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Surface effects on the transverse vibration and axial buckling of double-nanobeam-system (DNBS) are examined based on a refined
Euler-Bernoulli beam model. For three typical deformation modes of DNBS, we derive the natural frequency and critical axial load
accounting for both surface elasticity and residual surface tension, respectively. It is found that surface effects get quite important
when the cross-sectional size of beams shrinks to nanometers. No matter for vibration or axial buckling, surface effects are just the
same in three deformation modes and usually enhance the natural frequency and critical load. However, the interaction between
beams is clearly distinct in different deformation modes. This study might be helpful for the design of nano-optomechanical
systems and nanoelectromechanical systems.

1. Introduction

Nanowires hold a wide variety of potential applications, such
as sensors, actuators, transistors, probes, and resonators in
nanoelectromechnical systems (NEMSs) [1]. In the design
of nanowire-based components, it is of great importance to
acquire the mechanical behaviors of nanowires accurately.
Owing to the increasing ratio of surface area to volume
in nanostructured components, the influence of surfaces
gets important in their mechanical performance. To account
for surface energy in solids, Gurtin et al. [2] established
the surface elasticity theory, and recently its applications
in nanosized structural element agree reasonably well with
atomistic simulations and experimental measurements [3–
6]. For example, Miller and Shenoy [3] investigated the
size-dependent elastic properties of nanoscale beams and
plates by both surface elasticity and atomic simulation. Ru
[4] explained the difference and essence of various versions
of Gurtin’s surface elastic theory. A core-shell model was
developed by Chen et al. [5] to explain the size-dependent
Young’s modulus of ZnO nanowires. Through Laplace-
Young equation, Wang and Feng [7, 8] addressed both the
impacts of residual surface stress and surface elasticity on
the vibration and buckling of nanobeams. He and Lilley

[9] analyzed the static bending of nanowires, and explained
its size-dependent elastic modulus. Using this model, Wang
[10] considered the transverse vibration of fluid-conveying
nanotube, Fu et al. [11] studied the nonlinear static and
dynamic behaviors of nanobeams, and Assadi and Farshi
[12] investigated the size-dependent stability and self-
stability of circular nanoplates.

Most of above analyses addressed surface effects on single
nanowire. Recently, the double-nanobeam-system (DNBS)
has been utilized in nano-optomechanical systems [13–
18]. The DNBS can be modeled by two one-dimensional
nanobeams connected by coupling medium (i.e., van der
Waals force, electrostatic force, capillary force, or Casimir
force). Frank et al. [14] used electrostatic forces to tune
the reconfigurable filters based on two coupled nanobeams
model. Karabalin et al. [18] studied the nonlinear dynamics
of two elastically coupled nanomechanical resonators and
demonstrated that one oscillator could be modified by
driving the second oscillator.

In the present paper, we will analyze surface effects
on the transverse vibration and axial buckling of DNBS.
Our solutions would provide more accurate predictions on
the mechanical properties of DNBS and a more reliable
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mechanical model for the design of coupled photonic crystal
nanobeams [16].

2. Surface Effects on Beam Deformation

The creation of a free surface in a solid leads to excess
free energy, which is referred as surface energy, thereby the
increase in surface area during deformation will require
external work. In addition, the atoms or molecules near a free
surface experience a different local environment than that in
the interior of the material. As a consequence, the energy
density, atom density, and other physical properties in the
surface layer will be distinct from those in the bulk.

Surface effects on the mechanical behavior of nanosized
elements and nanomaterials can be examined by considering
surface energy and/or surface stresses. According to Gibbs
[19] and Cammarata [20], the surface stress tensor σsαβ is
related to the surface energy density γ through the surface
strain tensor εsαβ by

σsαβ = γδαβ +
∂γ

∂εsαβ
. (1)

For the deformation of microbeam, only surface stress
and surface strain along the longitude direction are of
importance, and the one-dimensional and linear form of (1)
is

σs = τ0 + Esεs, (2)

where τ0 = γ + ∂γ/∂εs|εs=0 is the residual surface stress when
the bulk is under unstrained and Es is the surface Young’s
modulus and can be determined either by atomic simulations
or experimental measurements [3, 6]. The ratio of surface
energy, surface stress, and surface modulus to the bulk
elastic modulus is usually on the order of nanometers. For
macroscopic structures, the influence of surface effects can
be neglected. However, for nanosized structural elements, the
contribution of surface effects becomes quite important and
should be accounted for.

According to Laplace-Young equation [7, 9], the residual
surface stress induces a distributed normal pressure q(x)
spanning the beam (as shown in Figure 1(a)), which is given
by

q(x) = H
d2w(x)
dx2

, (3)

where w(x) is deflection at the position x. H is a constant
related to the residual surface stress and the cross-sectional
shape. For a rectangular cross section with width b and
height h or a circular cross section with diameter D as shown
in Figures 1(b) and 1(c), respectively, one has [7, 9]
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⎧
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⎩

2τ0b
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Figure 1: (a) A double-nanobeam-system, (b) a rectangular cross
section with a surface layer, and (c) a circular cross section with a
surface layer.

The influence of the second term in (2) can be accounted
for by the effective flexural rigidity (EI)∗ [7, 9]
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(5)

where E is the Young’s modulus of the bulk of beam. In what
follows, we will consider the vibration and buckling of DNBS
by this surface model.

3. Vibration of Double-Nanobeam-System

Consider a double-nanobeam-system as illustrated in
Figure 1(a). Two nanobeams with identical length l are
connected by distributed springs with stiffness k. In physical
nature, the springs could represent the effects of electrostatic
force, nano-optomechanical-induced force, van der Waals
force, or elastic medium, which can be adjusted by the
electrical potential difference or the distance between two
nanobeams [14]. Denote the elastic modulus, mass density,
cross-section area, and second moment of inertia of the ith
beam by Ei, ρi, Ai, and Ii (i = 1, 2), respectively. Since the
DNBS usually has a large length/depth ratio (l/D� 10) [13],
it is reasonable to neglect the effect of shear deformation and
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rotary inertia, and adopt the Euler-Bernoulli beam theory to
predict its mechanical behaviors.

Denote the deflections of two nanobeams by w1(x, t) and
w2(x, t), respectively. Account for surface effects in Section 2,
the differential equations of the free vibration of DNBS can
be obtained as

for nano-beam-1,

(E1I1)∗
∂4w1

∂x4
−H

∂2w1

∂x2
+ k(w1 −w2) + ρ1A1

∂2w1

∂t2
= 0,

(6)

and for nano-beam-2,

(E2I2)∗
∂4w2

∂x4
−H

∂2w2

∂x2
+ k(w2 −w1) + ρ2A2

∂2w2

∂t2
= 0.

(7)

In practical applications, the two nanobeams in DNBS
are usually identical; therefore, in present paper we assume

E1I1 = E2I2 = EI , (E1I1)∗ = (E2I2)∗ = (EI)∗,

ρ1A1 = ρ2A2 = m.
(8)

It should be noted that more general cases can also be
achieved but in a more complicated form [21].

For convenience in analysis, we introduce the relative
movement of two beams as [22]

w(x, t) = w1(x, t)−w2(x, t). (9)

Then

w1(x, t) = w(x, t) + w2(x, t). (10)

Subtracting (6) from (7) gives

(EI)∗
∂4w

∂x4
−H

∂2w

∂x2
+ 2kw + m

∂2w

∂t2
= 0, (11)

(EI)∗
∂4w2

∂x4
−H

∂2w2

∂x2
+ m

∂2w2

∂t2
= kw. (12)

When surface effects are ignored (H = Es = 0) and single
beam (k = 0) is considered, (12) reverts to the vibration
equations of a single Euler beam.

In order to display the surface effects, we consider a
simple case, in which both beams are simply supported at
their ends. The boundary conditions are given by

w1(0, t) = w2(0, t) = 0, w1(l, t) = w2(l, t) = 0, (13)

∂2w1(0, t)
∂x2

= ∂2w2(0, t)
∂x2

= 0,

∂2w1(l, t)
∂x2

= ∂2w2(l, t)
∂x2

= 0.

(14)

Thus, the boundary conditions associated with (11)
become

w(0, t) = 0, w(l, t) = 0, (15)

∂2w(0, t)
∂x2

= 0,
∂2w(l, t)
∂x2

= 0. (16)

Assuming that the relative motion w(x, t) is one of its
natural modes of vibration of DNBS, the boundary condition
(16) can be satisfied by the following vibration displacement:

w(n)(x, t) = sin
(
nπx

l

)
[
C cos

(
pnt
)

+ D sin
(
pnt
)]

,

n = 1, 2, 3 . . . ,
(17)

where pn is the natural frequency of nth mode.
To discuss the vibration and buckling of DNBS, three

typical cases including out-of-phase sequence, in-phase
sequence, and one-beam being stationary as shown in
Figures 2(a), 2(b), and 2(c), are considered, respectively.

3.1. Out-of-Phase Vibration. In this case, both nanobeams
vibrate out-of-phase, and w1(x, t)−w2(x, t) /= 0, as shown in
Figure 2(a). Substituting (17) into (11), one can obtain the
natural frequency of DNBS in the out-of-phase vibration as

pn =
√

n4π4

l4
(EI)∗

m
+
n2π2

l2
H

m
+

2k
m

, n = 1, 2, 3, . . .

(18)

When surface effects are neglected (H = Es = 0), the
natural frequency reduces to the classical double Euler beam
solution P0

n [22],

p0
n =

√

n4π4

l4
EI

m
+

2k
m

, n = 1, 2, 3, . . . (19)

3.2. In-Phase Vibration. In the case of in-phase vibration
as shown in Figure 2(b), two nanobeams vibrate syn-
chronously, thus the relative displacement between them
disappears (w1(x, t) − w2(x, t) = 0). Therefore, any one of
the two beams could represent the vibration of the coupled
vibration system. Following a similar procedure as that in
out-of-phase vibration, one can determine the frequency as

pn =
√

n4π4

l4
(EI)∗

m
+
n2π2

l2
H

m
, n = 1, 2, 3, . . . . (20)

It is seen that the interaction between nanobeams does not
affect the natural frequency of DNBS for in-phase vibration,
since two beams vibrate synchronously. For this vibrating
mode, the vibration frequency is just as the same as that of
the single Euler beam with surface effects [7].

3.3. One Nanobeam Being Stationary. Another vibrating
mode of interest is one nanobeam being stationary (i.e.,
w2(x, t) = 0), as shown in Figure 2(c). In this case, the
vibration equation (11) reduces to

(EI)∗
∂4w

∂x4
−H

∂2w

∂x2
+ kw + m

∂2w

∂t2
= 0. (21)

In this context, the DNBS behaves as if nanobeam-1 is
supported on an elastic medium. Similarly, one obtains the
natural frequency of beam as

pn =
√

n4π4

l4
(EI)∗

m
+
n2π2

l2
H

m
+

k

m
, n = 1, 2, 3, . . . (22)



4 Journal of Nanomaterials

k

Nanobeam-1

Nanobeam-2

E1, I1,m1

E2, I2,m2

l

(a)

k

Nanobeam-1

Nanobeam-2

E1, I1,m1

E2, I2,m2

l

(b)

l

k

Nanobeam-1

Nanobeam-2

E1, I1,m1

E2, I2,m2

(c)

Figure 2: Three different deformation modes of DNBS: (a) out-of-phase deformation, (b) in-phase deformation, and (c) one beam being
stationary.

Comparing (18), (20), and (22), it is noticed that surface
effects have the same contribution to these three vibration
modes, but the influence of beam interaction is distinct in
different vibration modes. The interaction between beams
tends to increase the natural frequency for vibration modes
other than in-phase vibration.

3.4. Example and Discussion. To illustrate surface effects on
the vibration of DNBS quantitatively, we consider a DNBS
consisting of two silver nanowires with circular cross section.
The material constants of nanowires are E = 76 GPa, ν = 0.3,
and the surface properties τ0 = 0.89 N/m and Es = 1.22 N/m
[9]. To examine the influence of beam interaction, the spring
stiffness has been taken from 2 × 104 N/m2 to 2 × 107 N/m2

[23]. We also take a length/diameter aspect ratio as l/D = 20
in the following analysis.

Since surface effects are just the same in three vibration
modes, here we consider surface effects and beam interaction
on only the out-phase vibration. Figure 3 displays the varia-
tion of normalized first-order natural frequency P1/P

0
1 with

respect to the wire diameter. It is seen that when the diameter
reduces to nanometers, the vibration frequency depends on
the absolute size of nanobeam, which is clearly distinct from
the prediction of conventional elasticity. As the diameter

decreases, the contribution of surface effects gets important
and tends to increase the natural frequency. It is also noticed
that surface effects are more prominent for a small spring
constant corresponding to a weak beam interaction. With
the spring constant increasing, the influence of surface effects
becomes relatively unimportant compared to the beam
interaction. The higher-order natural frequency of DNBS
is also plotted in Figure 4, in which the spring stiffness k
is taken as 2 × 104 N/m2. It is found that surface effects
are more significant for low-order natural frequency and
declines dramatically for high-order frequency.

4. Axial Buckling of Double-Nanobeam-System

It is also of interest to consider the axial buckling of
DNBS. Accounting for surface effects stated in Section 2,
the buckling equations of two nanobeams subjected to axial
compressive forces N1 and N2 can be expressed as

for beam one,

(E1I1)∗
∂4w1

∂x4
+ (N1 −H)

∂2w1

∂x2
+ k(w1 −w2) = 0,

(23)
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of-phase vibration.

and for beam two,

(E2I2)∗
∂4w2

∂x4
+ (N2 −H)

∂2w2

∂x2
+ k(w2 −w1) = 0. (24)

Assume the two beams are identical for simplification and
N1 = N2, we get

(EI)∗
∂4w

∂x4
+ (N −H)

∂2w

∂x2
+ 2kw = 0, (25)

(EI)∗
∂4w2

∂x4
+ (N −H)

∂2w2

∂x2
= kw. (26)

Similar to those of vibration modes, the buckling of
DNBS can also be categorized into the out-of-phase buck-
ling, in-phase buckling, and buckling with one beam being
stationary. We also consider only the boundary conditions
for ends of two beams being simply supported, as described
by (16). The following buckling mode satisfies the boundary
condition

w =W sin
(
nπx

l

)

. (27)

For out-of-phase buckling, substitution of (27) into (25)
yields

(EI)∗
(
nπ

l

)4

+ (H −N)
(
nπ

l

)2

+ 2k = 0. (28)

Consequently, the critical buckling load is derived as

Ncr = n2π2(EI)∗

l2
+

2kl2

n2π2
+ H , n = 1, 2, 3, . . . (29)

For the case without surface effects (H = Es = 0), the critical
load reduces to the classical solution

N0
cr =

n2π2EI

l2
+

2kl2

n2π2
, n = 1, 2, 3, . . . (30)

Similarly, the critical load of buckling for in-phase
buckling can be readily given as

Ncr = n2π2(EI)∗

l2
+ H , n = 1, 2, 3, . . . . (31)

This coincides with the solution of axial buckling of a single
nanowire [8].

Also, for the case of buckling with one beam being
stationary, the critical load is expressed as

Ncr = n2π2(EI)∗

l2
+

kl2

n2π2
+ H , n = 1, 2, 3, . . . (32)

For the axial buckling of DNBS, it is found again that the
influence of surface effects is just the same in three buckling
modes. For in-phase buckling, the beam interaction has
no influence on the critical load, while for other buckling
modes, the beam interaction will enhance the critical load
of DNBS.

To demonstrate surface effects on the buckling of NDBS,
we consider two circular silver nanowires with E = 76 GPa,
ν = 0.3, and surface properties τ0 = 0.89 Nm and Es =
1.22 Nm [9]. The interaction between them is modeled by
the coupling stiffness k varying from 2 × 104 N/m2 to 2 ×
107 N/m2 [23]. For out-of-phase buckling, Figure 5 displays
the critical compressive force Ncr/N0

cr with respect to the
wire diameter. The normalized critical force of buckling
exhibits a distinct dependence on the characteristic size of the
nanowires, which is different from the conventional elastic-
ity. The influence of surface effects become significant as the
diameter decreases in the range of nanometers and usually
raises the critical buckling load of DNBS. Moreover, surface
effects are more prominent for weak beam interaction than
for stiff interaction.
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5. Conclusions

Based on a modified Euler-Bernoulli beam theory, we
have analyzed surface effects on the transverse vibration
and axial buckling of DNBS. The natural frequency and
critical compression force are obtained analytically. The
results show that both surface elasticity and residual surface
tension affect the natural frequency and buckling load of
DNBS when the cross section of nanowires shrinks to
nanometers. Surface effects play the same impact in three
deformation modes no matter for vibration or axial buckling
and evidently enhance the natural frequency and critical
load. In contrast, the influence of beam interaction is clearly
distinct in different deformation modes. The present study
might be helpful for the design of double-nano-beam-based
nano-optomechanical systems and nanoelectromechanical
systems.
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