditions in terms of Matuszewska-Orlicz
indices of weights.

The main results are given in Theorems 4.3, 4.4, 4.5, and 5.3 and Corollary 5.4.

2. Preliminaries on Weight Functions

2.1. Zygmund-Bary-Stechkin (ZBS) Classes and Matuszewska-Orlicz
(MO) Type Indices

2.1.1. On Classes of the Type Wy and W,

In the sequel, a nonnegative function f on [0,¢], 0 < ¢ < oo, is called almost increasing
(almost decreasing) if there exists a constant C(>1) such that f(x) < Cf(y) forall x <y (x >
y, resp.). Equivalently, a function f is almost increasing (almost decreasing) if it is equivalent
to an increasing (decreasing, resp.) function g, thatis, c; f(x) < g(x) < c2f(x),c1 > 0,¢2 > 0.

Definition 2.1. Let 0 < € < oo.
(1) By Wo = Wy ([0, €]) one denotes the class of functions ¢ continuous and positive on

(0, ] such that there exists the finite limit lim, _,o¢(x), and ¢(x) is almost increasing
on (0,€);

(2) by Wy = Wo([O, ¢]) one denotes the class of functions ¢ on [0, ¢] such that x%¢p(x) €
W, for some a = a(p) € R'.
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Definition 2.2. Let 0 < € < oo.

(1) By Wy, = W, ([€, o0]) one denotes the class of functions ¢ continuous and positive
on [¢, o0) which have the finite limit lim, _, ,¢(x), and ¢(x) is almost increasing on
[€, 0);

(2) by W, = Wm([e, o)) one denotes the class of functions ¢ € W, such x%p(x) € W,

for some a = a(yp) € RL

2.1.2. ZBS Classes and MO Indices of Weights at the Origin

In this subsection we assume that ¢ < oo.

Definition 2.3. One says that a function ¢ € W, belongs to the Zygmund class Z#, g € R, if

: "t"fﬁ) dt < c%c), x€e(0,0), 2.1)
and to the Zygmund class Z,, y € R, if
r 00 < 2D e 0,0), (2.2)
L B X7
One also denotes
o) =22, (2.3)

the latter class being also known as Bary-Stechkin-Zygmund class [25].

It is known that the property of a function is to be almost increasing or almost
decreasing after the multiplication (division) by a power function is closely related to the
notion of the so called Matuszewska-Orlicz indices. We refer to [26, 27] [28, page 20], [29-32]
for the properties of the indices of such a type. For a function ¢ € Wy, the numbers

In(limsup,, _,(¢(hx)/¢(h))) ~ lim In(limsup,, _,,(¢(hx)/¢(h)))

my) = osiljl Inx x—0 Inx
(2.4)
M(g) = sup n( lmsuph_ﬁl(;l’( x)/p(h))) _ Jim n( 1msuph_>1(;1(z’( x)/( )))
x>1

are known as the Matuszewska-Orlicz type lower and upper indices of the function ¢(r). Note
that in this definition ¢(x) needs not to be an N-function: only its behaviour at the origin is



4 Journal of Function Spaces and Applications

of importance. Observe that 0 < m(y) < M(y) < oo for ¢ € Wy and —oo < m(p) < M(p) <
oo for ¢ € Wy, and the formulas are valid

m[x*p(x)] =a+m(p), M[x"p(x)]=a+M(p), acR', (2.5)
m([p(0)]") = am(p), M([p(x)]") =aM(p), a>0, (2.6)
1 1
m<¢> =-M(y), M<¢> =-m(yp), (2.7)
m(uv) > m(u) + m(v), M(uv) < M(u) + M(v) (2.8)

for p,u,v € W().

The following statement is known see [26, Theorems 3.1, 3.2, and 3.5]. (In the
formulation of Theorem 2.4 in [26], it was supposed that § > 0,y > 0, and ¢ € W,. It is
evidently true also for ¢ € W and all B,y € R!, in view of formulas (2.5).)

Theorem 2.4. Let ¢ € Wy and B,y € R. Then

peZf = m(p) > p, ¢ €Zy = M(p) <y. (2.9)

Besides this,
m(p) = sup{é >0: (PJ(;C) is almost increasing}, (2.10)
M(p) = inf{)L >0: % is almost decreasing}, (2.11)

and for ¢ € (I)e the inequalities
c1xM@¥e < (x) < cpx™W)E (2.12)

hold with an arbitrarily small € > 0 and c¢1 = c1(€), c2 = c2(e).

2.1.3. ZBS Classes and MO Indices of Weights at Infinity

Following [14, Section 4.1] and [29, Section 2.2], we introduce the following definitions.

Definition 2.5. Let —co < a < < 00. One puts ‘Pﬁ := 7P 0 Z,, where 7P is the class of functions
¢ € W, satisfying the condition

["G) S <o, xe@on, (.13)
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and Z, is the class of functions @ € W([€, 0)) satisfying the condition

,C G)aw <cp(x),  x € (€ ), (2.14)

where ¢ = ¢(¢) > 0 does not depend on x € [¢, »0).

The indices my(¢p) and My (¢) responsible for the behavior of functions ¢ €
11’5 ([¢, o)) at infinity are introduced in the way similar to (2.4):

In[lim infy . o (¢(xh) /p(h))]

Mo (¢p) = sup
x>11 li " h)/o(h @15)
Mo, () :g{n[lmsuphﬁ?n(z(x )/p(h))] '

Properties of functions in the class ‘Pg([é,oo)) are easily derived from those of
functions in (Dz ([0, €]) because of the following equivalence:

g € Wh([£,00)) = p. € D ([0,€7]), (2.16)
where @, (t) = ¢(1/t) and ¢, = 1/£°. Direct calculation shows that

ma()=-Mp),  Mo(p)=-m(p)  e.0= (7). @1

Making use of (2.16) and (2.17), one can easily reformulate properties of functions of
the class (I)g near the origin, given in Theorem 2.4 for the case of the corresponding behavior
at infinity of functions of the class P! and obtain that

Cltmoo(({’)—f < (P(t) < CthW((PHE, t> f, 0} S Woo: (218)
Mo, () = sup{‘u € R': t#y(t) is almost increasing on [£, o) }, (2.19)
Mo, () = inf{v €R': t7¢(t) is almost decreasing on [, oo)}. (2.20)

We say that a function ¢ continuous in (0, o) is in the class Wom (R1) if its restriction to
(0,1) belongs to Wy([0,1]) and its restriction to (1, c0) belongs to W, ([1, co]). For functions
in Wy, (R1), the notation

7Pt (RY) = 2P ([0, 1) N ZP~([1,0)),  Zyy (RY) = 2 ([0,1) N2y, ([Loo)  (221)
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has an obvious meaning. In the case, where the indices coincide: ffy = fo, := 5, we will simply
write ZF(R1) and similarly for Z, (R!). We also denote

of <R1> = 7P <R1> Nz, <JR1>. (2.22)

Making use of Theorem 2.4 for CDQ([O, 1]) and relations (2.17), we easily arrive at the
following statement.

Lemma 2.6. Let ¢ € Wy(RL). Then

¢ € PP~ (R}) &= m(p) > Po, e (9) > oo,

(2.23)
¢ € Lyy, (RL) &= M(p) <y0, Mu(p) < Y-

2.2. On Classes V!

Note that we slightly changed the notation of the class introduced in the following definition,
in comparison with its notation in [32].

Definition 2.7. Let 0 < u < 1. By V%, One denotes the classes of functions ¢ nonnegative on
[0, 4], 0 < € < oo, defined by the following conditions:

o) - o) SC(P(&:;),

(2.24)
|x - y|" x}

ve . 19@ o)) sc"’(’f;),

(2.25)
|x - y|" x,

where x, y € (0,¢] and x; = max(x,y), x_ = min(x, y).

Lemma 2.8. Functions ¢ € V¥ are almost increasing on [0, €], and functions ¢ € V" are almost
decreasing on [0, £].

Proof. Let ¢ € V! and y < x. By (2.24) we have |p(x) — ¢(y)| < Cop(x)(1-y/x)" < Cop(x).
Then ¢(y) < |p(x) — ()] + ¢(x) < (C + 1)¢p(x). The case ¢ € V* is similarly treated. O

Corollary 2.9. Functions ¢ € V' have non-negative indices 0 < m(p) < M(¢p), and functions
¢ € V" have non-positive indices m(p) < M(p) < 0, the same being also valid with respect to the
indices My, (), Mo, () in the case € = oo.

Note that

vt cvy, vicVvy, O<v<u<l, (2.26)
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the classes V! being trivial for y > 1. We also have

e |J Vi =y>o0 e |J V! = y<o, (2.27)
Hel0,1] uel0,1] ’

which follows from the fact that x¥ € V1 & y>0and x¥ € V! & y <0 (see [24, Subsection
2.3, Remark 2.8]) and property (2.26).

An example of a function which is in V¥ with some p > 0, but does not belong to the
total intersection 0,1 VY is given by

(P(x) = axY + b|x — XO|ﬂ c ﬂ Vﬁ/ (228)
Hel0,p]

where xo>0andy >0, 0<f<1, a>0, b>0.

The following lemmas (see [24], Lemmas 2.10 and 2.11) show that conditions (2.24)
and (2.25) are fulfilled with gy = 1 not only for power functions but also for an essentially
larger class of functions (which in particular may oscillate between two power functions with
different exponents). Note that the information about this class in Lemmas 2.10 and 2.11 is
given in terms of increasing or decreasing functions, without the word “almost”.

Lemma 2.10. Let ¢ € W. Then

(i) ¢ € VL in the case ¢ is increasing and the function ¢(x)/x" is decreasing for some v > 0;

(i) @ € VI in the case ¢(x) is decreasing and there exists a number p > 0 such that x*¢(x) is
increasing.

Lemma 2.11. Let o € WNC((0,4]). If there exist € > 0 and v > 0 such that 0 < ¢'(x) /p(x) < v/x
for 0 < x < ¢, then ¢ € VL. If there exist € > 0 and p > 0 such that —u/x < ¢'(x)/¢p(x) < 0 for
0<x§5,thenq)eV1.

3. On Weighted Integrability of Functions in Morrey Spaces
3.1. Definitions and Belongness of Some Functions to Morrey Spaces

Let Q be an open set in R".

Definition 3.1. The Morrey spaces ﬁ”’A(Q),.Zﬁ;é(Q) 1<p <o, 0<A<n, are defined as the
space of functions f € LI (Q) such that

1 1/p
1= stp (55 S V@Y )

€Q,r>
(3.1)

1 r
= — Pd ,
=500 (5 [, troray)

respectively, where B (x,7) = B(x, 1) N Q.
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Obviously,

2LP(Q) € L0 loc(Q). (3.2)

The spaces £PA(Q), lZﬁ;i‘(Q) are known under the names of global and local Morrey
spaces; see for instance, [9, 10].
The weighted Morrey space is defined as

PV (Qw) = {f: wf € LPY(Q)}. (3.3)

Remark 3.2. As is well known, the space .£P(Q) as defined above is not necessarily embedded
into L7 (L), in the case when Q is unbounded. A typical counterexample in the case Q = R" is

f(x) = |x|4P € pAR"). (3.4)

Indeed, we have

1/p
1£1l,,, = sup lf ylI'*"dy (3.5)
P x,;r r)L B(x,r)

which is bounded (when |x| > 2r, take into account that |y| > r, and when |x| < 2r, make use
of the inclusion B(x, r) C B(0,3r)).

Lemma 3.3. Let € = diam Q < oo, u € WO(O,Z), and x, € Q. The condition

m(u) > A-n

(3.6)

is sufficient for the function f(x) = u(|x - xo|) to belong to £P*(€2),0 < A < n. In the case u(t) = tV,
the inclusion |x — xo|" € £PA(Q) with 0 < A < n holds if y > (\ — n)/p, the latter condition being
necessary, when xg is an inner point of Qorn=1and Q = (a,b),—o0 < a < b < oo.

Proof. We have

1 1/p 1 1/p
= s (5[, wlv=nbar) < s (5[ wdubas)
xeQ,r>0 \ " J B(xr) x€Qy,r>0 \ 7" J B(x,r)

(3.7)
where Q,, = {x: x + x9 € Q}. Then
1 Ve
(u)—
IFasC s () ™ ay) 39)
x€Qyr>0 \ 7™/ B(x,r)
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by (2.12). If m(u) > 0, we choose 0 < £ < m(u) and then the right-hand side of the last
inequality is bounded. So let m(u) < 0. We distinguish the cases (1) |x| > 2r and (2) |x| < 2r.
In the case (1), |y| > |x| — |x — y| > r. Therefore,

pm(u)—pe 1/p
171l < C sup <r— IB( dy >  Coup r@+n-0/p-s (3.9)
x,r

A
x€Q,r>0 r >0

which is bounded under the choice ¢ < m(u) + (n — A)/p. In the case (2), we observe that
B(x,r) C B(0,3r) and then the same estimate || f||,,» < Csup,.,r™*"=)/P=¢ follows.

In the case u(t) = tV, the proof of the “if” part follows the same lines as above with
€ = 0. To prove the “only if” part, it suffices to observe that

1/p
1 —
11,1 = sup (—rA L;( ) ly - xol”dy) > Csup r/*(m0/p, (3.10)

0<r<6 0<r<6

O

Corollary 3.4. Ifu € WO(O, ) and there exists an a < (n—A\) /p such that t*u(t) is almost increasing,
then u(|x — xo|) € £P*, x0 € Q.
To derive this corollary from Lemma 3.3, it suffices to refer to formula (2.10).

3.2. Some Weighted Estimates of Functions in Morrey Spaces

Lemma 3.5. Let 1 <p<o0,0<s<p, O§/\<n,andvel7\70([0,€]), 0< € < 0. Then

s 1/s
(o 53 o) sl 0<bze @)

z|<|y| ’U(|Z|)

where C > 0 does not depend on y and f and

r 10 /p)s g\
A(r) = <f0 o > (3.12)

under the assumption that the last integral converges.

Proof. We have

[ Vol s Lo, 019
|

2y 0(121) = ey (20
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where Bi(y) = {z : 2751 y| < |z| < 27¥|y|}. Making use of the fact that there exists a  such
that t#v(t) is almost increasing, we observe that

1 < C
ozl) = 0@ I y])’

(3.14)

Applying this in (3.13) and making use of the Holder inequality with the exponent p/s > 1,
we obtain

s w (p-k-1 n(l-s/p) s/p
f £ )] szCZ( |‘Z|1) <f |f(z)|r’dz> . (3.15)
i<yl 0(12D) = v y|) Be(y)
Hence,
s o (p-k-1 n—(n-\)s/p
[ O S e 3.16)
jzi<ty 2(120) = (@ yl) ”
It remains to prove that
e n—(n-\)s/p
& (27 yl) s
<Cl«4(lyDI"™- (3.17)
2 )

We have

vl gn=1-((n-1)/p)s J¢
f (3.18)

iJ‘Zkyl =1-((n=1)/p)s 44
0 U(t) _k:O

2-k-1)y| v(t)

Making use of the fact that #*v(t) is almost increasing with some f3, we easily obtain that

J-Iy n=1-((n=1)/p)s g o (2—k|y|)"—(("—i>/ws Ci (z—k—l |y|)"—(("—)~)/l’>s (315)
— 2 > , :

0 v(®) = vyl e o VD)

which proves (3.17). O

Corollary 3.6. Let 1 <p <o, 0<s<p, 0<A<nanda<n/s—(n-\)/p. Then

|f(t)| ° e n/s—(n-\1)/p-a 3.20
<yl |t|a dt < C|y| ”f”p,)g loc” 0< |y| < 4 < oo ( ! )
<ly

Lemma3.7. Let 1<p<o0,0<s<p, 0<A<nandve WO(R}r). Then

1/s
<f| . lv(|z|)|f(2)|5dz> <BUYDIf e ¥#0, (3.21)
Z>y
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where C > 0 does not depend on y and f and

- 1/s
B(y) = < [ | |tn-1-<<n-wv>sv(t)dt> . (3:22)
y

Proof. The proof is similar to that of Lemma 3.5. We have
[ e@lere-X[  weliels 6.23)
Iz1>[y] k=07 B(y)

where B¥(y) = {z : 2F|y| < |z| < 2K*!|y|}. Since there exists a f € R! such that t*v(t) is almost
increasing, we obtain

sd COO k+1 sd
JBk(y)v(|Z|)|f(Z)| SE Iyl)jBk(y) F(2)[dz, .

where C may depend on f, but does not depend on y and f. Applying the Holder inequality
with the exponentp/s, we get

© s/p
Sdz < C k+1 k "(1—S/P)< bg >
jlzl>|y|v<|z|)|f(z>| =<C30(2y]) (21y]) ka(y) )z

(3.25)
< .9 ~((n-2)/p)
Ckz_lov(zk*l|y|)(2k|y|)n " ps”f”p,/\;loc'
It remains to prove that
Z’U<2k+1|y|><2k|y|>rr((rlﬂ\)/r’)sS Cf t”_l_(("_’\)/p)sv(t)dt. (3.26)
=0 [yl
We have
. 0 2k+1|y
f 1N sy (1)t = Zf P
lv| k=07 2*y|
. 2k+1‘y|
> CSo(@yl) [ e
k=0 2y (3.27)

= o lyl) (21wl)

2 oyl (Hlyl)

which completes the proof. O
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Remark 3.8. The analysis of the proof shows that estimate (3.21) remains in force, if the
assumption v € Wy(R1) is replaced by the condition that 1/v € Wy(R!) and v satisfies the
doubling condition v(2t) < co(t).

Corollary 3.9. Let 1 <p <o, 0<s<p,andb< (n—-\)/p—-n/s. Then
1/s
<J <|Z|b|f(z)|> dz> <y IR\ F e Y70 (3.28)
zI>[yl ’

4. On Weighted Hardy Operators in Morrey Spaces
4.1. Pointwise Estimations
We consider the generalized Hardy operators

f(t)dt
y<|x| ' |t|)

f(t)dt

Lof () = D |

HEf(x) = x| |>f (1)

In the sequel R” with n = 1 may be read either as R! or R! with the operators
interpreted as

* f(y)
o)y Y

Hyf(x) = x* L (x) j: % dy, Hyf(x):= x“(p(x) x> 0. (4.2)

In the case ¢(t) is a power function, we also use the notation

f(y)

e BT F @R

(4.3)

jres f %

HE ) f0) = b ot 1y

and their one-dimensional versions

“ f(y)

Y+1

« e [ () . ,
HY | f(x) = 00 fo Sy, )= dy, x>0  (44)

adjusted for the half-axis R!.
Lemma4.1. Let 1 <p<ooand0< i <n
(1) Let ¢ € Wo. Then the Hardy operator H{ is defined on the space LPA(R™) or on the space
L20( )L (R™), if and only if

loc

m-1-(n-1)/p
f ——————dt < oo, (4.5)
0+ (P(t)
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and in this case

a n x| gn=1-(n=1)/p
|H(,,(x)|§ Clx| (p(|x|)J1) Tdt”f”p,)uloc. (4.6)

'

(I) Let 1/¢ € Wy or ¢ € Wy and @(2t) < Co(t). Then the Hardy operator Hy is defined on
the space £P*(R™) or on the space ﬂp’l(R"), if and only if

loc

% gn-1-(n-1)/p
J‘ ——dt< (4.7)

e 9
for every € > 0 and in this case

tn—l—(fl—)t

)/p
—dt”f”p,j\;loc' (48)

509 < Clatgx) |

Proof. (I) The “If” Part. The sufficiency of condition (4.5) and estimate (4.6) follow from (3.12)
under the choice s = 1 and v(t) = ¢(t).

The “Only If” Part. We choose a function f(x) equal to |x|“~"/? in a neighborhood of
the origin and zero beyond this neighborhood. Then f € £P* by Lemma 3.3. For this function
f, the existence of the integral H f is equivalent to condition (4.5).

(IT) The “If” part. The sufficiency of condition (4.7) and estimate (4.8) follow from (3.21)
under the choice s = 1 and v(t) = 1/t"¢(t).

The “Only If” Part. We choose a function f(x) equal to x4/P in a neighborhood of
infinity and zero beyond this neighborhood. Then f € £ by Remark 3.2. For this function
f, the existence of the integral 7 f is nothing else but condition (4.7). O

Corollary 4.2. (I) The Hardy operator H () s defined on the space LP*(R™) or on the space ,Zf(;ﬁ(R”),
ifand only if y < n/p' + X/p, and in this case

S Clxlu—(n—/\)/}” ||f||p,)L;10C' (49)

o

(1I) The Hardy operator H{ is defined on the space £LP(R™) or on the space 1fég(R"), if and only if
y > A —n/p, and in this case

< C|x|a_(n_i)/p||f”p,l; loc® (410)

e
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4.2. Weighted p — g-Estimates for Hardy Operators in Morrey Spaces

The statements of Theorem 4.3 are well known in the case of Lebesgue space A = 0 when
1 <p <n/a; see, for instance, [33, p. 6, 54]. As can be seen from the results below, inequalities
for the Hardy operators in Morrey spaces admit the case p = 1 when A > 0.

4.2.1. The Case of Power Weights

Theorem 4.3. Let 0 < A <n, O <a<n-Aand1 < p < (n-L)/a. The operator Hf‘y) (Je‘("y),

resp.) is bounded from £P(R™) or ,Efo’i”(R") to LY (R™), where 1/q=1/p — a/(n - \), if and only
ify<n/p' +A/p (y> QA —-n)/p, resp.).

Proof. The “only if” part follows from Corollary 4.2 and the “if part” from (4.9) and (4.10),
since |x|*("=V/p = |x|"=-V/r ¢ £34(R"); see Remark 3.2. O
4.2.2. The Case of General Weights

We first deal with Hardy operators on a ball B(0,#), 0 < ¢ < oo of a finite radius .

Theorem 4.4. Let 0 <A <n, 0<a<n-Aand1<p < (1-N)/a and ¢ € Wy. Then the weighted
Hardy operators HY and Hy are bounded from £P*(B(0,€)) or ,Ei;i‘(B (0,2)) to L9 (B(0, £)), where
1/q:1/p_a/(n_/\)/1f

¢ € Lijpinsp, @€V, (4.11)
respectively, or, equivalently,
A n .
M(p) < ’ + v for the operator H, (4.12)
A-n " .
m(yp) > for the operator H,. (4.13)
The conditions
A o n A n
m@)<=+—=,  M(p)>=-— (4.14)
(p) =+ ()2~

are necessary for the boundedness of the operators Hy and Hg, respectively.

Proof. By (2.10) and (2.11), the function ¢(t) /"%)~¢ is almost increasing, while ¢(t) /tM(®)*¢
is almost decreasing for every ¢ > 0. Consequently,

rmp)—¢ (P(r) rM(p)+e
Vimp)-e = () ~ 2 Mg)+e

(4.15)
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for 0 <t < r and then

dt d
C1|x|m(¢)—s+a—nI f(y() - < Hf;f(x) < CZleM((p)+£+a—nJ‘ f(]]\//l)( )]{ (4.16)
Bk |y|™* BOJ) |y

supposing that f(y) > 0. From the right-hand side inequality in (4.16) and Theorem 4.3, we
obtain that the operator Hg is bounded if M(¢) +& < 1/p+1/p’, which is satisfied under the
choice of € > 0 sufficiently small, the latter being possible by (4.12). It remains to recall that
condition (4.12) is equivalent to the assumption ¢ € Z, .1/, by Theorem 2.4. The necessity
of the condition m(p) < A/p + n/p’ follows from the left-hand side inequality in (4.16).

The case of the operator <#,, is similarly treated. O

In the case of the whole space (¢ = o), we admit that the weight ¢(|x|) may have an
“oscillation between power functions” different at the origin and infinity. Correspondingly,
the behavior at the origin and infinity is characterized by different indices m(¢), M(¢) and
Mo (), Mo (), as described in Section 2.1.3.

Theorem 4.5. Let0 <A <n, O<a<n-Aand1<p<(1-N)/aand ¢ € I’/\V/O,OO(RD. Then the
weighted Hardy operators Hy and g are bounded from LPA(R™) or ,ﬁﬁ;ﬁ(R”) to LYY (R™), 1/q =
Vp-a/(n-4),if

9 € Lajpenrp(RL)  pezP(RY), (417)

respectively, or, equivalently,

max(M(p), Mo (p)) < g + ;; for the operator HE,
(4.18)
min(m(y), me(¢)) > A ; 1 for the operator Hj.
The conditions
A n . A n
max(m(p)ma(9)) S 3+ 2, min(M(p) M) 252 @19

are necessary for the boundedness of the operators Hy and Hg, respectively.

Proof. The restriction of HZf (x) to B(0,1) is covered by Theorem 4.4, so that it suffices to
estimate ||[Hg f || z»2 (rn\B(0,1))- For |x[ > 1 we have

H(b;f(x) = C(f)|x|”‘_"(p(|x|) + |x|“‘"f (P(|x|)

dy, .
el (D) O (420)
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where C(f):fB(O,l) f()/¢(lyl)dy. By Lemma 3.5 we have [C(f)[< cl| fl,x10c f; tn-1-0=0/p gt/
¢(t), where the integral converges since ¢(t) > CtM®)*¢ with an arbitrarily small ¢ > 0 and
(n-X)/p+ M(p) <1. Then

|C(f)xa7n(P(x)| < Cxa—nJer((p)Jrs”f” (421)

p.Aloc

by (2.18). Here x®™M=(®)*¢ ¢ £44(1, 00), since a — 1 + My, () + £ < (A — 1)/ q for sufficiently
small ¢; see Remark 3.2.

To deal with the second term in (4.20), it suffices to observe that for 1 < |y| < |x| < o0
we have inequality (4.15) with m(p), M (yp) replaced by m. (), M () and then the proof
follows the same lines as in Theorem (4.4) after formula (4.16).

The operator g is considered in a similar way. O

5. Application to Potential Operators

We consider the potential operator

f(y)dy

|n—u’

I f(x) :=f O<a<mn, (5.1)

n

X —

and in Theorem 5.3 show that its weighted boundedness in Morrey spaces—in the case
of weights ¢ € V¥ U V" with y = min{1,n — a}—is a consequence of the nonweighted
boundedness due to Adams [5] and the weighted boundedness of Hardy operators provided
by Theorem 4.5.

The necessity of the boundedness of the Hardy operators for that of potential operators
is a consequence of the following simple fact, where X = X(R") and Y = Y(R") are arbitrary
Banach function spaces in the sense of Luxemburg (cf., e.g., [34]).

Lemma 5.1. Let w = w(x) be any weight function. For the boundedness of the weighted potential
operator wl*(1/w) from X to Y, it is necessary that the Hardy operators Hy, and K, are bounded
from X to Y, where wq(x) = |x| “w(x).

The proof of the sufficiency of the obtained conditions is based on the pointwise
estimate of the following lemma.

Lemma 5.2. Let w € V¥ U VY with p = min{1,n — a} be a weight and f a non-negative function.
Then the following pointwise estimate holds:

. HE f(x) + H%, f(x), if weVE,
wI“;f(x)gI“f(x)+c (5.2)
Hef(x) + HE f(x), if we V.
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Proof. We have

|n7a‘ :

ai_ a x) = X, , X, =
(o1 )= [ *ewmrtan &= 2o

We first consider the case n —a < 1. Forw € V' U V’j with y = n — a in this case, by the
definition of the classes V"%, we have

|x|a—n ’LU(|X|) , |y| < |x|/
K(x,y) <c w(|yl) when w € V™4,
a—n[ > Ixl,
|3/|_ ly| > Ix] 50
", x ly| < x|, .
K(x,y)<c a-n W(|X when w € V7,
o) |y| )y 1x,
w(|y|)

which yield

H f(x) + HY, f(x), if weVre,
<c (5.5)
H*f(x) + Hg, f(x), if we Ve,

‘(wl“% - I“>f(x)

with H#H2, = H7, | .=« and prove (5.2).
Letnown—a > 1. Wedenoten—a =m+ {n—a}, where m = [n—a] and {n—a} stands
for the fractional part of n — a. Now

weViuV cvimayyira, (5.6)

The procedure is similar to the previous case; we can first manage with the fractional part

{n—a}, treating w as a function in v vt Jike in the previous case, and then repeat a
similar procedure m times treating w as a function in V1 U V1.
For definiteness we consider the case where w € V!; the case of w € V! is similarly

treated. By the definition of the class VI"™!, we have

w(|x]) | in-a
S R
|K(x,y)| < W (5.7)
|y, ly| > [x]

(this step should be omitted when n — a is an integer), that is,

IK(x,9)] < Ka(x,y) + K-(x,9), 58)
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where

K. (x,y) = ¢ _0(xI=Iy])

w(y) -y

(5.9)
o(|y| - (n-a)
K (xy)=c—vZb)_ C2t
" = y|™  [x -yl
and 6(t) = yg: (t). We only have to take care about the kernel K, (x,y). We have
_ 0(lx| - 0(lx| -
K. (x,y) = 2 ~wlyD) [(Ix]I D, ¢ [(lel D (510
w(ly]) B B N E R EE ]
We make use of the fact that w € V! and obtain
(x| —

w(|yl) le["_“}+1|x - y|m_1 |x - y|

where again only the first term must be studied. We repeat the same procedure m — 1 times
more and finally arrive at the kernel

w(lxl)  O(xI=yl) _ " "w(x)

- -0(1x - yl), 5.12
w(ly])  |x|nadem w([y]) (Il = [y ) (5.12)

which is the kernel of the Hardy operator H,. O
We are ready for the following statement, where notation (2.22) is used.

Theorem 5.3. Let 0 <a<n 0<A<nandl<p<(n-A)/a
(i) Let p € Wom (RL) N (V! U VE) with yu =min(1, n — a). Then the condition

at+(A-n)/
peay 7 (RY), (5.13)
or equivalently
- . n A
- <min(m(p), my(p)), max(M(p), M (p)) < ’? + E, (5.14)

is sufficient for the boundedness of the potential operator (5.1) from the weighted space
LPA(RL, ) to the space L7 (R, p), where 1/g=1/p —a/(n—\).
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(ii) Let ¢ € Wy, (RL). Then the condition

a— nr+)t < mm(M((P), Moo(([))), max(m((p),mw ((P)) < n/pl i -)L/P (5.15)

is necessary for the boundedness of the potential operator (5.1) from LP*(RL, @) to L34 (RL, ).

Proof. The necessity part (ii) follows from Lemma 5.1 and Theorem 4.5.

Part (i). We have to prove the boundedness of the operator ¢I*1/¢p from £P*(RL)
to L34 (R1). Since the non-weighted £P4(Rl) — £94(R!l)-boundedness of the potential
operator I* is known [5], it suffices to show the boundedness of the operator ¢I*1/¢p — I*.
For that it remains to make use of Theorem 4.5. This completes the proof. O

Corollary5.4. Let0<A<n0<a<n-\1<p< (n-A)/a,and o(x) = |x—x0|", xo € RL. Then
the potential operator (5.1) is bounded from £P(R™,g) into L7 (R",0),1/q=1/p—a/(n-\), if
and only if

a-loyton (5.16)
p VTS '

Remark 5.5. As can be seen from the proof of Theorem 5.3, its statement remains valid under
the condition

Za+(/\fn)/p, if v € V#’

pE { e . p=min(l,n-a), (5.17)

Zn/p’-h\/p(R}-)/ if (VRS V'lj,

more general than (5.13). Correspondingly, condition (5.14) may be written in a more general
form:

max(M (p), M (p)) < z, + i, if p € VY,
p P
. (5.18)

<min(m(p), my(p)), if ¢ € VE.

o —

(Recall that min(M (¢), M (¢)) > 0in the case ¢ € V¥ and max(m(¢p), my(p)) < 0in the case
¢ € V¥; see Corollary 2.9.)
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