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In the present paper, we introduce the classical mean labeling of graphs and investigate their related properties. Moreover, it is

obtained that the line graph operation preserves the classical meanness property for some standard graphs.

1. Introduction and Preliminaries

All through this paper, by a graph we mean a simple, un-
directed, and finite graph. For documentations and wording,
we follow [1-5]. For a point by point review on graph la-
beling, we refer [6]. The line graph L(G) of a graph G is
defined to have as its vertices the edges of G, with two being
adjacent if the corresponding edges share a vertex in G. The
graph G°S,, is obtained from G by attaching m pendant
vertices to each vertex of G. Let u, 1<a<n and
v;;“): 1< B <m + 1bethe nodes of path P, and a'" copy of the
star graph S,,, respectively, then the graph [P,;S,,] is ob-
tained from n copies of S, and the path P, by joining u, with
the central vertex v’ of the a™ copy of S,, by means of an
edge, for 1 <a <n. A graph obtained by subdividing edge of
G by a vertex is called subdivision graph S(G) and a graph
obtained from the path by replacing every edge of a path by a
C, is called triangular snake graph T,,.

2. Literature Survey

The investigation of graceful labeling is characterized by
Rosa in [7] and prime labeling is defined by Tout et al. in
[8]. Somasundram and Ponraj introduced the mean la-
beling of graphs in [9]. Durai Baskar and Arockiaraj de-
fined the F-harmonic mean labeling [10] and discussed its

meanness for some standard graphs. The idea of F-geo-
metric was presented by Durai Baskar et al. in [11] and
F-root mean labeling was presented by Arockiaraj et al. in
[12] and talked about its meanness of ladder graph in [13].
Vaidya and Barasara in [14] have discussed so many results
on product cordial labeling. Vaidya and Lekha in [15]
presented the idea of a bi-odd sequential labeling. The
labeling of L (2, 1) in [16] is researched by Prajapati and
Patel. Rajesh Kannan et al. discussed the FCM labeling of
graphs and its line graphs in [17]. Propelled by and crafted
by such a large number of creators in the territory of graph
labeling, we present another labeling called classical mean
labeling. A classical mean of two positive integers need not
be an integer in general. For the classical mean is to be an
integer, we may use either flooring or ceiling function. In
this paper, we consider only the flooring function of our
discussion and try to analyze that the line graph operation
preserves the classical meanness property for some stan-
dard graphs. The labeling is one of the well studied area in
Graph Theory. So, we are interested in defining new la-
beling called classical mean labeling. A classical mean la-
beling is for getting more accuracy of all the edge labeling
by using the average of four different types of means of the
vertex labeling of the given graph. Recently, Muhiuddin
et al. studied various related concepts on graphs (see
[18-22]).
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Graph labeling assumes an essential job in different areas
of the real world system. The concepts of classical mean
labeling are utilized to demonstrate numerous kinds of
processes and relations in biological, social, material
physical, and data systems. It is a powerful tool that makes
complicated patterns to be learned easily and conveniently
in various fields. A static network can be represented as a
specific kind of graph by connecting nodes in some to-
pology, and labeling can be applied for automatic routing of
data in a network. The graph can be cycle, path, circuit, walk,
and connected which represent a fixed network. For each
network, labeling is done with a constant which helps
routing to automatically detect next node in the network.
The classical mean labeling is used in fast communication in
sensor networks for finding the more accuracy level of
Sensor units.

3. Methodology

A function y is known as a classical mean labeling of a graph
G(V,E) with p nodes and g edges if
x: V(G) — {1,2,3,...,q + 1} is injective and the incited
edge assignment function x*: E(G) — {1,2,3,...,q}
characterized as

s | (x@)+x(v) e 2wy (v)
x (uv) —L( 5 +x (wx (v) +X(“)+X(V)

. ’)((u)2 +x(v)?
2 b
(1)

for all uv € E(G), is bijective. From Figure 1, a graph that
concedes a classical mean labeling is said to be classical mean
graph.

As g is the number of edges of the given graph, it cannot
take a randomly large number so that such a labeling exists.
However more than one classical mean labeling exists for the
given graph. So, we show one among in the proof.

Here, it is found that the line graph operation preserves
the classical meanness property for some standard graphs.

4. Classical Meanness of Some Standard Graphs
and Its Line Graph

Theorem 1. Every path P, for n>1 and its line graph L(P,)
for n>2 are classical mean graphs.

Proof. Develop a mapping y from the vertex set of path to
{1,2,3,...,n} by yx(v)=a for 1<a<n, where
{ve: 1<a<n} be the nodes of the path. Therefore, for
I<a<n-—1, y* (v,v4) = a. Since L(P,) is again a path,
L(P,)is also a classical mean graph. Hence, every path P, for
n>1 and its line graph L(P,) for n>2 are classical mean
graphs. O

Theorem 2. Every cycle C, and its line graph L(C,) are
classical mean graphs, for n>3.
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FIGURE 1: A classical mean labeling of C,°S,.

Proof. Develop a mapping y from the vertex set of cycle to

{1,2,3,...,n+1} by
n
-1+ 2a, 1§a§[§J+1,
x () = (2)
2n—20 + 4, [gJ+2SaSn.
Therefore,
n
20(—1, ISaSlEJ,
* n *
X (it =4 a=|5+1. X (i) = 2
n
2n—2a+ 2, l7J+2£a£71+nand
2

(3)

Also, the graph L(C,) is again a cycle, which is given by
Figure 2. Hence, every cycle C, and its line graph L(C,) are
classical mean graphs, for n>3. O

5. Classical Meanness of Graphs Obtained from
Vertex Identification and Its Line Graph

Theorem 3. . The graph P,°S,, and its line graph L(P, °S,,)
are classical mean graphs, for n>1 and m<2.

Proof.  Let {ug: l<a<nand1<f< m} be the pendant
vertices at each v,,.

Case i.m = 1 in the graph P,°S,,. Develop a mapping y
from the vertex set of P,°S, to {1,2,3,...,2n} by

K-
o) -]

1, a=1,
2, 2<a<mnand,
2, a=1,

20—1, 2<a<n.

Therefore,
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FIGURE 2: A classical mean labeling of C,.

X (Var1ve) = 2a,forl <a<n—1land,

(5)

(a)v,

X*(ul “) =-1+2a, 1<a<n

Case ii. m = 2 in the graph P,°S,..
Develop a mapping y from the vertex set of P,°S, to
{1,2,3,...,3n} by
x(vy) =3a—-1forl<a<n,
X(ul(“)) =3a -2, forl <a<mand, (6)

X(ué“)) =3q, forl<a<n.

Therefore,

X (VaVas1) =3a,forl<a<n-—1,
X*(vaul‘x)) =3a -2, forl<a<nand, (7)

X*(vauz‘x)) =3a-1,forl<a<n

Hence, a classical mean labeling of P,°S, and P,°S, is
given by Figure 3.

Let V(L(P,°Sy)) = {V}, V2, V3s .oV, €1,€, €55 - - -
e,_1} and E(L(P,°S,)) = {V,e, €Vq1: 1<a<n—1}U
{eqenir: 1<a<n—2}

Case iii. m = 1 in the graph L(P,°S,,).

Develop a mapping y from the line graph of vertex set
of P,°S, to {1,2,3,...,3n— 3} by

20— 1,
X (V) ={

30 —4, 4<a<nand,

2,
x(eq) = {

30, 2<a<n-1.

1<a<3,

a=1,

Therefore,

3
“( ) 3a-2, 1<a<2,
Vo) =
P 5003, 3cas—14n,
X (eVar) =3a—1, forl<a<n-1land, 9)

3, a=1,

X (enearr) = {

3a+1, 2<a<-2+n.

Let  V(L(P,°S,)) = {x,: 1<a<n—1}U{y,z: 1<
OCSI’I} and E(L(PnOSZ)) = {Xaza’antx+l’XaZa+l’ XaVo'
l<a<n—1}U{x,x, . 1<a<n-2}U{y,z,: 1< a<
n}.

Case iv. m =2 in the graph L(P,°S,). Develop a
mapping y from the line graph of vertex set of P,°S, to
{1,2,3,...,6n—5} by

x(x,) ={5’ .

6a, 2<a<n-1,

1, a=1,
x0e) ={6¢x—8, 2<a<nand, (o
6a—4, 1<a<2,
X(z“)z{&x—S, 3<a<n.

Therefore,

X (x4X4e1) =2+6a, forl<as<n-2,

. 2, a=1,
X (%aya) = { S
X* (xzxza) =60 -3,
X* (xtxza+1) = 6“’

X* (xayoc+1) = 6a — 2’

X (VaZa) = {

2<a< —1+mn,
forl<a<n-1,

(11)
forl<a< —1+n,
forl<a< —1+mnand,
1, a=1,

6a—7, 2<a<n.

Hence, from Figure 4, the graph P,°S and its line

graph L(P,°S,,) are classical mean graphs, for m <2
and n>1. O

Theorem 4. The graph [P,;S,] and its line graph
L([P,;S,,]) are classical mean graphs, for m<2 and n>1.

Proof.
Case i.m = 1 in the graph [P,;S,,]. Develop a mapping
x from the vertex set of [P,;S;] to {1,2,3,...,3n} by
3a, aisoddand 1 <a<n,
x(ue) =
3a -2,

)((vf“)) =3a-1, 1<a<nand, (12)

aisevenandl <a<n,

-2+3a, aisoddandl<a<n,

x(n”) = { N

Therefore,

aisevenandl <a<n.
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FIGURE 3: A classical mean labeling of P,°S; and P,°S,.
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19 25
6 13 31
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36
4 10 15 16 i/ |22 27| |28 AL
3 9
T 5 11 17 23 29 o35
1 2 4 8 10 1316 19 22 25 28 31 34 37
FIGURE 4: A classical mean labeling of L(P,°S;) and L(P,°S,).
X (ugttyy,) =3a, forl<a<n-—1, 4a, aisoddand1<a<n,
Xx(ug) = .
(1 +3a, aisoddandl<a<n, -2+4a, aisevenandl<a<n,
* (@)
u.v =<
¥ () . x(v?) =4a-1, 1<as<n,
| -2+ 3a, aisevenandl<a<nand
) . 1, a=1, (14)
-2+3a, aisoddandl<a<n, X(Véa)) _
X*(vl(“)vz(“)) =3 4a+1, 2<a<nand,
| -1+3a, aisevenandl<a<n.

4a -2, aisoddandl<a<mn,
(13) X(yé"‘)) =

4a, aisevenandl <a<n.
Case ii.m = 2 in the graph [P,; S,,]. Develop a mapping
x from the vertex set of [P,;S,] to {1,2,3,...,4n} by Therefore,
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X (tgtigy;) = 4a, forl<a<n -1,

-1+ 4a,
X*(uavfa)) = { 244

aisoddand1l<a<n,

aisevenand1l<a<n,

() () ( 15)

X (V) =-3+4a, forl<asn-1,

-2 +4a, waisoddandl<a<n,

(L
a—1,

It is clearly seen that a classical mean labeling of [P;; S, ]
and [Pg;S,] is given by Figure 5.

Case iii. m=1 and n>2 in the graph L([P,;S,,]).
Develop a mapping y from the line graph of vertex set
of [P,;S,] to {1,2,3,...,4n— 3} by

aisevenand 1 <a<n.

x(u,) =4a, forl<a<n-1,

) e
4a0—-3, 2<a<nand, (16)
1 a=1

( ) bl bl

X("za ) =

40 -5, 2<a<n.
Therefore,

X (Ugthyyy) =4a+1, forl<a<n-1,

(a+1)

X (ugvy
X*(uavl(“)) —4a-2, forl<a<n-1land, (17)

cone-{L
@ — D,

)=4oc, forl<a<n-1,

a=1,

2<a<n.

Case iv.m =1 and n = 1 in the graph L([P,;S,,]). For
n =1, the graph L([P,,; S;]) is a path and by Theorem 1,
the result follows.

Case v. m=2 and n>2 in the graph L([P,;S,,]).
Develop a mapping y from the line graph of vertex set
of [P,;S,] to {1,2,3,...,5n— 3} by

(-4 +8a, 1<a<2,

x(uy) =1 5a, aisoddand3<a<n,
1+5a, aisevenandl<a<n,
[ 3a, 1<a<2,
11, o =3,

X(Vfa))=< 5a¢ -3, 4<a<nandaisodd,
| 5a —4, 4<a<nandaiseven,
(4o -3, 1<a<2,

X(vé“))=< 504 -7, 3<a<nandaisodd,
| -6 + 50, 3<a<nandaisevenand,
(2, a=1,

X(vé“))=< -5+ 5a, aisoddand2<a<n,
| -3+ 5a, aisevenand2<a<n.

(18)

5
Therefore,
. 6a+1, 1<a<?2,
X (utxuzxﬂ) =
564+2, 3<a<n-2,
[ 3, a=1,
X*(uavl(“)) =4 4q, 2<a<3,
5o —2, 4<a<n-1,
(4, a=1,
X*(uavf““)) =1 5a, aisoddand2<a<n,
| 5+ 1, «aisevenand2<a<n,
Ao -3, 1<a<2,
x( () (&)
X (Vla V2a>=
564 -6, 3<a<nand,
2, a=1,
X*(vf“)vg‘)‘))= 505, aisoddand2<a<n,
50 —4, waisevenand2<a<n.
(19)

Case vi. m =2 and n =1 in the graph L([P,;S,,]).

For n = 1, the graph L([P,;S,]) is C; and by Theorem 2,
the result follows.

Hence, the graph [P,;S,,] for m <2 and n>1 and its line
graph L([P,;S,,]) for n>1 are classical mean graphs given
by Figure 6.

6. Classical Meanness of Graphs Obtained from
Other Graph Operations and Its Line Graph

Theorem 5. . For n>2, M (P,) and its line graph L (M (P,,))
are classical mean graphs.

Proof. Since M (P,) is a graph L(P,°S,), for n>2 and by
Theorem 3, the result follows. Let V(L(M
(P)) ={x,: 1<a<n+1}U{xy; 1<a<n-3}U{y, 1<a
<n-— 2} and E(L(M(Pn))) = {yuyoc+1’xolcxoc+3’x0,cyoc+1’
VaXo 1<a<n =3 U{y Xpn: 1<a<n =2} Uy, x4 2<
as n- 2} U {xaxa+1> xocy1: 1 sas 2} U {yn—Zer—l’xnan}'
Case i. n>3 in the graph L(M (P,)). Develop a map-

ping y from the line graph of vertex set of M (P,) to
{1,2,3,...,7n - 13} by

@ l<a<2,
x(x,) =4 -14+7a, 3<a<n,

-13+7n, a=n+1, (20)
x(x,)=2+7a, forl<a<n-3and,
¥(yy)=-2+7a, forl<a<n-2.

Therefore,
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3 4 9 10 15 18 21
3 6 9 12 16 19
2 4 8 10 14 17 20
2 ¢ 5 ¢ 8 1m 9 P 14 P17 20
1 5 7 11 13 16 19
J J L J J ]
1 6 7 12 13 16 19

8 12 12 14 16 20 20 22
11 14 19 22
11 15 19 23
9 10 13 15 17 18 21 23
9 10 13 18 21 16 17 24

FIGURE 5: A classical mean labeling of [P,;S,] and [Pg;S,].

1 2 5 7 8 10 14 17 18 20 24 27 28 30

FIGURE 6: A classical mean labeling of L([P,;S,]) and L([P;;S,]).
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X (VoVar1) =7a+1, forl<a<n-3,
X (elrg) = Ta 4 4,
K (elyon) = 7a+3

X (axy) =7a-1,
K Goxos) =702,

forl<a<n-3,
forl<a<n-3,
forl<a<n-3,

forl<a<n-2,

. 3, a=1, (21)
X (yaxa+l):{7¢x—5, 2<a<s<n-2,
X (x4X41) =3a—2, forl<a<2,

X (xy)=a+1, forl<a<2,

X (Vp2Xye1) =7n—15and
X (%,%,0) = —14+7n,

Case ii. n =2 in the graph L(M (P,)). For n =2, the
graph L(M (P,)) is P, and by Theorem 1, the result
follows. Hence, from Figure 7, for n>2, the graph
M (P,) and its line graph L (M (P,)) are classical mean
graphs. O

Theorem 6. . The graph S(P,°K,) and its line graph
L(S(P,°K,)) are classical mean graphs, for n>1.

Proof.  Let V(S(P,°K))) = {ua,va,xa,yﬂ: I<a<n, 1<
B<n-1} and E(S(P,°K;)) = {u,X, VX, 1<a<n}u

{tyY o> Yalhas1: 1 <a<n—1}. Develop a mapping y from the
vertex set of S(P,°K,) to {1,2,3,...,4n— 1} by

3a, I1<a<2,
X(ua)={4(x—1, 3<a<n,
4, a=1,
X(y“)={4oc+1, 2<a<n-—1,
50 -3, 1<a<2, (22)
X(xa)={4¢x—2, 3<a<mnand,
4a-3, 1<a<?2,
X(V“):14a—4, 3<a<n.
Therefore,
X (ugy,) =-1+4a, 1<a<n-1,
. 4, a=1,
X Oattant) = 1+4a, 2<as<n-1,
. 2, a=1, (23)
X (uaxa)=<L 40 -2, 2<a<nand,
. 4a-3, l<a<2,
X (v“x“):‘x4oc—4, 3<a<n.
Let V(L(S(P,°K)))) = {ua,ufg,va,wa: 1<a<n, 1<
B<n—-2}and E(L(S(P,°K,))) = {u,ve vew,: 1<a<n}u
{ugvoer: 1<a<n =210 ugu, (: 2<a<n—1}U{uguy,,

l<a<n—2}Uuu,.

Case i. n>3 in the graph L(S(P,°K;)). Develop a
mapping y from the line graph of vertex set of S(P,°K;)
to {1,2,3,...,5n—4} by

3, a=1,
x(u) =1 50-6, 2<as<n-1,

5n—-4, a=mn,
x(uy) =5a+3, forl<a<n-2,

[ 2, a=1,
x(v) =1 50-4, 2ga<n-1, (24)

| 50 — 5, «=nand,

(1, a=1,

Sa, 2<a<n -2,
X(we) =

5n—-6, a=n-1,

| 5n—-8, a=n

Therefore,
(2, a=1

X (ugvy) =4 5a—6, 2<a<n-1,

\5n—-5 a=mn,

(1, a=1
x (vaw,) =1 50-3, 2<a<n-1
| 5n—-7, a=mn,
(25)
*( , ) 6, a=1
ulv )=
X Ve 50+1, 2<a<n-2,

x (uguyy) =5, for2<asn-1,

¢ (i) = {

X (uyu,) = 3.

564 +3, 1<a<n-3

6a—1, a=n-2and,

Case ii. 1<n<2 in the graph L(S(P,°K,)). For
1<n<2, the graph L(S(P,°K;)) is a path and by
Theorem 1, the result follows. Hence, from Figure 9, the
graph S(P,°K,) and its line graph L(S(P,°K,)) are
classical mean graphs, for n>1. O

Theorem 7. The triangular snake T, and its line graph L (T )
are classical mean graphs, for n>?2.

Proof. Let V(T,) ={u,: 1<a<n-1}U{v,: 1<a<n} and
E(T,) = {yVe UgVar1> VoVas1: 1<a<n—1}. Develop a
mapping y from the vertex set of T, to {1,2,3,...,3n - 2} by

x(u,) =3a, 1<a<n-1land,

x(vy) = -2+ 3a, (26)

1<a<n

Therefore,
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FIGURE 7: A classical mean labeling of L(M (P;))
3 4 6 9 11 13 15 17 19 21 23
® ® L J ® A 4 ® ® ® ® ®
3 4l 7 9 11 13 15 17 19 21
22
2 6 10 14 18
® ® 10 ®
2 7 14 o 18 ® »
1 5
8 12 16 20
® ® [ ] ®
1 5 8 12 16 by
FIGURE 8: A classical mean labeling of S(P4°K,). Therefore, a classical mean labeling of S(P¢°K,) is given by Figure 8
303 13 13 14 15 18 g 19 20 23 53 24 55 2B 59 3
II’ /
2 30
/ 16 19 21 24 26
21 26 30
22 27 28
25 29 27
i S ).

FIGURE 9: A classical mean labeling of L(S(P,°K,))

Con
10 13
FIGURE 10: A classical mean labeling labeling of T'
I 2 5 10 g0 1204y 174719 91 24 54 260 55 31 31 32
4 12 19 27 26
7 13 16/ 20
? 15 22
3 8 23 29 30
2
” 11 18 25 N
15 22 29

~ 6
8
FIGURE 11: A classical mean labeling labeling of L(T)
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X* (uava) =3a-2,

X* (uavzxﬂ) = 3“’ 1

X* (levoﬁ-l) =-1+3a,

l1<a<n-1,
<a<n-1and, (27)

1<a<sn-1.

Hence, a classical mean labeling of T, is given by

Figure 10.
Let

Xgppt 1Sa<n =2 U{yxors
U {x1x5, %,%1 .

V(L(T,) = {x, 1<a<nfu{x, I<a<n-2}u
{yu: 1<a<n-1} and E(L(T,)) = {VaVur1> XaXori>

Xy

ytx'xa—l/’xtxya: l<a<n-— 1}

Case i. n>3 in the graph L(T,). Develop a mapping y

from the line graph of T,

to {1,2,3,...,7n— 10} by

’(X, 1S(XS2,
11, a=3anda =n,
x(x,) =1 12, a#¥3anda=mn,
700-9, 4<as<n-1,
(28)
L 7(X—10, (X:n’
x(x,)=7a+3, forl<a<n-2and,
53 o0 = 1.
X(Va) =
7a—6, 2<a<n-1.
Therefore,
6, a=1,
X (yayoﬁ—l):
7‘x—3: 2<0¢S1’l—2,
3, a=1,
X (yoc'anrl):
70C—5, ZSOCSI’I—L
s i=2,
* !
X (xtx'xtx—l):
Ta-7, 3<a<n-2,
* ' (29)
X (VoXqo1) =—6+7a, for2<a<n-1,
2a, 1<a<2,
X (xaya)z
-8+7a, 3<asn-1,
, 10, a=1,
X (x(xxa+2)=
7a+3, 2<as<n-—2,
x" (x1x,) = land " (x,x]) = 5.

Case ii. n = 2 in the graph L(T ). For n = 2, the graph
L(T,)isacycle C; and by Theorem 2, the result follows.

Hence, from Figure 11, the

triangular snake T, and its

line graph L(T,) are classical mean graphs, for

n>2.

O

7. Conclusion

In this paper, it is found that the line graph operation
preserves the classical meanness property for some standard
graphs. Further investigation can be done to analyze the
preservation of the classical meanness property by the line
graph operation for other graphs.
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