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2. Connectedness, Diameter, andGirth ofGI���
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Proposition 1. Let � be a numerical semigroup and I be an
ideal of �. 4en, GI��� is a connected graph of finite order
with at least one vertex of degree ���nI�� � � 6.
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Proposition 2. LetGI��� be a graph associated with an ideal
I of a numerical semigroup �. 4en, diam�GI���� 	 �.
Furthermore, if GI��� contains a cycle, then gr�GI���� 	 ?.
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Lemma 1. Let GI��� be a graph associated with an ideal I of
a numerical semigroup �. If order of GI��� is 4, then GI���
must contain a cycle of length 3.
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Proposition 3. LetGI��� be a graph associated with an ideal
I of a numerical semigroup �. If order of GI��� � ;, then
GI��� must contain a cycle of length 3.

Proof. ’�� ,����*� ,��� (���� 6�

Corollary 1. Let GI��� be a graph associated with an ideal I
of a numerical semigroup�. If order ofGI��� � ;, thenGI���
is not a bipartite graph.
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Corollary 2. Let GI��� be a graph associated with an ideal I
of a numerical semigroup �. If order of GI��� � ;, then
gr�GI���� �  .

3. Completeness of GI�Λ�
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Lemma 2. Any ideal of a numerical semigroup � is an in-
tersection of irreducible ideals. Moreover, every irreducible
ideal of numerical semigroup � is of the form �nB�x�, where
B�x� � y � �: x � y � �� 	, for some x � �.
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Proposition 4. Let I be an irreducible ideal of a numerical
semigroup �. If order of GI��� �  , then GI��� cannot be a
complete graph.
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Corollary 3. Let GI��� is a graph of order � , associated
with an irreducible ideal I of a numerical semigroup �. 4en,
GI��� cannot be a regular graph.
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Lemma 3. Let � � hAi, where A � a6; . . . ; ar� 	 is the
minimal system of generators. 4en, for some x � �, B�x� �
�; ai; �ai; . . . ; x� 	 if and only if x is the multiple of exactly one
element ai � A.
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Theorem 1. Let I be an ideal of a numerical semigroup �
such that I � �6	j	n Ij, where Ij is an irreducible ideal and
n� �. 4en, GI��� is complete if and only if order of
GIj��� 	 � for each 6	 j	 n.

Proof. (�� � � hAi) *
��� A � a6; . . . ; ar� 	 �� �
� �������
������ �, ����������� �� ,�� ��	
 6	 j	 n) Ij �� �� ����3
��	��� ������ �
���,���) *� 	�� ������ �
�� Ij � �nB�xj� ,��
���� xj � �� ’�� ����� �
�� �
� ��� �, �����	�� �, GI��� ��
vi: i � B�x6�

� � . . . �B�xn�
�� 	�

2� ����� �
� �����	����� K�L) ������� ����� �,
GIm��� �  ,�� ���� 6	m	 n� ’��) ,��� %���������� ;) ��
,����*� �
�� GIm��� �� ��� � 	������� ����
) �� �
��� ����
�/��� xi; xj � B�xm�� ��	
 �
�� xi � xj � B�xm�� � ����) �
���
�� �� ���� ��*��� vxi ��� vxj� ’�� ����� xi; xj �
B�x6�

� � � � � �B�xn�
� ��	
 �
�� xi � xj � B�x6�

� �
� � � � B�xn�

� ) ��� �
���,���) GI��� �� ��� 	��������
>�*) �� ����� �
� �����	����� K�L) *� ������� ��

	������� �
��GI��� �� ��� � 	������� ����
�’���,���) �
���
�/��� x; y; z � B�x6�

� � � � � �B�xn�
� ��	
 �
�� z � x � y�

M�*����) �
� ����� �, GIj��� 	 � ,�� ��	
 6	 j	 n� �
���3
,���) ���
�� jB�xj�

� j � 6 �� jB�xj�
� j � �� ’�� ����� �
��

����� ������� �, B�x6�
� � � � � �B�xn�

� �� ���
�� �� �������
�, �
� ������� ������ �, ���������� A �� �*�	� �, ����
������� �, A 4��� (����  9� >��� �
�� z 	����� � ��
������� �,A �	���� z � x � y) �� �
� ���� ���������� �� �
��
z �� �*�	� �, ���� ������� �, A) ��� z � �as) ,�� ����
6	 s	 r� ’�� ����� x; y; z � B�z��) ����) jB�z��j �  ) *
�	
 ��
��� �������� M��	�) GI��� �� � 	������� ����
�

Example 3. (�� � � h ; ?i � �;  ; ?; D; @; �; . . .f g � � ��3
����	�� ���������� �������� �
� ������	��� ������
I6 � �nB� ��) I� � �nB�?��) I � �nB�D��) I; � �nB�6���)
��� I? � �nB�6���) *
��� B� �� �  f g) B�?�� � ?f g)
B�D�� �  ; Df g) B�6��� � ?; 6�f g) ��� B�6��� �  ; D; �; 6�f g�
(�� I � I6 � I� � I � I; � @; �; 66; . . .f g ���
J � I6 � I� � I � I; � I? � 66; 6�; . . .f g � �*� ������ �, ��
’��) � ’����� 6) �� ,����*� �
�� GI��� ���� � �
	������� ����
 4��� #�����  9 *
��� GJ��� 	����� � �
	������� ����
 4��� #����� ;9�

Proposition 5. Let � � ha6; . . . ; ani, where n�  be a nu-
merical semigroup. 4en, there are at least �n � �n� 6 ideals I
such that GI��� is complete.
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4. Clique Number and Cut Point
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Proposition 6. Let GI��� be a graph associated with an
irreducible ideal I of a numerical semigroup �. If order of
GI��� is n, then
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Proposition 7. Let � � hAi be a numerical semigroup,
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tors of � and GI��� is a graph associated with an irreducible
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