
Research Article
The Construction of the Dupin Cyclides in
a Smectic A Polygonal Texture

Claire Meyer, Brice Jonckheere, and Coline Penaud
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We report experimental observations with optical microscopy of the usual so-called polygonal texture. We have made simulations
of the Dupin cyclides in one small region of the sample.

1. Introduction

Many experiments on smectic A phases of liquid crystals
report on the existence of macroscopic defective textures
since the pioneer work of Friedel and Grandjean of 1910 [1].
Such a liquid crystal phase put in evidence an interconnection
between physics and mathematics as nicely illustrated in [2].
Because of the nature of the singular lines in a smectic phase,
two confocal lines (ellipse and hyperbola or two confocal
parabolas) both located in perpendicular plans, smectic
layers take the shape of Dupin cyclides in order to keep their
equidistance. Notice that other defective lines, the double
helices, exist also in the smectic A phase of a liquid crystal.
They were first reported by Williams [3] and the smectic
layers at their vicinity take the form of ruled helicoids [4]. Let
us focus in this paper on the FCD textures that we describe
here.The cover of [5] shows a nice polygonal domain, notion
first introduced by Friedel [6]. This texture is highly regular
and presents different properties. Figure 1 shows the same
kind of texture. We can distinguish two different networks
of polygons while focusing on the bottom of the substrate
(Figure 1(a)) or on the top (Figure 1(b)) for a 75 𝜇m sample
thickness.

Let us focus on a part of the ellipses network, which
appear inside the white frame (see Figure 1(a)). Figure 2(a)
shows a zoom of one part of the experimental network of
the sample and Figure 2(b) shows the simulation of the only
several ellipses: the biggest one and the other six, which are
in contact with the biggest one. One of the ellipses being

too small, we will not take this ellipse into account in what
follows. For this simulation, we first assume that the biggest
ellipse is in the plane of the top of the substrate. The six other
ellipses are drawing after the realization of a small rotation of
different angles in the plane of the bottom of the substrate.

After measuring different parameters like semimajor and
semiminor axis for the seven ellipses and the distances
between apices from the experimental observations, we try
to give an overview of how the smectic layers in such a
sample are keeping in mind that adjacent layers coming
from two different FCDs should meet continuously. We use
the Image J software, which permits us to measure directly
from the optical crossed polarizers picture the values of these
parameters and also of the different angles 𝜃

𝐹𝑖
between the

semimajor axis of each ellipse 𝑖 with respect to the biggest
one (called ellipse 0) measured from its physical focus 𝐹

0
(in

blue in Figure 2(b)). Figure 2(b) shows also that 𝜃
𝐹3
= 0. By

using one translation and a rotation matrix of angle 𝜃
𝐹𝑖
in

the plane of Figure 2 and also a size reduction
,
we were able

to find how each ellipse 𝑖 can be obtained from the biggest
one (numbered 0). What is interesting in this approach is the
fact that we only use the measurement of the position of the
physical focus 𝐹

0
of the biggest ellipse 0 and there is no need

to take into account the positions of the other physical foci
for all other ellipses 𝑖, which are less well defined already due
to their smaller size.

Before thinking about the construction of the layers, let
us begin to recall the usual description of the smectic layers
at the vicinity of two different focal lines made with an ellipse
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Figure 1: Observation with crossed polarizers optical microscope of the polygonal texture with two different focusing: (a) on the bottom of
the substrate and (b) on the top, 75 𝜇m sample thickness.

(a) (b)

Figure 2: Investigated part of the sample observed under optical crossed polarizers: (a) zoom of a part of Figure 1 and (b) simulation of seven
ellipses.

𝐸 of semimajor and semiminor axes 𝑎 and 𝑏, respectively; the
distance from the center of the ellipse to the focus is called
𝑐 = √𝑎2 − 𝑏2 and with the confocal hyperbola 𝐻. The two
lines 𝐸 and 𝐻 are in two perpendicular planes and their
equations are written as follows:

𝐸
{

{

{

𝑥 = 𝑎 cos 𝑢,
𝑦 = 𝑏 sin 𝑢,
𝑧 = 0,

𝐻
{

{

{

𝑥 = 𝑐 cosh V,
𝑦 = 0,

𝑧 = 𝑏 sinh V,

(1)

where 𝑢 ∈ [0, 2𝜋] and V ∈ [−Vmax, Vmax]; Vmax is chosen in the
locations where the hyperbola physically stops in the sample.
Here, we assume in fact that the maximum and minimal
values of V are symmetric, whereas it is usually not the case,
but it does not change our discussion here. The points where
the hyperbolae meet in a sample have been called “poles” by

Friedel [6]. The segment, which joins a point𝑀 of the ellipse
𝐸 (1) and a point 𝑃 of the hyperbola 𝐻 (1), is normal to a
Dupin cyclide (2) (see [7]). The equation of Dupin cyclides
surfaces is indeed given as follows:

→
𝑂𝑀

{{{{{{{{{

{{{{{{{{{

{

𝑥 =
𝜇 (𝑐 − 𝑎 cos 𝑢 cos V) + 𝑏2 cos 𝑢

𝑎 − 𝑐 cos 𝑢 cos V
,

𝑦 =
𝑏 sin 𝑢 (𝑎 − 𝜇 cos V)
𝑎 − 𝑐 cos 𝑢 cos V

,

𝑧 =
𝑏 sin V (𝑐 cos 𝑢 − 𝜇)
𝑎 − 𝑐 cos 𝑢 cos V

,

(2)

where 𝑢 and V correspond to the surface parameters and
each surface, that is, each Dupin cyclide, corresponds to a
fixed value of 𝜇. With derivatives calculations and the first
two fundamental forms, we find from (2) the following two
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differentmain curvature radii (see theAppendix for a detailed
calculation):

𝑅
1
=

1

𝜌
1

= 𝜀 (𝜇 − 𝑎 sec V) , (3)

𝑅
2
=

1

𝜌
2

= 𝜀 (𝜇 − 𝑐 cos 𝑢) . (4)

In the particular case where these two numbers are equal
(double root), the corresponding points are called umbilics.
The strengths of these umbilical defects (±1) are often
encountered in nematic liquid crystals with a higher velocity
for the positive one [8].

The Gaussian curvature 𝐺 (also called total curvature)
and the mean curvature can be, respectively, written as

𝐺 =
1

𝑅
1
𝑅
2

=
1

(𝜇 − 𝑎 sec V) (𝜇 − 𝑐 cos 𝑢)
,

𝐻 =
1

𝜀 (𝜇 − 𝑎sec V)
+

1

𝜀 (𝜇 − 𝑐 cos 𝑢)
.

(5)

Note that the case of a torus is simply obtained replacing 𝑐 by
zero in the expression of 𝑅

2
.

Figure 3 illustrates one smectic layer for a Toroidal Focal
Conic Domain (TFCD) (Figure 3(a)) and for a Focal Conic
Domain (Figure 3(b)). The FCD is made by an ellipse and a
hyperbola whereas the TFCD corresponds to the case where
the ellipse is degenerated to a circle and the hyperbola to a
straight line.The equations of the twodifferent sets of singular
lines are given in (1) for the ellipse and the confocal hyperbola
and in (6) for the circle and the straight line going through the
center of the circle:

𝑥 = 𝑎 cos 𝑢, 𝑦 = 𝑎 sin 𝑢, 𝑧 = 0,

𝑥 = 0, 𝑦 = 0, 𝑧 = V,
(6)

where V varies from Vmin to Vmax.
Taking any point𝑀 of the surface, two different perpen-

dicular plans in 𝑀 contain the normal at 𝑀 to the surface.
These two plans intersect the surface into two different
curvature lines, which are circles for both surfaces (torus
and Dupin cyclides). These two circles of radii 𝑅

1
and 𝑅

2
,

respectively, are represented in green in Figure 3.
Applying (3) and (4), we obtain the different main

curvatures values taking V = 0 and 𝑢 = 0 corresponding to
the chosen point𝑀, for the torus:

𝑅
1
(torus) = 𝜇 − 𝑎/ cos V = 𝜇 − 𝑎 = 4 − 5 = −1 and

𝑅
2
(torus) = 𝜇 − 𝑐 cos 𝑢 = 𝜇 − 𝑐 = 4 − 0 = 4,

and for the Dupin cyclide:

𝑅
1
(cyclide) = 𝜇 − 𝑎/ cos V = 𝜇 − 𝑎 = 4 − 5 = −1 and

𝑅
2
(cyclide) = 𝜇−𝑐 cos 𝑢 = 𝜇−𝑐 = 4−3 = 1 (note that

the two main curvature lines being circles, which are
planar curves, the main curvature radii of these lines
can be positive or negative).

By the way, let us mention that the mean curvature𝐻 for the
Dupin cyclide is equal to 0.

M

n

(a)

M n

(b)
Figure 3: Two different main curvature radii for two surfaces: a
torus and a Dupin cyclide, both characterized by the same value of
𝜇 (𝜇 = 4 for the drawing). For the figure, 𝑎 = 5 and 𝑏 = 4. The two
circles correspond to the curvature lines (in green) of radii 𝑅

1
and

𝑅
2
, respectively, at any point𝑀 of each surface; (a) 𝑅

1
(torus) = −1

and 𝑅
2
(torus) = 4 and (b) 𝑅

1
(cyclide) = −1 and 𝑅

2
(cyclide) = 1.

From (4), we see that the Gaussian curvature at 𝑀 is
negative for the two surfaces. Also, we can remark that one of
the main curvature lines is mingled with the generator circle
of the torus but the secondmain curvature line is notmingled
with the director circle represented in blue in Figure 3(a) [9].

Now, in order to build our layered system for the polyg-
onal texture, we have to keep in mind that a focal domain
possesses boundaries. The hyperbola stops in two poles and
therefore two different cones exist even if only one cone
whose apex is on the pole has been represented in Figure 4.
Several layers existing inside the area defined by this cone
have been drawn and one can distinguish the three different
kinds of layers (type 1 when the Dupin cyclides are singular
on the ellipse, type 3 when the Dupin cyclides are singular
on the hyperbola, and type 2 when the Dupin cyclides do not
meet the singular lines) [9].

For all the ellipses visible in the polygonal texture, we have
to build the layers inside the different FCDs. One additional
law named the law of corresponding cones is important [7].
The different ellipses are in contact one to each other in one
point and at this point the generators of the cones associated
with the two adjacent FCDs are the same. In our tiling, we
have made the simulation of the different ellipses making
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(a) (b)
Figure 4: Several layers have been represented including inside Focal Conic Domains: (a) isolated FCD and (b) law of corresponding cones
for two adjacent FCDs.

Figure 5: Representation of the top view of the seven ellipses
and their confocal hyperbolae, which merge towards a small space
region.

the hypothesis that they are all in contact, and after finding
a semiempirical approach consisting of two steps, rotation
and translation and size reduction of the bigger ellipse and
then the direct measurement of the sizes of the ellipses via
the software ImageJ, we obtain the tiling of ellipses with their
confocal hyperbolae of Figure 5. Because we know how each
ellipse 𝑖 is built from ellipse 0 using a translation, a rotation,
and a size reduction, we can build the Dupin cyclides for all
the ellipses using exactly the same transformations but in the
3D space.The hyperbolae have tomeet all in one point but the
simulations do not give enough precision to be able to find a
single point; they converge towards a zone larger than a point
even if it is not visible with the top view of Figure 5.

Now, we represent the different FCD associated with six
ellipses and their confocal hyperbolae: one of the ellipses
being too small (the yellow one). This yields to Figure 6
where a tiling has beenmade usingMathematica 8.0.The first
remark is that the quasi-continuity of the layers is realized

so that we are able to go continuously from one layer to the
adjacent one. To ensure the continuity of the layers, we have to
write (3) for two adjacent layers: one belonging to the layers of
the FCD0 (relative to ellipse 0) and the other layer belonging
to the layers of the FCD5 (relative to ellipse 5). One of the
two radii of curvature is positive whereas the adjacent one is
negative so that we get the following:

(𝜇
0
− 𝑎
0
sec V) = − (𝜇

5
− 𝑎
5
sec V) . (7)

We therefore obtain the value of sec V then the value of V
for all the different locations where cyclides of adjacent FCDs
meet. For example, if we take the upper drawn layer of ellipse
0 and the upper corresponding one of ellipse 5, we obtain a
value of V ≅ 61∘; then, the layer drawn just below corresponds
to V ≅ 54

∘; then, for the layer drawn just below again, V ≅

42
∘
, . . ..
Among Friedel’s association law, two FCDs cannot

recover themselves; this argument shows that we can slightly
change parameters in order that this law is better obeyed for
the layers above the median plane containing approximately
all the ellipses. This is clearly visible in Figure 4(b) where the
layers below this median plane do not join correctly whereas
they meet correctly above this same plane. In particular, our
simulation permits us to slightly tilt each ellipse 𝑖 of a small
angle (less than 2∘) to permit the layers to continuously meet.
There are therefore locations where Friedel’s laws are nomore
completely obeyed. In [10], a model suggests a geometrical
way of extending Friedel’s law to fill the entire space of the
sample with portion of Dupin cyclides and spheres, joining
together not only the FCDs within a polygonal domain
but also between two neighboring polygonal domains. This
model has been nicely illustrated in Figure 14 of [11] in the
case of a SmA droplet suspended in a glycerin matrix with
the family of FCDs and interstices filled with spherical layers.
In fact, inside a spherical droplet, we can see several circles
of various sizes of radii 𝜌 on the surface of this spherical
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(a) (b)
Figure 6: Two ellipses belonging to the polygonal domain and their corresponding cones: (a) 𝜌 > 𝜌

∗ green cone filled by FCDs and (b)
𝜌 < 𝜌

∗ green cone filled by parts of spheres.

droplet. These circles form an Apollonius spherical packing.
Two cases are to be considered.

(i) When the radius of the circles 𝜌 is > a certain value
called 𝜌∗, then these regions are filled by layers taking
the form of Dupin cyclides.

(ii) When the radius of the circles 𝜌 < 𝜌
∗, then these

interstitial regions are filled by layers taking the form
of concentric spheres.The presence of Dupin cyclides
layers permits us to reduce the free energy density
because of the negative Gaussian curvature instead of
a positive one for spherical layers. In [10], the critical
value of the circle size is 𝜌∗ ∼ 𝑅/10 where 𝑅 denotes
the radius of the droplet. In our situation, if 𝑅 denotes
the typical size of a polygonal domain, we are in good
agreement with this estimation: the size 𝑅 ∼ 100

microns and the 𝜌∗ can be evaluated to be close to
about 10 microns.

Figure 6 represents the case of only two ellipses belonging
to the polygonal domain and their corresponding cones.
Figure 6(a) corresponds to the case where 𝜌 > 𝜌

∗ so
that inside the green cone FCDs have been drawn, whereas
Figure 6(b) corresponds to the case where 𝜌 < 𝜌

∗ so that
inside the green cone part of spheres has been drawn.

The presence of such concentric spheres has been empha-
sized in the construction of the defects and demonstrated
using topology in [12]. Hence, two different regions exist: one
made with FCD and another one made with parts of spheres
for the smallest circles.

To fill entirely the space, we have therefore to consider
not only Dupin cyclides inside FCDs but also part of spheres
in the interstitial regions. Figure 7 constitutes therefore just
a picture to imagine how the layers could be in this tiling
in first approximation. We have to keep in mind that the
parts of spheres for the smallest interstitial regions have

not been represented in Figure 7. In particular, the layers
corresponding to the smallest ellipse (ellipse 4) should be
parts of spheres because the cone of apex 𝑆 which lies on the
ellipse 4 intercepts the spheres of center 𝑆 in very small circles.

2. Conclusion

We have presented a picture of the smectic layers inside a
sample made with a polygonal texture. Before, for instance,
the addition of nanoparticles inside a smectic phase, we
should know as precisely as we can how the 3D layers
are arranged inside a sample. Recently, a pillar assisted
Epitaxial Assembly of TFCD in a SmA liquid crystal has been
reported and presents a very regular network of TFCD [13].
In another paper, the authors imagine a construction of an
indented square pyramid around each pillar (in the case of
four FCDs around a circular pillar) and the corresponding
hyperbolas intersect at the pyramid’s apex along with portion
of concentric spheres [14]. This kind of questions is very
interesting and in the future we can think of using the
polygonal texture for including nanoparticles in a texture
which is less regular than a square set of FCDbut nevertheless
well ordered. Notice that an important and nice work in this
field has been already done in [15].

Appendix

Calculation of the two curvature radii of a Dupin cyclide.
Making the calculation of the first derivatives of ⇀𝑂𝑀

relating to 𝑢 and V, respectively, we get the following equation:

𝜕𝑥

𝜕𝑢
=
𝑏
2 sin 𝑢 (𝜇 cos V − 𝑎)
(𝑎 − 𝑐 cos 𝑢 cos V)2

,

𝜕𝑦

𝜕𝑢
=
𝑏 (𝑎 − 𝜇 cos V) (𝑎 cos 𝑢 − 𝑐 cos V)

(𝑎 − 𝑐 cos 𝑢 cos V)2
,



6 Journal of Materials

(a) (b)

Figure 7: Simulation of the polygonal texture only on a small region: (a) top view and (b) side view.

𝜕𝑧

𝜕𝑢
=
𝑏 sin V𝑐 sin 𝑢 (𝜇 cos V − 𝑎)

(𝑎 − 𝑐 cos 𝑢 cos V)2
,

𝜕𝑥

𝜕V
=

𝑏 (𝜇 − 𝑐 cos 𝑢)
(𝑎 − 𝑐 cos 𝑢 cos V)2

𝑏 cos 𝑢 sin V,

𝜕𝑦

𝜕V
=

𝑏 (𝜇 − 𝑐 cos 𝑢)
(𝑎 − 𝑐 cos 𝑢 cos V)2

𝑎 sin 𝑢 sin V,

𝜕𝑧

𝜕V
=

𝑏 (𝜇 − 𝑐 cos 𝑢)
(𝑎 − 𝑐 cos 𝑢 cos V)2

(𝑐 cos 𝑢 − 𝑎 cos V) .

(A.1)

These equations yield to the expression of the three coef-
ficients existing in the expression of the first fundamental
quadratic form:

𝜑
𝑀

1
(𝑑𝑀) = 𝐸𝑑𝑢

2
+ 2𝐹𝑑𝑢 𝑑V + 𝐺𝑑V2, (A.2)

where 𝐸, 𝐹, and 𝐺 are written as (see the following equation)

𝐸 =



𝜕
⇀
𝑀

𝜕𝑢



2

=
𝑏
2
(𝜇 cos V − 𝑎)2

(𝑎 − 𝑐 cos 𝑢 cos V)2
,

𝐹 =
𝜕
⇀
𝑀

𝜕𝑢
.
𝜕
⇀
𝑀

𝜕V
= 0,

𝐺 =



𝜕
⇀
𝑀

𝜕V



2

=
𝑏
2
(𝜇 − 𝑐 cos 𝑢)2

(𝑎 − 𝑐 cos 𝑢 cos V)2
.

(A.3)

The first quadratic fundamental form reads now as

𝜑
𝑀

1
(𝑑𝑀) =

𝑏
2
(𝜇 cos V − 𝑎)2

(𝑎 − 𝑐 cos 𝑢 cos V)2
𝑑𝑢
2

+
𝑏
2
(𝜇 − 𝑐 cos 𝑢)2

(𝑎 − 𝑐 cos 𝑢 cos V)2
𝑑V2.

(A.4)

Because of the nullity of 𝐹, the calculation of 𝐻 =

√𝐸𝐺 − 𝐹2 = √𝐸𝐺 is easier and yields to

𝐻 =
𝜀𝑏
2
(𝜇 cos V − 𝑎) (𝜇 − 𝑐 cos 𝑢)
(𝑎 − 𝑐 cos 𝑢 cos V)2

, (A.5)

where

𝜀 = sgn of [(𝜇 cos V − 𝑎) (𝜇 − 𝑐 cos 𝑢)] . (A.6)

Now, the calculation of the different three other coefficients
of the second fundamental quadratic form 𝜑

𝑀

2
is needed:

𝜑
𝑀

2
(𝑑𝑀) = 𝐿 𝑑𝑢

2
+ 2𝑀𝑑𝑢𝑑V + 𝑁𝑑V2. (A.7)

The calculation of the three components of the vector
(1/𝐻)(𝜕

⇀
𝑀/𝜕𝑢) × (𝜕

⇀
𝑀/𝜕V) is needed for 𝐿,𝑀, and𝑁 so that

we obtain at first that

1

𝐻

𝜕
⇀
𝑀

𝜕𝑢
×
𝜕
⇀
𝑀

𝜕V
(
(

(

𝜀
(𝑎 cos 𝑢 cos V − 𝑐)

𝐴

𝜀
𝑏 sin 𝑢 cos V

𝐴

𝜀
𝑏 sin V
𝐴

)
)

)

, (A.8)

where 𝐴 = 𝑎 − 𝑐 cos 𝑢 cos V. Then, the second derivatives
relating to 𝑢 and V and both of them read as
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𝜕
2⇀
𝑀

𝜕𝑢2

(
(
(

(

𝑏
2
(𝜇 cos V − 𝑎) (2𝑎 cos 𝑢 − 3𝑐 cos V + 𝑐 cos 2𝑢 cos V)

2𝐴3

2𝑏 (𝜇 cos V − 𝑎) (𝑎2 + 𝑎𝑐 cos 𝑢 cos V − 2𝑐2(cos V)2) sin 𝑢
2𝐴3

𝑏𝑐 (𝜇 cos V − 𝑎) (2𝑎 cos 𝑢 − 3𝑐 cos V + 𝑐 cos 2𝑢 cos V) sin V
2𝐴3

)
)
)

)

, (A.9)

𝜕
2⇀
𝑀

𝜕V2
(
(
(
(

(

𝑏
2 cos 𝑢 (𝜇 − 𝑐 cos 𝑢) [𝑎 cos V − 𝑐 cos 𝑢 − 𝑐 cos 𝑢(sin V)2]

𝐴3

𝑎𝑏 sin 𝑢 (𝜇 − 𝑐 cos 𝑢) [𝑎 cos V − 𝑐 cos 𝑢 − 𝑐 cos 𝑢(sin V)2]
𝐴3

𝑏 sin V (𝜇 − 𝑐 cos 𝑢) [𝑎2 − 2𝑐2(cos 𝑢)2 + 𝑎𝑐 cos 𝑢 cos V]
2𝐴3

)
)
)
)

)

, (A.10)

𝜕
2⇀
𝑀

𝜕𝑢 𝜕V
(
(
(

(

−𝑏
2
[𝑎𝜇 + 𝑐 cos 𝑢 (−2𝑎 + 𝜇 cos V)] sin 𝑢 sin V

𝐴3

𝑎𝑏 [−2𝑎𝑐 cos (2𝑢) + 𝑐𝜇 (−3 + cos (2𝑢)) cos V + 2 cos 𝑢 (𝑎𝜇 + 𝑐2 cos V)] sin V
2𝐴3

−𝑏𝑐 [𝑐 cos 𝑢 (2𝜇 cos [V] + 𝑎 (−3 + cos (2V))) + 2𝑎 (𝑎 cos V − 𝜇 cos (2V))] sin [𝑢]
2𝐴3

)
)
)

)

. (A.11)

Using (A.8) and (A.9), we obtain

𝐿 = (
1

𝐻

𝜕
⇀
𝑀

𝜕𝑢
×
𝜕
⇀
𝑀

𝜕V
) .

𝜕
2
𝑀

𝜕𝑢2
=
𝜀𝑏
2
(𝜇 cos V − 𝑎) cos V

𝐴2
.

(A.12)

Using (A.8) and (A.11), we obtain

𝑀 = (
1

𝐻

𝜕
⇀
𝑀

𝜕𝑢
×
𝜕
⇀
𝑀

𝜕V
) .

𝜕
2
𝑀

𝜕𝑢𝜕V
= 0. (A.13)

Using (A.8) and (A.10), we obtain

𝑁 = (
1

𝐻

𝜕
⇀
𝑀

𝜕𝑢
×
𝜕
⇀
𝑀

𝜕V
) .

𝜕
2
𝑀

𝜕V2
=
𝜀𝑏
2
(𝜇 − 𝑐 cos 𝑢)

𝐴2
. (A.14)

The second quadratic fundamental form 𝜑
𝑀

2
(𝑑𝑀) reads now

as

𝜑
𝑀

2
(𝑑𝑀) =

𝜀𝑏
2
(𝜇 cos V − 𝑎) cos V

𝐴2
𝑑𝑢
2

+
𝜀𝑏
2
(𝜇 − 𝑐 cos 𝑢)

𝐴2
𝑑V2.

(A.15)

From [16], the two main curvatures 𝜌 of our Dupin cyclides
surfaces at some point 𝑀 are the solutions of the following
equation:

𝐸𝐺𝜌
2
− (𝐿𝐺 + 𝐸𝑁) 𝜌 + 𝐿𝑁 = 0. (A.16)

Here, the introduction of the different expressions of 𝐸, 𝐺,
𝐿, and 𝑁 would be long and clumsy. We therefore calculate
the discriminant Δ = (𝐿𝐺 − 𝐸𝑁)

2 of (A.14). When Δ > 0,
there are two different values for the curvatures of the surface:
𝜌
1
= 𝐿/𝐸 and 𝜌

2
= 𝑁/𝐺. We therefore obtain the following

two different main curvature radii (3) and (4) expressed in
the core of the paper.
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