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In this study, the generalized intersection and union operations of fuzzy soft set (FSS) are established on the basis of traditional FSS
operations, which overcome the shortcomings of traditional FSS operations that do not meet De Morgan’s law, and a series of
properties of generalized intersection and union operations of FSS are obtained. The fuzzy soft topology under generalized
intersection and generalized union operation of FSSs is established. Finally, the topological construction of weak FSS and strong
FSS is discussed, and the relationship between them and the topological construction of traditional FSS is obtained.

1. Introduction

In real life, the data of many complex problems often have
uncertainty, randomness, and fuzziness. Probability theory,
tuzzy sets [1], intuitionistic fuzzy sets [2], rough sets [3], and
so on are the main methods to deal with uncertain data,
obtained in various fields of engineering, computer science,
economics, medical science, etc., but these theories have
their own difficulties, mainly reflected in the lack of pa-
rameter tools. In 1999, Molodtsov established soft set theory
[4], which overcame the deficiency of parameter tools of
these methods and was successfully applied to decision
analysis, pattern recognition, data mining, and other fields
[5-7], attracting the attention of scholars in many fields
[8-13]. In 2021, Guilong Liu outlines a possible relationship
between knowledge structures and rough sets [14]. Swarup
Kr Ghosh et al. represent a colonogram enhancement ap-
proach using intuitionistic fuzzy set [15]. In 2001, Liu et al.
combined the fuzzy set with soft set and proposed the
concept of fuzzy soft set (FSS) [11]. Then, Das et al. redefined
the concept of FSS and studied its operation. In 2011, Bekir
Tanay and M. Burc Kandemir established the topological
structure of fuzzy soft sets based on some basic definitions in

the topological space of Munkres point sets and combined
with the operational properties of FSSs [13]. In addition,
Ayetan and Cemil gave the separation axiom and fuzzy soft
connectivity of fuzzy soft topological space. In 2018, Ayten
and Cemil established mixed fuzzy soft topological spaces
[16]. Finally, Riaz et al. gave a bipolar fuzzy soft topology
with decision [17]. In 2020, José Carlos R. Alcantud
established soft open bases and a novel construction of soft
topologies from bases for topologies [18]. By 2021, Ultami
and Haripamyu have systematically studied the application
of intuitional fuzzy soft sets in topological structures [19].

The existing intersection and union operations of FSSs
do not satisfy De Morgan’s law. In the study of fuzzy soft
topological space structure and properties, the intersection,
union, and complement operations of FSSs need to satisfy
De Morgan’s law. Considering that De Morgan’s law of
intersection, union, and complement operations of FSSs is
not valid, this paper constructs the generalized intersection
and union operations of FSSs on the basis of the existing FSS
operations, satisfies De Morgan’s law, and further studies the
operation properties of the generalized intersection and
union operations and constructs the corresponding fuzzy
soft topology. Based on the concepts of weak fuzzy soft set
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and strong fuzzy soft set proposed by F.B.Hua and Y.P.Wang
in [20], the corresponding structures and properties of fuzzy
soft topology are studied.

2. Fuzzy Soft Set and Its Operation Properties

Definition 1 (see [11]). Let U be the domain and A be the
parameter set; A C E, F(U) is the whole fuzzy set over U; we
define (f,A) a fuzzy soft set (FSS) on U, wheref: A —
F(u) is a mapping. The FSS can be expressed as (f,A)
= {a = {ufa(u)l ue U}Ia € A}, where f,: U — [0,1] (see
(13]).

Definition 2 (see [11]). Let A,B C E, (f, A), (g, B) be FSSs
in domain U if (f,A) is a FSS of (g, B) if and only if (1)
AcCB and (2) Vce A,Vx e U, f.(x)<g.(x). denoted by
(f,A)pE(g,B), (f‘,JA)= (g,B) if and only if (f,A)?
(g,B) and (g,B) c (f,A).

Definition 3 (see [21]). Let (f,E) a FSS on U if (f,E) is an
empty FSS if and only if Ve € E, f,(x) = 0,Vx € U, denoted
by O.

Remark 1. In general, (f, A) is an empty FSS on U, denoted
as .

Definition 4 (see [21]). Let (f,E) a FSS on U if (f,E) is an
absolute FSS if and only if Ye€ E, f (x) =1 VxeU,
denoted by Uy.

Definition 5 (see [21]). The remainder of a FSS (f, A) onU
is (f° A), where f¢: A— F(U), Va€ A, and f{(x) =
1 - f,(x), Vx € U, denoted by (f¢, A) = (f,A)".

Definition 6 (see [21]). Let (g,C) and (h,ﬂg) be FSSs on U.
The union of (g,C) and (h,D) is (g,C) U (h,D) = (k, B),
where B=CUD:
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Definition 7 (see [21]). Let (g,C)and (h, D) be FSSs on U.
The intersection of (g,C) and (h,D) is (g, C)n(h, D) =
(k,B), where B=CUD, Vbe B, Vx €U, and k;,(x) = g,
(x)Nhy, (x).

As can be seen from Definition 7, when ¢ € A-B or
ceB-A, VxeU, and h, (x) has no definition, this will
cause De Morgan’s law to cease to hold, due to the nature of
the algebraic structure of FSS and nature of fuzzy soft to-
pological space structure; setup in a certain level will depend
on the virtue of De Morgan’s law; therefore, it is very
meaningful to improve the intersection and union operation
of fuzzy soft sets.

3. Generalization of Union and Intersection
Operation of FSS

Definition 8 Let (f,A) and (g, B) be FSSs on U; the gen-
eralized union of (f,A), (g,B)is (f,A)U (g,B) = (f,A UB)
U(g,AUB) = (h, AUB), where YxeU,Vae AUB, j‘a (x)=

fa(x), acA,  _  © |g,(x), a€B,
{0, acB-a Ja¥=17¢ acA-B.

Remark 2. It is worth noting that because of

fa (), a€eA-B,

ho(x) =1 G, (), acB-A =
f.(x)VG,(x), acAnB -
fa(x), ae€A-B,
9a (x), aeB-A, =h,(x),
fa(x)Vg,(x), acAnB

there is (f,A) U (g,B) = (f,A) U (g, B).

Definition 9 Let (f,A) and (g, B) be FSSs on U; the gen-

9y (%), beC-D, eralized intersection of (f,A), (g,B) is (f,A) N(g.B)=(f,A
Vb € B, ky (x) =4 hy(x), beD-C, VYxeU. UB)N (g,AUB)= (h,AUB), where VxeU,Va€ AU B, f,
(x) = fa(x), acA, and 7. (x) = ga(x), a€B,
gp(x)Vh,(x), beCnD, 1o, GeB-A . (x)= o cA_B
1
W Remark 3. It is worth noting that because of
fa(X)N0, a€A-B,
h,(x) =1 G, (x)A0, a€B-A,
f.(x)Ag,(x), acANB, .
0, a€A-B,
{ha(x), a€ANB,
= O) a e B - A, =
0, otherwise,
fa(x)Ng,(x), a€ANB,

there is (f, AN (g,B) = (£, A)pﬁd(g, B)]U&)(AUBF(AHB).
It can be seen from Definitions 8 and 9 that the generalized
union operation of FSS keeps the original union operation of

ESS, while the generalized intersection operation of FSS makes
up for the situation, where Vx € U, h,(x) is undefined when
ceA-B,orce B- A is satisfied in Definition 7.
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Example 1. Let the domain be U = {h',h? h’}, the pa-
rameter setbe A = {e;,e,} and B = {e,,e5} C E = {e},e,, €5},

(!]’ B) = {6
(f,A)U (g, B) =1e,
(f, )0 (g, B) =1e,

Theorem 1. The generalization of the union and intersection
operation of FSSs satisfies the commutative law, associative
law, and distributive law; that is, let ( f, A), (g, B), and (h,C)
be FSSs on U; then, there are

(1) (f-A) U (9:B) = (¢:B) U (f,4)
(2) (£, AN (g,B) = (g.B) 1 (f, 4)
(3) (-4 U0[(¢:B)0 (LO)]=[(f,A) U (g,B)]U (hC)

and the two FSSs on U be (f, A) = {e,
{h(l).s’ hg.zp hg.z}}:

:{h(l)s h§3 hge} €3
{hoz ho3 h(3)7} € —{hos h04 hgs} €3 =
{hos s g} ey ={hg 5> g 35 hg o} €5 = { g

= {htl).z’ hés’ h(s)

shey =

={ho. Hy3 o s

{hoz hy 5 hgs}}’ (4)

hg, ot}

5) (f,ALLgB N (hOl= (/AU (g BIN
[(f- 40 (h,C)] ) )

©) (£, (8B 0 (hOI=1(f.A) 1 (g.BIT [(f,
A)n (h,O)]

Proof. (1) and (2) are obviously true according to Defini-
tions 8 and 9, respectively. _

(0 (f A7 [(g.B)A (hO) = [(f,A)7 (g.B)]7 () mfﬁgﬁ;ﬁ‘”A““gmuwc’(ﬂm“M
(9,B)U (h,C)
=(k,BUC), VxeU,
g, (x), teB-C,
kt(x)—{ht(x), teC-B,
g,(x)Vh,(x), teBnC, 5)
(f>A)Ul(g:B)U (h,C)]
=(f,A)U (k,BUC) = (s,AUBUC), VxeU,
fi(x), te A-(BUCQC),
st(x)\{kt(x), te (BUC)-A,
fi(x)Vk (x), teAn(BUC).
Due to (BUC)-A=[B-(AuQO)]uU[C- (AUB)]
U(BNC)-A] and An(BUC)= (AnBNC)U[(ANB)
—-CJU[(ANC) - B], we obtain
[ fi (%), teA-(BUC),
gy (x), te B-(AUQ),
h, (x), teC-(AUB),
s (x) =1 f(x)Vg,(x), te (ANnB)-C, (6)
g (x)V h, (x), te (BNC)-A,
h,(x)V f,(x), te (CNA)-B,
fi(x)Vvg,(x)Vh,(x), te AnBnC.




Since [(f,A)U (¢.B)] U (hCO) = [(f,AU (¢B)] U
(h,C), so let
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(f,A)U (g,B)
=(k',AUB), VxeU,
fi(x), te A-B,
ki (x) =1 g, (x), te B-A,
fi(x)vg,(x), teANnB,
. . (7)
[(f> AU (g,B)]U (h,C)
=(k',AUB)U (h,C) = (s, AUBUC), VxeU,
k; (x), te (AUB)-C,
s, (x) =14 h,(x), teC-(AUB),
k;(x)Vh,(x), teCn(AUB).
Due to (AUB)-C=[A- (BUC)]U[B- (AUQ)]
UI(ANB)-C] and CnNn(AUB)=(ANBNC)UI[(AN
C) - B]U [(ANn B) — C], we obtain
fe (), te A-(BUCQ),
g, (%), te B-(AuCQC),
h, (x), teC-(AUB),
s;(x) =1 f,(x)Vg,(x), te (AnB)-C, (8)
9¢ (x)V hy (x), te (BNC) - A,
h,(x)V f,(x), te (CNA)-B,
L fi(x)Vg, (x)Vh(x), te AnBnC.

Therefore, s, (x) = s;(x), that is, (3) is true.

From (4), let (g, B) 11 (h,C) = (k, BUC), Vx € Uj then,

0, teB- C,
g, (x)Ah, (x), te€BNC,
kt(x): 0: tEC—B,:{
0, otherwise,
g: (X)Ah, (x), te€BNC,
A (g, B)A 5 9)
(£, AN (g BN (h,O)] =(f,A)N (k,BUC) = (r, AUBUC),
fi(X)Ak (x), teAN(BNC), [ f,(x)Ag, (x)Ah,(x), te€ AN (BNC)
r,(x) = _
t { 0 otherwise, { 0, otherwise.
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Let (f,A) N (g,B) = (k', AUB), ¥x € U; then,

0) teA- B,
' fi(x)Ag,(x), teANnB,
kt(x): 0, fGB—A,: .
0, otherwise,

fi(x)Ag,(x), teANB,
[(f,A)A (g,B)] A (h,C) = (K, AUB)A (h,C) = (r', AUBUC),
(%) {ki(x)/\h(x), te (ANB)NC, {ft(x)/\gt(x)/\ht(x), te An(BNC),
ri(x) = -
0

otherwise,

(10)

0, otherwise.

Therefore, 7, (x) = r;(x), that is, (4) is true. From (5), let

(f,A)0[(g.BA (O] = (f,A)T[(gBUC)A (h, BUC)]
=(f,A)U[(k,BUC)] =(s,AUBUC), Vae AUBUC,Vx €U,

[ fa(x), aeA-(BUC), fa(x), aeA-(BUQ),
50(x) =4 fa(x)Vk,(x), a€ANn(BUC), =4 fa(¥)V (g, (x)AR,(x)), a€An (BUC),
| k, (x), a€ (BUC)-A, G (X)AR, (x), a€ (BUC) - A,
( fa(x), aeA-(BuUQ),
fa(x), acA-(ANBNC),
fa(x)V (g, (x)Ah, (X)), aeAn(BNC),
fa(x)V (g, (x)AR, (x)), a€ ANBNC
=1 f.(x)VO0, ae An[(BUC)-(BNC)], =
o (X)NR, (x), ae (BNC)-A
9a ()R, (x), ae (BNnC)-A,
a e [(BUC)-(BNO)] - A4,
L 0, a € [(BUC)-(BNC)] - A4,

[(f,A4)0 (g, BYIA[(f,4) 0 (1, C)] =[(f,4) T (g, B)I A [(f, 4) T (, C)]
:(r,AUB)r:w(v,AuC):(t,AUBuC), Ya e AUBUC,Vx € U,
r, (X)Av,(x), a€ (AUB)N (AUC),
{ ae€ (AUBUC)-(AUB)N (AUCQ),
[ fa (), ae (A-B)n(A-0),
faGCON[fa(x)Vh,(x)], ac€c (A-B)n(ANCQO),
G (X)Nh, (x), ae (B-A)N(C-A),
[fa(X)V g, (]S, (%), ae (ANB)N (A-C),
[fa()Vg,(O)A[f,(x)Vh,(x)], ae (AnB)N(ANC),
0, ae (AUBUC)-(AUB)N (AUQ),
[ fa(x)s ae[(A-B)n(A-O)JU(AnB)N(A-CO)JU[(A-B)n (AnC)],
fa(x)V [ga(x)AR, (x)], a€ (ANB)N(ANC),
9. (X)Ah, (x), ae (B-A)N(C-A),
L 0, a€ (AUBUC)-(AUB)Nn (AUC).

t,(x) =

Il
A

Il
A

(11)
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Therefore, s, (x) = t,(x), that is, (5) is true. A =e =t 2w e, =0t L2 K,
The proof of (6) is the same as that of (5). O (> 4) { ! { (1)'1 2'3 2'5} : { (1)'3 2’5 2’2}}
(9,B) _{ _{hoz hy 5 h05} ={h03 ho 4> hoa}} (12)
Example 2. Let the domain be U = {h', h?, h*}, the parameter (h,C) = { = {hé LR, h(s)s} = {h(l) o hy 2}}
set be A ={e;,e,}, B={e,, 5}, andC = {e;,e5} ¢ E = {e;,
e,, €5}, and the three FSSs on U be Then,

(f,A)0[(g. B0 (O ={e ={hy 1.y s h e ={hg 3, g 5, 1o s Foes =g 15 4o i
=[(£,00 (g BT (h,C),
fer ={nb i} e = (b B B} s = (s B
(f: A0 (g B A (0O ={e, ={hy, i b} e, = {ho, b, 1} ey = {hg, e B3},
{ bes =g i i} = (Bl 3 )

[(f, A)A (g BN (h,C) ={e, = {hy, i b} e, = {hi, b, 13} ey = {hg, e B3},

(9:B)A (h,C) =
(f,A) n (9,B) =

e, ={hy, g, Iy

= (f, AN (g BA (hC)],

(f>A)0 (9. B)A (h,O)] = ey ={hy 1. b 3.3 ey =g 3o 5o 3}

Ofer ={ho iy, e = {g, s 3} es = {hg 5o g 0 1}
={es ={ho1 Moz hoshrea = {hoso oo oo | e = {30 g 30 o}
[(f, )0 (9 B)] = ey = {hg1 150 By sk e = {o B s g s} es = (o 5o .00 B o} 0
[(f,A)0 (h,C)] ={e, ={hg1. 155 Bos )y ={hg 5 o5 o} €5 = {ho 5 o 3o hg 1
[(f,A)U (¢.BIA[(f,A) U (h,O)]
={er ={ho1 o3 hosh o = {hos Bos oo} e = {o s g 50 g}
= (f,A)U[(g,B) N (1O,
(9:B)0 () ={ey ={hg, 1. 15 0ol g} e = {5 5 s} s = (g 50 g 1o i s
(f>A)0[(g.B)0 (h,O)] ={e, ={h(1)1’h(2)z’h(3)5}>ez = {ho2 Bo oo} €3 = (o, g, g
[(f, A0 (g, BT [(f> A) A (1,O)]
={er ={ho. hos b} ey = {ho 5 15 50 g 5} es = (g, g, g}
Ofer = {0 s b e = g, i, o} s = {hgs i I}
={er = {ho.s oz Boshea = (oo ho 50 g} €5 = (o, g, g}
= (/A A (3BT (h,CO)l.
Corollary 1. Let {(g;, By) k € K} be a family of FSSs on (1) Uy [(f-A) A (9o BYI = (f, A)iw [kaeK(gk,Bk)]

Uand (f,A) be a FSS on U; then, ) nkeK[(f A)U (GBI = (£>A) U [N ok (90BL)]
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Proof (1)
U [(f,A)n (g, B =~h,AB=<,A B), A< B), ,
Y| (f>4) (9x> Bi) kgK(k UB) =(r U\ Bi) VaecAU(UB)VxeU
VkEK (fa (x)/\gka (X)), ac kgK(Aan)’
70 (%) = Vpechia (x) =
Vikex (fa (X)N0), a€ AU U By - U (ANBy),
FaCOA(V kexdra (%)), a € kgK(A”Bk)’
o, AU U B, - U (ANB,),
ac keK k keK( k)
(£ 8], 0080] = (£ M]G0 B)| = £ 7 (3. b, 5¢)
(14)
:<5,AU< U Bk>), Va € AU( u Bk>,Vx eU,
keK keK
[ ()G, (x), ac An( u Bk>,
keK
Sa (x) = <
. cenv(yn)-an(yn)
. keK keK
fu(x)/\(VkEnga(x))’ ac kgK(Aan),
o AU U B— U (ANBY),
| © acAu Y B- U (AnBy)
=r,(x).
Therefore, (1) is true. Example 3. Let the domain be U = {h',h* h*}, the pa-

The proof method of (2) is the same as that of (1). 0O  rameter setbe A = {e;,e,} and B = {e,,e5} C E = {e}, e,, €5},
and the two FSSs on U be
4. Generalization of Remainder

Operation of FSS

Definition 10. The generalized remainder of a FSS (f, A) on
Uis (fSE), ACE, where f%E—F(U).f¢(x)=

1-f,(x), a€A, = .
{1, a¢A, Vx €U, denoted by(f“,E)=(f,A)".

(h,C) = {61 = {htl).z’ hé.s’ h(3).7}’ € = {h(l).4’ hg.sr hg.z}}r
(k,D) = {62 = {h(l).y hé.zp hg.e}’ € = {h(l).v hg.z’ h8_3}},
- (15)
(h, 0 = {‘31 = {h(l).S’ hg.s’ h(3>‘3}’ € = {h(l).@ h(z)‘z’ h(s).s}’ €3 = {h}’ hi h?}}’
(k, D) ={ey ={hy, b}, b} ey = {ho o o o B o} es = {hg o0 o g0 13 -
Theorem 2. The generalization of the union and intersection 2) [(h, A)% (k, B)]E = (h, A)Eﬁ (k, B)E

operations of fuzzy FSSs satisfies De Morgan’s law, that is, let

(h, A), (k, B) be FSSs on U; then, there are ~ - -
— ~ ~ ~ = C_ - c_

(1) [(h, A)'—O’ (k, B)]C — (I’l, A) '—ﬁ' (k, B)C Pr()()f ~ (1) [(h) A) U (ka B)] - [(h) A) U (ka B)] - [(r)

AUB)°.
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From Vx € U,

h,(x), aeA-B,
7, (x) =1 ,a€B—-Ah,(x)Vk,(x),a ¢ AUB,
k, (x)
1-(h,(x)Vk,(x)), aeANB,
;( | 1-r,(x),ac AUB (1 =h,(x)AL, a€A-B,
r X) =1 =
“ |1,a¢ AUB IA(1 -k, (x)), a€B-A,
1M1, a¢ AUB,
~ 1-h,(x), aeA,
K (x) =1
L1, atA,
~ 1-k,(x), a€B, (16)
k;(x):<
L1, at¢B,

(h AC (K B)C = (s, E)C,
[ (1-h,(x)A(1-k,(x)), acANB,

~ (1= h,(x))AL, a€A-B,
s (x) =3

IA(1 =k, (x)), acB-A,

| 1IA1, a¢ AUB,

(1-h, (x))A(1 -k, (x)) =min{l - h, (x),1 -k, (x)} = 1 - max{h, (x),k, (x)} =1 - (h, (x) VK, (x)).

~ - — ~ : _ (3l 12 13

we get rF(x)=s(x) and [(hA)U (kB = (h Example 4. Let the domain be U = {h',h* I}, the pa-
s 2 rameter setbe A = {e;,e,} and B = {e,,e5} C E = {e},e,, €5},

AN (kB).

and the two FSSs on U be
The proof of (2) is similar to that of (1). O

(h,C) =1{e, = h(l)‘z’hé.?h(s)v}’ez :{h(lm’ h§.8>h32}}>

{ho. h50 1o}

(k,D) =1e, = h(l)'3,h§‘4,h(3)_6},e3
(h, C):j (k,D) =1{e, = h(l).z’hé.s’hgj}’ez :{h(l)A’hé.B’hg.s}’e.’y :{htl).l’hé.z’hg.s}}’

(0 CY (kD) = ey = {1} I, 2o = B 2 e = (i 2,10}

fer =
fe =1
fer =1
fer =1
(C)T (DN ={e, = {hy g s B} 0 = (o oo o} 3 = (oo 0 5 1
[(hO) A (kD) ={e; ={n}, 1%, 1} ey =y oo 1 Loy = {1, 2 B2, a7
{er ={hos o5 osh e = (o Mo s e = (s s
{er ={hhi ey = {hy o g o o es = {hog B s o}
{
=[(h,C)U (k,D)]°,
[(hONU [(kD)IC ={e, ={nl b2, 1}, ey = {l ;. h g 1 ) ey = L, W2 2}

—[(hON (kD).
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5. Topology Construction Based on FSS (2) (f,A),(g.B) €eT=(f,A) N (g,B) €7
Generalization under Intersection and B) {(froAlk e K} CT=Upep (froAp) €T
Union Operation (4) Y(f,A), (g,B) €7, ® (puB)-(anB) € T then

Tconstitute the fuzzy soft topology under Definition 13
Definition 11 (see [13]). LetF (U; E) be the whole family of
fuzzy FSSs with parameter set E on U; (y, X) € F(U; E) and
P(y, X)are the whole fuzzy soft subset of (y,X). T is a  Remark 4
subfamily of P(y, X); then, 7 is a fuzzy soft topology of .
@X). If (D, (1,X) €7, (2) (f,A), (g, B) € 7= (f, A) M) (f> AN (g.B) = (£, N (g B UPaup)-(anpy
N(g,B) €7, and (3){(fk, A)lk e K} c 7= UkeK(fk’ fk x (FoA) = Uk x (f 1> Ay), Therefore, it can be
Ap) €7, then (X, 7) is a fuzzy soft topology space. seene that Theorem 2€holds.

Definition 12 (see [13]). Let (X,,7) be a fuzzy soft topo- (2) Comparing Definition '19 with Defmition 11, it can
logical space, and the topological space consisting of (f, be seen that the cqndltlons requlr.ed for t.opology
A) € P(y,X), Ty = {(f,A) A (. B)| (g, B) € 7} is called structure construction based on intersection and
the fuzzy soft tof)ological subspace of (X,,7), denoted as union operation in the traditional sense of FSS. are
(An7 o) Y relatively weaker than that based on the generalized

fruan intersection and union operation of FSS, but the
Definition 13. Let F (U E) be the whole family of FSSs with intersection and union oPeration in the,traditionelll
parameter set E on U; (y, X) € F(U; E) and P(y, X) are the sense of ESS do.es not satisfy De Morgan’s law. This
whole FSS of (y, X). 7 is a subfamily of P (y, X); then, 7 is a makes it very difficult to further study the structure
fuzzy soft topology of (7, X).If (1) @, (y, X) €%, (2) (f, A), and' properties gf fuzzy sgft topology. The inter-
(9.B) €= (f,A) 1 (¢.B) €%, and (3){(f ADIK € K} section and union operations in the generalized
CTo U gox (fr Ay) €7, then (ij) is a fuzzy soft topology sense of fuzzy FSS satisfy De Morgan’s law, which

will bring great convenience for further study the

space.
structure of fuzzy soft topology.

Theorem 3. Let F(U; E) be the whole family of fuzzy soft sets

ith ter set E onU; (y, X) € F(U; E) and P(y, X
Zzle M]/)};zorl(zn;%gros;(y g?). (7, X) € F(U: E) and P(y, X) are Example 5. Let U = {h', h*,h*,h*, h°} be the domain and

% is a subfamily of P(y, X), if E = {e,, e,, e} be the set of parameters, and the fuzzy soft set
- is
(1) (DX> (Y> X) € ?

(y,X) =

T

ey ={ho h hy iy ey ={hg, g 51,6, Ho 65 Ho s €5 = {hg 05 Hg o g g5 iy B
s (1 X) ey ={hoo iy by By 0o hy sboey = {ho, 1 5, o o Fig 0o o 5 s = (g, g, g, g, g
ho 2 Mo 3 g5 s g {es = { g, B, b, g, gt (18)
ho> hgs hoy g, o b, {e, = { kg, hg, by, b, g
ho> > hoy oy o b {e, = (g, o, g, g, g} e = {hg 5, B 5, g g g g .

,—-/-a
II

{
e

{
{®x
=1
{rg
{rg

It is easy to verify that T satisfies all the conditions in ~ Proof
Definition 4.3 and constitutes a fuzzy soft topology under

Definition 4.3. (1) From ®, €7and @, = (f, A)ﬁ&)A, we get @, €
_ ?(f,A);from (Y|A)A) € ?) (f)A) = (fa A)?{ (Y|A$ A))

Definition 14 If (f,A) C (y,X) is a FSS, for Vx € U,Va we get (f,A) € ?(f)A)_

€ A,and f,(x) =y, (x), then (f, A) is the limit of (y, X) on -

A, denoted as (f,A) = (yl,, A). (2) Let (hl’c ) (hy, Cy) € T 5093 then (91> B1)> (92>

B, €7, such that (h,,C,) = (f, AN " (gl,B ), (hy,

Theorem 4. Let (f, A) € P(y, X), D, €7, and (yl,,A) €7, C)=(f, AR (92 B,), and (h,;,C, )N (hy,Cy) =

where (X,,7) is the fuzzy soft topological space under Def- [(f AN (gl,B ) Nlf, AN (gz,B )= (f,A)

inition 10, and then, % ;) = {(f,A):nJ (¢.B)| (4. B) e%} T (g0 BT (92, Bo)l from (9,,B) 1 (9,1By) €

forms the fuzzy soft topology of (f, A) under Definition 10. 7, we get (h,C)) N (hy,C,) € T (5 0.
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(3) Let {(h,C)lk € K} be a subfamily of ?(fA and for
Vk e K, there is (g,,By) € 7, and we make (h,Cp) =
(f AN (91> By), and then, we get UkéK(hk,Ck) =
Usex [(F>4) 0 (9B = (f,A) N [U ek (9o B
_ Because :D:keK(thk) €
T(f.4)

Therefore, 7 T (f,4) is the fuzzy soft topology of fuzzy soft
subset (f,A) under Definition 10. O

U gex (gr By) €T, we  get

6. Topology Construction Based on Weak and
Strong Fuzzy Soft Sets

In the analysis and research of FSS operation, F.B. Hua and
Y.P. Wang improved the intersection and union operation of
FSS and gave the concepts of weak FSS and strong FSS based
on the different parameter sets of fuzzy FSS. At the same
time, the intersection and union operations of FSSs are
improved and the properties of the operations are given. It is
concluded that both weak FSSs and strong FSSs satisty De
Morgan’s law under the improved intersection and union
operations.

Definition 15 (see [20]). Set U as the domain, A as the
parameter set, A C E,F(U) as the whole ESS on U, and
(f,A) as the FSS (?7;1( Sf Let f: E— F(U),
VxEU,VaGE,fa(x)={ ’Then let (f,A)
be a weak FSS on U.

)

Remark 5. 1f the weak FSS is based on parametera € E,a ¢ A,
the FSS (f,A) is considered to have no influence on the
decision.

Re;laark 6. (]v‘, A) is a weak FSS on U, i.e., (;‘, A)=(f,A)
Udy_y.

Definition 16 (see [20]). Set U as the domain, A as the
parameter set, A C E, F (U) as the whole FSS on U, and (f,
A) as the FSS on U. Let f: E— F(U), Vx e U,Va € E,

72 = {f a(x). a > 0 Then, let (f, A) be a strong FSS
on U.

Remark 7. If the strong FSS is based on parameter
a € Eanda ¢ A, the FSS (f,A) is considered to have an
absolute influence on decision-making.

(f,A)= {el = {h(l).y hés’ hg]}’ez
(9,B) = {ez = {h(l).y hc2)‘4’ hg.s}"%

Journal of Mathematics

Remal’k 8. (}, A) is a strong FSS on U, i.e, (}, A) = (f,
A)UUg_4.

Definition 17 (see [20]). For two weakly FSSs (}, A) and
(g» B) on domain U, the union and intersection of them are
defined as follows:

(1) The union of (]v‘, A) and (g, B) is defined as a weakly
FSS (h,C) on U, denoted as (h,C) = (f,A)Uy, (g,
B), where C=AUB, Vx eU,Va € E, andh,(x) =
foVE 0.

(2) The intersection of (f, A) and (g, B) is defined as a
weakly FSS (E, C) on U, denoted as (E, C) = (;‘, A)
Ny (g, B), where C= ANB,Vx € U,Va € E, and h,

(x) = £, (X)AG, (x).

Remark 9. In the definition of the union and intersection
operation of weak FSSs, the operation of parameter sets is
consistent with that of the traditional FSSs.

Definition 18 (see [20]). For two strong FSSs (}, A) and
(Z], B) on domain U, the union and intersection of them are
defined as follows.

(3) The union of (}, A) and (g, B) is defined as a strong
ESS (h,C) on U, denoted as (h,C) = (f,A)Ug
(g, B), where C= ANB+®,Vx € U,Va € E, and h,

(x) = fa(x)V g, ().

(4) The intersection of (f, A) and (g, B) is defined as a
strongly FSS (h,C) on U, denoted as (h,C) = (f,
A)N(g,B), where C = AUB, Vx € U,Va € E, and
h, (x) = f,(x)Ag, (x).

Remark 10. In the definition of the union and intersection
operation of strong FSS, the operation of parameter set and
the traditional union and intersection operation of FSS have
changed.

Example 6. Let the domain be U = {h',h* h’}, the pa-
rameter setbe A = {e,e,} and B = {e,,e5} C E = {e;, e,, €3},
and the two FSSs on U be

= {h(l).e’ hé.y hg.z}}’
={ho.1- o Bost

(19)

(.?’ A)=(f,A)U &)E—A = {61 = {h(l).S’ hé.s’ h(317}’ €= {h}).s’ h(2).3’ hg.z})% = {htl)’ hé’ hg}}’
(9.B) = (g, B) LU 5 = {‘31 = {h}’hih?}’ez ={h(1).3’h§.4’h3.8}>63 = {htl).l’hzé.y h(SlS}}’

respectively.
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Definition 19. Let F (U; E) be the whole family of FSSs with
E as the parameter set and U as the domain. The weak FSS
(y,X) € F(U;E) and P(y, X) is the whole weak fuzzy soft
subset of (y, X). 7 is a subfamily of P (y, X); then, 7 is a weak
fuzzy soft topology of (y, X) if

W&y GX T

() (f,A), (g:B)e 7= (f, ANy (g.B) €T

(3) {(fk,Ak)lk E K} CT— Uy, (foA) et

(X, 7) is called a weakly fuzzy soft topology space.
Definition 20. Let F (U; E) be the whole family of FSSs with

E as the parameter set and U as the domain. The strong FSS
(y, X) € F(U; E) and P (y, X) is the whole strong fuzzy soft
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subset of (y,X). T is a subfamily of P(y, X); then, 7 is a
strong fuzzy soft topology of (y, X) if

(2) (f,A), (g,B) e 7=(f,A)Ns(g,B) €T

GV {(foAlke K} cT=Us_ (froA) €T

(X, T) is called a strong fuzzy soft topology space.

Example 7. Let the domain be U = {h,h,} and the pa-
rameter set be E = {e;, e,,e;} and (y, X) = {e; = {hy,, h3 .},
ey ={hys M4}k then, (1 X) = {ey = {hg, My shea =
{ho3> Mo.a}>e3 = {ho, g}

Set

T ={(0, X0, O {ey = {2, Hgshoea ={ho o b e ={ho, Bt {er = {ho 1o B €2 = {hos o} e ={ho B},

e ={hoo o} e2 ={hoss s} e ={ho i}

and directly verify by Definition 19, and we can know that 7
is the weak fuzzy soft topology of (y, X). It is worth noting
that

7= {(}/, X), Dy, {el = {hflJ.z’ hga}ﬂ?z = {hl

: {el :{h(l).z)héz}’ez :{h(lJ.rhg.a}}}

is the fuzzy soft topology of (y, X).

Example 8. Let the domain be U = {h,h,} and the pa-
rameter set be E = {e;, e,,e;} and (y, X) = {e; = {h{,, h5 s},

(20)

th}}, {el = {htln’ h(z).z}’ € = {h(llz’ hg&}}’

(21)

€ = {héyh@}}; then, (y,X) ={e, = {h(l).z’hé.s}>ez = {hy3
hoabes = {hy, hilh
Set

T ={(0, X0, Ox {ey = {2, s hoer ={ho o by b e = (i, it {ey ={ho 1o o €2 = {hos o} e =y, i,

e ={ho o} e2 ={hoss g5} e ={, i}

and directly verify by Definition 20, and we can know that T
is the strong fuzzy soft topology of (y, X). It is worth noting
that

7= {(}/, X) &)X’ {el = {htl).z’ hg.3}> € = {hl

: {e1 :{hé.phéz}’ez :{hé.phéa}}}

is the fuzzy soft topology of (y,X), for which we get the
following conclusions:

(22)

th}}, {el = {h(l).l’ h(z).z}’ € = {h(l).z’ héj}}’

(23)

Theorem 5. Let F(U; E) be the whole family of FSSs on U
with E as the parameter set. The whole FSS with
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(y,X) € F(U;E) and P(y,X) as (y,X) and the subfamily
with T as P (y, X); if T is a fuzzy soft topology of (y, X), then T
is a weak fuzzy soft topology of (y, X) and 7 is a strong fuzzy
soft topology of (y,X).

Proof

(1) If @y, (y,X) €7, then Oy, (y,X) € 7 and By, (¥,
X)erT.

(2) Because (f,A) C (g, B), so (]vf, A)°C (g,B) and (]A‘,
A)'C (g,B). If (f,A), (g,B) €7, then (f,A)N (g,
B) € T; then, we can get if (}’ A), (g, B) € 1; then,
(£,A)Ny (3.B) € T, or if (f,A), (g,B) € 7, then

(£,A)Ng(3,B) € 7.
(3) Because {(f, Al k € K} C T= U i (fro Ap) € 1, if
{(}k, Ak e K} CTo Uik fo Ay €7 or if

{(}k’ Ak)l ke K} C ?:USkEK (}k’Ak) € ?, it can
be concluded that Theorem 3 is true. O

7. Conclusion

In this paper, the intersection and union operation of FSS is
extended, and the result of union operation is kept. A series
of operation properties of generalized intersection and
generalized union of FSSs are given. The fuzzy soft topology
based on generalized intersection and generalized union
operation of FSS is established because the generalized in-
tersection and generalized union satisfy De Morgan’s law.
This will provide convenience for the further study of fuzzy
soft topological space properties, especially the fuzzy soft
quotient topological space. Finally, the topological con-
struction of weak FSS and strong FSS is discussed, and the
relationship between them and the topological construction
of traditional FSS is obtained.
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