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In this study, we investigate a new kind of mean labeling of graph. The ladder graph plays an important role in the area of
communication networks, coding theory, and transportation engineering. Also, we found interesting new results corresponding

to classical mean labeling for some ladder-related graphs and corona of ladder graphs with suitable examples.

1. Introduction and Preliminaries

All through this paper, by a graph, we mean an undirected,
simple, and finite graph. For documentations and phrasing,
we follow [1-6]. For a point-by-point review on graph la-
beling, refer [7].

Let P, be a path on n nodes denoted by u,,, where
1<y<n, and with n—1 lines denoted by e,; where
1<d<n- 1, wheree, is the line joining the vertices u, , and
Uy,541- On each edge e, erect a ladder with n — (y — 1) steps
including the edge e, fory = 1,2,3,...,n — 1. The resulting
graph is called the one-sided step graph, and it is denoted by
ST,.. Let P,, be a path on 2n vertices u,,, where 1<y <2n
and with 2n -1 edges ey, e, ..., e,, |, where e, is the line
joining the vertices u; , and u; ,,,,. On each edge e, we erect
a ladder with ‘y+1" steps including the edge e,, for
y=12,3,...,n and on each e,, we erect a ladder with 2n +
1 -y steps including e, fory =n+1,n+2,...,2n - 1. The
graph thus obtained is called the double-sided step graph,
and it is denoted by 2ST,,. Let G, and G, be any two graphs
with p, and p, vertices, respectively. Then, G, X G, is the
cartesian product of two graphs. A ladder graph L, is the
graph P, x P,. The graph G-S,, is obtained from G by
attaching m pendant vertices to each vertex of G. The tri-
angular ladder TL,, for n>2, is a graph obtained from two
paths by u;,u,,...u, and v,,v,,...v, by adding the edges
UyVy, l1<y<n and Uy V1> 1<y<n—1. The slanting ladder
SL, is a graph obtained from two paths u;,u,,...u, and

V1> V), ... ¥, by joining each v, with u,,,,1<y<n-1. The
graph D; having the vertices {a%&: 1<y<nd=1,2, 3,4},
and its edge set is {a%lawl,l,a},ﬁayﬂﬁz I<y<n- 1}

u {%,1%,2» Ay20y3 0y 30, 4,8y 4y 10 1SYS n}

2. Literature Survey

The origin of graph labeling called graceful labeling was
characterized by Rosa in [8] and the mean labeling of graphs
was introduced by Somasundram et al. in [9]. In [10],
Arockiaraj et al. presented the idea of F-root square mean
labeling of the graphs and examined its meanness [11]. Durai
Baskar and Arockiaraj talked about the C-geometric
meanness of some ladders in [12]. Dafik et al. researched the
antimagicness of the graphs including the graph D} in [13].
Durai Baskar considered the logarithmic meanness in [14]
and Rajesh Kannan et al. characterized idea of exponential
mean graphs in [15]. In addition, more concepts of ladder
graphs and related concepts have been studied in [16-24].
Recently, Muhiuddin et al. have applied various related
concepts on graphs in different aspects (see, e.g., [25-31]).

3. Methodology

A labeling y on a graph G (V, E) with p vertices and g edges is
called a Smarandache (m,k) mean labeling, for an integer
m>1landk>2,ify: V(G) — {1,2,3,...,q + 1} isinjective
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FIGURE 1: A classical mean labeling of C;.

and the induced function x*: E(G) — {1,2,3,...,q} de-
fined by

oo @ O . 2 @) () klx<u>k+x(v>k
x(uv)—{;(dfﬂ/x(u) x(v) esTo Al . , (1)

for all uv € E(G), is bijective.

Particularly, if m =1 and k =2, such a Smarandache
(m, k) mean labeling is the classical mean labeling on the
graph. A function y is known as a classical mean labeling of a

4 2

graph G(V,E) with p nodes and g edges if
x: V(G) — {1,2,3,...,q + 1} is injective and the incited
edge assignment function x*: E(G) — {1,2,3,...,q}
characterized as

2

e x+x ) 2x(wy () l)c(u)2 +x(v)?
X (uv)—{— <7+ \Vx wy () +)((u)+)((v)+\l , (2)

for all uv € E(G), is bijective. A graph that concedes a
classical mean labeling is said to be classical mean graph.
A classical mean labeling of C; is shown in Figure 1.
Here, we found interesting new results corresponding to
classical mean labeling for some ladder-related graphs and
corona of ladder graphs.

4. Main Results

Theorem 1. The one-sided step graph ST, is a classical mean
graph, for n>2.

Uy,y41- On each edge e, erect a ladder with n — (y — 1) steps
including the edge e, fory = 1,2,3,...,n — 1. The resulting
graph is called the one-sided step graph, and it is denoted by
ST,. Let ity tspollyes. .Uy, s Ugyforl<asn,
1<b<n-1,and1<c<n -2, be the nodes of ST,,.

Construct a mapping yx from V(G) to
{1,2,3,...,-1+n+n*h

X(uy,a) :(1—y+n)2+5—1, for2<y<m,1<8<n+2-7,
X(“l,é) =n*+6- 1, for2<d<n.

(3)
Proof. Let P, be a path on n nodes denoted by Uy where Therefore,
1<y<n and with n—1 lines denoted by e,s where
1<d<n- 1, where e, is the line joining the vertices u, ,, and
X*(u%(;u%sﬂ) =(1-y+n)’+8-1, for2<y<nand1<8<l-y+n,
X*(u1’5u1)5+1):—1+n2+8, 1<d<n-1, (4)

X*(u%suyﬂ)é) =(1-y+n)(-y+n) -1+6, forl<y<-1l+mandl<d<n+1-y.

Hence, one-sided step graph ST, is a classical mean
graph, for n>2.

A classical mean labeling of ST, is shown in
Figure 2. O
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Theorem 2. The double-sided step graph 2ST,, is a classical
mean graph, for n> 1.

Proof. Let P,, be a path on 2n vertices u; ,, where 1 <y <2n
and with 2n -1 edges ey, e, ..., e,, |, where e, is the line
joining the vertices u; , and u; ;. On each edge e, we erect
a ladder with ‘y+1" steps including the edge e,, for
y=1,2,3,...,n,and on each e,, we erect a ladder with 2n +
1 -y steps including e, fory =n+1,n+2,...,2n - 1. The
graph thus obtained is called the double-sided step graph,
and it is denoted by 2ST,,.

Let w4ty goUspollyese s Uyyy Uy fOr 1<a<
2n,1<b<2n-2, and 1 <c<2n -4 be the nodes of 2ST,,.

Construct a mapping x from V(G) to
{1,2,3,...,3n+2n*}
1+n+2n° +2(-1+9), 1<8<n,

3n+2n” —28+2n+2, 1+n<d<2n,

X(“l,a):‘{
(5)
for 2<8<2+n-yand 2<y<n,

Auys) =200 -y +n)’ +(n+2-9y)+2(8-2),  (6)

*
X (uy,éuy,ﬁﬂ

* 2
X (uy,2n+3—2yuy+1,2n+272y) 2 (_Y +n+1)"+ (_Y +n+1),

.
X (un,Zun3 4’
: 1
X ( Upi11Une12 >
2
X*(”1,1“2,1 =2n"+n-1
2
2n” +mn,

)=
)=
)
X (u12nu2 2n)
X* (”y,2”y+1 1)
)=

X (”1 sUss

for3<d<m+2-yand2<y<n-1,

X* (uy,5uy+l,6—1) = 2(_)} +1+ n)2 - (—Y +2+n)+26-4,
(11)

>

2(— y+n) -y+n,
1-n+2n+28 -4,
2+n+2nt=2(-1-n+9),

for2<y<mand n+3-y<d6<2n+3-2y,
X(u )=2(1+n—y)2+3(n+1—y)—2(y+8—n—3),

(”21) 2’ +n-2,
( ) 22+n-y)Y —y+n, 3<ysn+l,
(y2n+42y) 2n+2-9Y +1+n-y, 2<y<n+1l.
(7)
Therefore,
l+n+2n* +2(-1+6), 1<d<n,

3n+2n° — 28 +2n, n+l<é<2n-1,

(8)

X*(ul,ﬁul,éﬂ) = {

for2<§<2+n-yand 2<y<n-1,

X*(u%auy’sﬂ) =2(—y+1+n) +(-p+n+2)+2(-2+0),

X*(u%guwl,é_l) =2(—y+1+n)+(-p+3+n)—-2y-20+2n+2,

X*(u%lu%z) =2(-y+1+n+1)+3(-y+1+n),

X*(u%mﬁ_zyuy’znﬂ_zy) =2(—y+1+n) +3(-y+1+n)+1,

Hence, the double-sided step graph 2ST,, is a classical
mean graph, for n>1.

9)
for -y+3+n<8<2+2n-2yand 2<y<n-1,
=2(—y+n+1)  +3(-y+n+1)=2(=2+y + 0 -n),
for2<y<n,
(10)
2<y<n,
2<é<n,
1+n<d< —1+2n,
for3+n-y<d<2+2n-2yand 2<y<n-1,
for2<y<n, (12)

for2<y<n.

A classical mean labeling of 2ST,, is shown in
Figure 3. t
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FIGURE 2: A classical mean labeling of ST.
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FIGURE 3: A classical mean labeling of 2ST,.

Theorem 3. For n>2 and m<4, the graph P, x P, is a
classical mean graph.

Proof. Take V(P,, xP,) = {vy(;: 1<6<n,1 Sygm} and
E(P, xP,) = {vyav(yﬂ)(;: 1<d<n,1<y<m-1}U {vwg
Vprn: 1S0<n—1,1<y<m}.

Case (i). m = 2.

Construct a mapping y from V(P,xP,)) to

(1,2,3,...,3n— 1k

X(vy(;) =yp+3(0-1), forl<y<2andl<d<n.
(13)

Therefore,

X (Vigvas) =302, forl<d<n,
X*(Vyé"y(8+1))=)’+38—2, forl<y<2andl<é<n-1.
(14)

Case (ii). m = 3.

Construct a mapping y from V(P;xP,) to
(1,2,3,...,5n -2}

)=

4 y=3 (15)
X(vy(;) =y+5(0-1), forl<y<3and2<d<n

1<y<2,

Therefore,
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X*(Vylv(y+l)1) =y, forl<y<2,

X*(vylvy2)=y+2, forl<y<3,
X*(vy5v<y+l)5):y+58—5, forl<y<2and2<d<n,
X*(Vys"y(5+1))=)’+55_3’ forl<y<3and2<d<n-1.

(16)
Case (iii). m = 4.
Consider the graph P, x P, for n>3.

Construct a mapping x from V(P,xP,) to
{1,2,3,...,7n -3k

x(vn) = {

X(Vyz) =y+7, forl<y<4,

s 1<y<2,

y+1, 3<y<4,

(17)

X(ng) =y+7(6-1), forl<y<4and3<d<n

Therefore,

X*(V15V1(5+1)) = {

X*(vy(gvy(aﬂ)) =yp+70-4, for2<y<4andl<d<n-1,

X* (VylV(y+1)1) = {

X*(VVZ"(yﬂ)z) =y+7, forl<y<3,

86-5 1<6<2,

76-3, 3<8<n-1,

y, 1<y<2,

4 y=3

X*(vy(sv(yﬂ)&) =y+78-7, forl<y<3and3<d<n
(18)
Hence, for n>2 and m<4, the graph P, xP, is a
classical mean graph.

A classical mean labeling of P, x P,, P; x Pg, and P, x
P, are shown in Figure 4. O

Corollary 1. Every Ladder graph L, = P, x P, is a classical
mean graph.

A classical mean labeling of P, x Ps is shown in Figure 5.

Theorem 4. For m<2 and n>2, the graph L,°S,, is a
classical mean graph.

Proof. Case (i). m = 1.

Construct a mapping y from V(L,-S;) to
(1,2,3,...,5n—1}:

_® y=1
X(uy)_{S)/—?), ZSygn,
_|* y=1
X(Vy)_{sy_z) ZSygn,
X(”l(y)) =5y—-4, forl<y<n,
% y=1
MY _
X(-xl )_{5)/—1, ZSYSTI.
Therefore,

X*(uyuy+1)=5y—l, forl<y<n-1,
X(V}/Vy+1):5)/, forl<y<n-1,
' _[» r=t
X (HyVy)_4 5y=3, 2<y<n,
X*(uywl(y)) =5y-4, forl<y<n,

(2 y=1
* MY _
X(Vyxl )_ 5)/—2) ZSYSI’L

Case (ii). m = 2.

Construct a
{1,2,3,...,7n—1}:

mapping x from V(L,-S,)

(3, y=1
X(”y):* -2+7y, yisevenand2<y<n,
( 7y -5, yisoddand2<y<n,
(4, y=1
X(Vy):‘ 7y —4, yisevenand2<y<n,
7y -1, yisoddand2<y<n,
(1, y=1
X(wf”)z« -3+7y, yisevenand2<y<n,
| -6+7y, yisoddand2<y<n,
(2, y=1
X(wé"))=< -1+7y, yisevenand2<y<mn,
| -4+ 7y, yisoddand2<y<n,
([ 2y + 3, 1<y<2,
X(xl(y)) =4 —-6+7y, yisevenand2<y<n,
(| -3+ 7y, vyisoddand2<y<n,
(8, y=1
X(xéy)) =4 -5+7y, yisevenand2<y<n,
| -2+7y yisoddand2<y<n.

Therefore,

(19)

(20)

to

(21)
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1 4 7 10
3 5 6 3 11
()
1 3 6 g 1l 13 16 33 21 3 26 g 31 33
36
1 6 11 16 21 26 31 36
4 14 19 24 29 34
2 37
7 12 17 22 27 32
2 7 12 17 22 27 32 37
5 10 15 20 25 30 35 38
4 8 13 18 23 28 33
(b)
1 8 15 22 29
3 11 18 25 32 36
1 8 15 22 29 36
5 12 19 26 33
2. 37
9 16 23 30
2 9 16 23 30 37
6 13 20 27 34
4 38
10 17 24 31
4 38
10 17 24 31
39
5 7 11 14 18 21 25 28 32 35
(c)
FIGURE 4: A classical mean labeling of P, x P,, P; X Py, and P, x P,.
5, =1, 1 4 7 10 13
X*(uyuwl) _ { y 2 5 8 11
7y-1, 2<y<n-1,
. 1 4 7 10 13
X vyvyﬂ) =7y, forl<y<n-1,
2 3 5 6 8 9 11 12 14

X*(Uy"y) =7y—-4, forl<y<n,

FIGURE 5: A classical mean labeling of P, x Ps.

L y=1
* M\ _ _ .
X (qul ) =17v—3 2sysnandyiseven, Hence, form <2 and n>2, the graph L, o S, is a classical
7y -6, 1<y<mnandyisodd, (22)  mean graph.
7y -2 1<v<nandvi A classical mean labeling of L oS, is shown in Figure 6.
X" (u wéy)) - { Yoo hsysnandyiseve, A classical mean labeling of Lg;oS, is shown in
v 7y -5, 1<y<mnandyisodd, Figure 7. O
*( (y)) <[7)}—6, 1<y<mnandyiseven,
XX )= . Theorem 5. The triangular ladder graph TL, is a classical
7y -3, 4<y<nandyisodd, mean graph, for n>2.
X*(V x(y)): 7y -5, 2<y<nandyiseven,
e 7y -2, 1<y<nandyisodd. Proof.  Construct a mapping y from V(TL,) to

{1,2,3,...,4n -2}
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1 6 11 16 21
1 6 11 16 21
3 4 7 9 12 14 17 19 2
3 7 12 17 22
4 5 8 10 13 15 18 20 3
2 8 13 18 23
3 S 14 19 24
FIGURE 6: A classical mean labeling of L - S;.
1 30011 1315 17 25 27 29 31
1 ) 11 " 15 16 25 26 29 30
3
5 12 53 16 26 - 30
3 10 17 24 31
5 7 10 14 20 21 24 28 ”
4 6 8 9 18 19 22 23 32 33
4 8 7 9 18 19 22 23 32 33
FIGURE 7: A classical mean labeling of L »S,.
X(“y) =4y-3, forl<y<n, Theorem 6. For m<2 and n>2, the graph TL,-S,, is a
classical mean graph.
( ) 4y-1, 1<y<n-1, (23)
V. =
N n-2, y=n Proof. Case (i). m = 1.
Construct a mapping x from V(L,oS;) to
Therefore, (1,2,3,...,6n-2}:
( y+1) 4y -2, forl<y<n-1, X(uy):{Sy—?:, 1<y<2,
( vy)=4y 3, forl<y<n, 6y -4 3=<ys=n
(24) =6y-2, forl<y<
(yy+1):4y, forl<y<n-1, X(VV) Yoo JorRsysm
X (uvy)=-1+4y, forl<y<n-1. x(w”) =
6y -5, 3<y<n,
Hence, the triangular ladder graph TL, is a classical (x(y)) _ 3, y=1,
mean graph, for n>2. A 6y -3, 2<ys<n
A classical mean labeling of TLg is shown in
Figure 8. ( Therefore,
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X*(uyuyﬂ) =-2+6y, forl<y<n-1,
X*(vyvyﬂ) =6y, forl<y<n-1,
X' () =6y—1, forl<y<n-1,
2, =1,
X () :{ ! (26)
6y—4, 2<y<n,
X*(uway)) =6y-5 forl<y<n,
3, y=1
* [§0)
v () -]
6y -3, 2<y<n

Case (ii). m = 2.

Construct a
{1,2,3,...,8n -2}

mapping y from V(L,-S,) to

()15 s o
u =
M) = sy -3, 2<y<n,
6, y=1,
V. =
() {8y—5, 2<y<n,
! 8y—4, 2<ys<n,
(27)
2 8y-2, 2<y<n,
X(xfw) :{4, y=1
8y-7, 2<y<n,
9 =
(Y) > >
X =
X< 2 ) {8)/—6, 2<y<n
Therefore,
6, y=1,
u,u =
X ( Y V+1) {8}/, 2Sy<n_1)
8, y=1
v, =
X(YVH) <18)/—2, 2<y<n-1,
X (uyvy) =8y-5, forl<y<n,
5, y=1
u,v =
X(Yyﬂ) <|8y—1, 2<y<n-1,
= 28
X (u wf”)Z{L o 0
Y 8y -4, 2<ys<n,
2, y=1
* »
X(uywzy):{s 3 o<
Y=o 2sysn,
4, y=1
* »
X(vyxly):{S _5, 2<
Y=o 2sysn
7, y=1
* »
Yy—0, ssysn

Hence, for m<2 and n>2, the graph TL,-S,, is a
classical mean graph.

Journal of Mathematics

A classical mean labeling of TL; o S, is shown in Figure 9.
A classical mean labeling of TL,oS, is shown in
Figure 10. O

Theorem 7. For n>2, the slanting ladder graph SL, is a
classical mean graph.

Proof.  Construct
(1,2,3,...,3n -2}

a mapping y from V(SL,) to

x(w)=1,
X(”y)=_4+3% for2<y<n,
(29)
X(Vy) =3y, forl<y<-1+n,
x(v,) =-2+3n
Therefore,
* 1’ y: ]"
uu,,, )=
X (1) {3y—3, 2<ys<n-1,
X*(Vy"y+1):3}’+1’ forl<y<n-2, (30)

X* (vn—lvn) =3n-3,

X (vyay)=3y—1, forl<ys<n-1

Hence, for n>2, the slanting ladder graph SL, is a
classical mean graph.

A classical mean labeling of SLg is shown in
Figure 11. O

Theorem 8. For m<2 and n>2, the graph SL, S, is a
classical mean graph.

Proof. Let E(SL,°S,) = {uyuyH,
$2)

n-— I}U{uyvy_lz ZSySn}U{uyua : ISySn,ISSSm}U

VyVput 1Sy <

o 1sy<n1<8<ml.

Case (i). n>3 and m = 1.

Construct a mapping y from V(SL,0S;) to
(1,2,3,...,5n -2k

1+, 1<y<2,
) = —6+5y, 3<
Y, dsysn
6, y=1
X(vy)—{Sy, 2<y<sn-1,
-2+ 5n, =n,
! (31)
oy _ |23y, 1sys2,
X(w1 )—
-7+5y, 3<y<n,
7, y=1
X(xfy))—{l+5y, 2<y<n-—1,
-3+5n, y=n

Therefore,
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Lop » 6 O 0 By 7oy M B ¥
3 7 11 15 19 23 27
1 5 9 13 17 21 25 29
304 7 8 o 12 s 16y 200 5 23y 28 g,
FIGURE 8: A classical mean labeling of TLg.
1 8 13 19 25
1 7 13 19 25
2 7 14 20 2%
4 10 16 22
5 11 17 23
2 8 14 20 26
6 12 18 24
4 28
10 16 22
3 9 15 21 27
3 9 15 21 27
FIGURE 9: A classical mean labeling of TL; - S;.
1 3 12 14 20 22 28 30
1 2 12 13 20 21 28 29
2 6 13 16 21 24 2
5 15 23
3 11 19 27
8 Y 19 2 27
6
4 7 9 0 17 18 26
4 9 8 0 18 ¥ 26
FIGURE 10: A classical mean labeling of TL, - S,.
1 2 5 8 11 14 17 20
1 3 6 9 12 18
2 5 8 11 14 17 20
30 4 6 5 9 gy 12 g5 15 e 18 9 21 4 22

FIGURE 11: A classical mean labeling of SLg.
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X -1+3y, 1<y<2,
X(”Y”wl):
-4+5y, 3<y<n-1,
*( ) 2+5y, 1<y<n-2,
X MyYy) =
r -4+5n, y=n-1,

X*(vyuwl) =-1+5y, forl<y<n-1,

(32)

1, y=1
* )
X (”ywly)z
-7+5y, 2<y<n,
6, y=1
X*(vyxfy))= 5y, 2<y<n-1,
-3+5n, y=n

Case (ii). n>3 and m = 2.

Construct a mapping y from V(SL,0S,)
{1,2,3,...,7n -2}

[ 2+, 1<y<2,
-9+7y, yisoddand3<y<n-1,
X(”y):* -6+7y, yisevenand3<y<n-—1,
-10+7n, nisevenandy =n,
| -9+7n, nisoddandy =mn,
[ 8, y=1
-1+7y, yisoddand2<y<n-3
2+7y, yisevenand2<y<n-3
X(Vy) =4 -13+7n, nisevenandy=n-2,
-15+7n, nisoddandy =n-2,
7n -5, y=n-1,
| 7n -3, y=n
(1, p=1
-5+5y, 2<y<3,
X(wfy)) _ ] -7+7y, y%sevenand4£y£n—1,
-10+7y, yisoddand4<y<n-1,
-11+7n, nisevenandy =n,
| -10+7n, nisoddandy =n,
[ -5+7y, 1<y<2,
-5+7y, yisevenand3<y<n-1,
X(wéy)) =4 -8+7y, yisoddand3<y<n-1,
-7+7n, nisevenandy =n,
| -8+ 7n, mnisoddandy =mn,

to
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9, y=1,
7y, 2<y<n-3andyiseven,
-3+7y, 2<y<n-3andyisodd,
X(xfy)) _ ) -12 +7n, n%sevenandy_:n—z,
-17+7n, nisoddandy=n-2,
-8+7n, nisevenandy=n-1,
-7+7n, mnisoddandy=n-1,
| —4+7n, y=n, (33)
11, y=1
7y +1, yisevenand2<y<n-3,
-2+7y, yisoddand2<y<n-3,
)((xéy)) =4 -9+7n, nisevenandy=n-2,
-16+7n, nisoddandy=n-2,
-6+7n, y=n-1,
-2+7n, y=n
Therefore,
[ -1+4y, 1<y<2,
. -5+7y, 3<y<n-2,
X (uyuyﬂ) ) -14+7n, nisevenandy =n-1,
| -12+7n, nisoddandy=n-1,
11, y=1,
3+7y, 2<y<n-3,
X (VyVy+1) =1 -10+7n, nisevenandy=n-2,
-11+7n, nisoddandy =n-2,
| 5+7n, y=n-1,
5, y=1,
X (Vyuy+l)={—1+7y, 2<y<n—1,
1, y=1,
-8+6y, 2<y<3,
)(*(uywl(y))=< -7+7y, y%sevenand4§y§n—1,
-10+7y, yisoddand4<y<n-1,
-11+7n, nisevenandy =,
| -10+7n, nisoddandy =mn,
[ -2+4y, 1<y<2,
X*(uywz(y))=< -6+ 7y, y?sevenand3§y§n—1,
-9+7y, yisoddand3<y<n-1,
| 9+7n, y=mn,
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8, y=1
7y, yisevenand2<y<n-3,
-3+7y, yisoddand2<y<n-3,
X*(vyxl(y)) =1 -13+7n, nisevenandy =n-2,
-17+7n, nisoddandy =n-2,
-7+ 7n, y=n-1,
| —4+7n, y=n,
(9, y=1
1+ 7y, yisevenand2<y<n-3,
-2+7y, yisoddand2<y<n-3,
X*(vyxz(y)) ={ -12+7n, nisevenandy =n-2,
-16 +7n, nisoddandy =n-2,
—-6+7y, y=n-1,
| -3+7n, y=n

(34)

Case (iii). n=2and m=1,2.

A classical mean labeling of SL,oS; and SL,-S, are
shown in Figure 12.
A classical mean labeling of SL¢oS; is shown in

Figure 13.
A classical mean labeling of SL;oS, is shown in
Figure 14. O

Theorem 9. For n>2, the graph D] is a classical mean
graph.

Proof. Take V(D;)= {ay)(;: 1<y<nd= 1,2,3,4} and
E(D;) = {a%lawl)l,ayﬁawlﬁ: I<y<n- 1} U 14,4
Ay3> Ay 3054 Gy 40,10 1<y <nlb.

2 Ay

Construct  a  mapping x from V(D;) to
{1)2,3,. . .,6}1— 1}
x(a,,)=-2+6y, forl<y<n,
X(“y,z) =-5+6y, forl<y<n, -
35
X(ay,g,) =-3+6y, forlsysn’
X(“VA) =-1+6y, forl<y<n
Therefore,

X*( Ylay+11) 6y, forl<y<n-1,
X*

(ayjayﬂj) =-1+6y, forl<y<n-1,

X*(ay,la%z) =—-4+6y, forl<y<n,
(36)
X (a%Zayﬁ) =-5+6y, forl<y<n,
X (%3%,4) =-3+6y, forl<y<n,
X (aYAay,l) =-2+6y, forl<y<n

Hence, for n>2, the graph D}, is a classical mean graph.

11
A classical mean labeling of Dj is shown in
Figure 15. O

Theorem 10. For n>1, the diamond ladder graph DI, is a
classical mean graph.

Proof. V(DI = {xy,yy: ISySn}U{zY: ISySZn} and
E(DI,) = {xyyy: lsySn}U{xyxwl,yyyyH: l<y<n- 1}

u {xyzzy,l, X2y YyZay 1> YyZayt 1SV S n} U {zzyzzyﬂ: 1<
y<n—1}. Thus, |V (DI,)| = 4n and |E(DI,)| = 8n - 3.

Construct a mapping y from V(DI,) to
{1,2,3,...,8n -2}

X(xy) =-5+8y, forl<y<n,

)((yy) =-3+8y, forl<y<n,

1, y=1,

A _((—1)V+1 + 1) ,
X(zy):‘ ! 2 )

yisevenand 2 <y <2n,

47’_(%“) -2, yisoddand3<y<2n

| (37)
Therefore,

( XypX y+1) 2+8y, forl<y<mn-1,
(J’y)’y+1) y, forl<y<m-—1,

X' (%) =-5+8y, forl<ys<n,
(ZZVZZVH) -1+8y, forl<y<n-1, )
(x Zoy- 1)=—7+8y, forl<y<n,

(x ZZy) -4+8y, forl<y<n,
(yyZZY 1) =-6+8y, forl<y<n,

(}’yzzy) =-3+8y, forl<y<n

Hence, for n>1, the diamond ladder graph DI, is a
classical mean graph.

A classical mean labeling of DI, is shown in
Figure 16. O

Theorem 11. For n>4, the latitude ladder graph LL, is a
classical mean graph.

Proof. Here, V(LL,) = {uy: 1Sy§n} and E(LL,) = {uy
Uy 1<y<n=1 U {u,u,} U{uyun+2 i 2sys (n/z)}
Construct a mapping y from V(LL,) to

(1,2,3,..., (3n/2)}:
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(a) (b)

FIGURE 12: A classical mean labeling of SL, oS, and SL, < S,.

FIGURE 13: A classical mean labeling of SLg e S;.
5 21 2 55\ /26

1 2 5 9 10 13 9 23 95 27
1 2 4 6 10 1
3 3 4 7 12 16 2
5 13 20
8 11 16 17 20 24 30
8 14 15 18

19 28 29 31 32

14 18

1 15 19 28

29 3 33

FIGURE 14: A classical mean labeling of SL; o S,.

5 9 1n 1 17 21
7 9 13 15 19 21
7 13 19
5 11 17 3
8 10 14 16 20 22
6 0 12 16 18 9

FIGURE 15: A classical mean labeling of Dj.
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3 6 11 u 19 » 27
1 4 9 1 17 20 55/ | \28
1 3 729 1112217 19 22325 [27 H30
2 5 10\ | /13 1 21 268 | 29
5 8 13 16 21 24 29

FIGURE 16: A classical mean labeling of DI,.

~
e}

9 10
10 11
12
12
13
15

3y-2, 1<y<—-—-1,
Y Y 2
-1 -
y-5L Y_Z’

X(”V)z‘ (39)
3n =1+
2: y_ >
3y+3n—-+3, 2+-<y<n

Therefore,
3 1 1< <n
y-L —Y—z’
X (”y”wl):

3n-3y+1, —+1<y<n, (40)

X (uyumz,y) =3y-3, for2<y sg.

Hence, for n>4, the latitude ladder graph LL, is a
classical mean graph.

A classical mean labeling of LL,, is shown in
Figure 17. O

13

5. Conclusion

The Cartesian product is one among graph operations. Based
on this operation, the classical mean labeling of various
graphs such as the one-sided step graph ST,, double-sided
step graph 2ST,,, graph P,, x P,, ladder graph L,, graph
L, S, triangular ladder graph TL,, graph TL, o S,,,, slanting
ladder graph SL,, graph SL, = S,,, graph D}, diamond ladder
graph DI, and latitude ladder graph LL, are established. It
would be very interesting to analyze that the classical
meanness of various ladder-related graphs. Investigating
classical mean labeling of other classes of graphs is still open
and this is for future work. One can also explore the exclusive
applications of classical mean labeling in real-life problems.
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