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We report, for the first time, the scattering, absorption, and reflection characteristics of 2D arrays of finite-length, armchair,
single-walled carbon nanotubes (SWNTs) in the visible frequency regime. The analysis is based on the Finite-Element-Method
formulation of Maxwell’s equations and a 3D quantum electrical conductivity function. Three geometrical models have been
considered: solid cylinder, hollow cylinder, and honeycomb. We demonstrate that classical electromagnetic theory is sufficient to
evaluate the scattering and absorption cross sections of SWNTs, which revealed excellent agreement against measurements without
the need to invoke the effective impedance boundary conditions. The solid and hollow cylindrical models fail to provide accurate
results, when both scattering and absorption are considered. Finally, it is shown that reflection and transmission characteristics of
both individual and arrays of SWNTs, which are essential for solar cell applications, are strongly influenced by the length and the
phenomenological parameters of the SWNT.

1. Introduction

Since arrays of SWNTs were introduced as trapping and
absorbing layers to receive light from different angles, they
became one of the most promising candidates for solar cell
technology [1]. It is well known that the efficiency of solar
cells decreases when the incident light deviates away from
the normal to the cell’s surface where a mechanical rotary
system is required [2]. Therefore, enormous research efforts
have been devoted to place SWNTs on top of photovoltaic
cells to maintain efficient performance even when the
sun is not directly overhead [3]. This is important for
spacecraft applications to avoid mechanical aiming systems
with minimum feature sizes and improved reliability [2].

The proper configuration of SWNT arrays, in terms of
spacing and orientation, enables localization of light with
minimum reflection and scattering losses, which is essential
for increasing the conversion efficiency of solar cells [4]. For
example, ultra-low refractive index films based on vertical
SWNT arrays leading to reduced reflectance from solar cell
substrates were recently demonstrated [5, 6].

SWNTs, which possess a ballistic conductivity, transport
electrical charges over at least micrometer lengths [7]. One
of the most celebrated theories on the ballistic conductivity
of SWNT is the π-electron, tight-binding quantum con-
ductance, and the effective impedance boundary conditions
(EIBC) [8], which were subsequently used to evaluate the
electromagnetic (EM) interaction with carbon nanotubes
[9–16]. The classical Hallén-type integral equation was
invoked to solve the dipole antenna problem and evaluate
the scattering cross section (σsca) from an individual SWNT
[9, 10]. The current distribution on an infinitely long carbon
nanotube antenna fed by a delta-gap generator is reported in
[11] using a Fourier transform technique. In [10], a model
consisting of infinite 2D arrays of finite-length SWNT was
presented to calculate the scattering cross section (σsca) based
on a periodic Green’s function. In [13], the Leontovich-Levin
equation was formulated to evaluate scattering by a carbon
nanotube of finite length, both numerically and analytically.
In [14], the σsca of an infinite 2D array of SWNTs was studied
using periodic Green’s function and the Born approximation.
In [15], the normalized σsca was calculated in the Rayleigh
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Figure 1: The numerical models of the HS for (10, 10) and (21, 21) armchair SWNT: (a) and (b) 3D geometrical models for (10, 10) and
(21, 21) of SWNT; (c) and (d) are the mesh view for (10, 10) and (21, 21) of SWNT.

region based on a closed-form expression derived for an
infinitely long, hollow cylindrical (HC) SWNT model of zero
thickness and compared to experimental results. In [16],
the absorption cross section (σabs) was calculated for an
individual and bundles of parallel, finite-length SWNTs. The
analyses were based on the Fredholm integral equation of the
first kind in the near-field region at different orientations and
locations from the EM sources.

Two assumptions were common among previously re-
ported studies [8–16]. First, the SWNT is modeled as a solid
wire or as a thin cylindrical shell, both of which do not
provide realistic values for σabs. Second, only the axial surface
current has been considered for the solid and hollow model.
It should be noted that the phenomenological parameters in
the research reported in [9–16] were determined based on
comparing the calculated σsca versus measurements without
considering σabs.

To the best of the authors’ knowledge, we consider for the
first time a realistic honeycomb-shaped (HS) model of two
armchair SWNTs using 3D full wave numerical simulations
to evaluate the EM interactions with SWNT in single and
array configurations without invoking the EIBC. The σsca

and σabs of (10, 10) and (21, 21) SWNTs obtained from the
HS, SC, and HC models are compared against the measured
results published in [17, 18]. Next, the reflection spectra
from 2D arrays of SWNTs are considered for the SC, HC,
and HS models in both horizontal and vertical orientations.
Finally, the reflection spectra from the (10, 10) SWNT arrays
are provided at different lengths of the HS model in both
horizontal and vertical orientations.

2. Theoretical Treatment

We start from the ballistic, 1D quantum conductance model
of SWNT based on the π-electron tight-binding quantum
conductance defined below [8]
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Figure 2: The σsca of SC, HC, and HS models of a SWNT compared
against measured data in [10, 15].
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where v = τ−1 is the relaxation frequency, � is the normalized
Planck’s constant, 1.05457 × 10−34 J.s, e is the electron
charge, 1.602 × 10−19 C, εc and Fc,v are the Fermi dispersion
and electron dispersion relation function of the carbon
nanotube, respectively, and Rvc is the matrix element for the
SWNT.

The 1D conductance of (1) is converted to a 3D con-
ductivity (σ3d) in (S/m) to properly represent the 3D
SWNT model in our simulations. The impedance of a solid
cylindrical conductor is given by [19]

Zi = γiJo
(
aγi
)

2πaσ3d(ω)J1
(
aγi
) , (2)

where a is radius, a = 0.678 nm for (10, 10) and a =
1.424 nm for (21, 21), ω is the radian frequency, and γi is the
skin depth, given by [10]

γi =
(
1− j

)
√
ωμσ3d

2
. (3)

Using the asymptotic forms of Bessel functions of the first
and second order for small arguments, (2) can be approxi-
mated as

Zi = 1
πa2σ3d(ω)

. (4)

The expression of the impedance per unit length of a SWNT
is given by [11]

Zcn = 1
2πaσcn(ω)

. (5)

Taking the ratio (Zi/Zcn), σ3d can be determined from σcn
defined in (1) using the following formula

σ3d(ω) = 2
a
σcn(ω). (6)

In our numerical analysis, we used the complex relative per-
mittivity to compute σsca and σabs of the individual SWNTs. It
can be shown that the real and imaginary parts of the relative
permittivity (εr) can be expressed as

ε′r = 1 +
σ ′r
ωεo

,

ε′′r =
σ ′′r
ωεo

,

(7)

where σ ′r , σ ′′r , ε′r , and ε′′r are the real and imaginary parts of
the conductivity and permittivity, respectively.

3. Comparison of Model
Results with Measurements

The σsca of (10, 10) and (21, 21) armchair SWNTs are eval-
uated from Ansoft’s High Frequency Structure Simulator
(HFSS) [20] and compared to the measured data reported
in [17] and [18], respectively. The SWNT is surrounded by
an air box, the six faces of which are set as perfectly matched
layer (PML) [21]. The incident field is a plane wave of unity
amplitude, and the magnetic field is perpendicular to the
SWNT axis similar to the measurement setup reported in
[17, 18].

The complex relative permittivity of each geometry is
generated from (7) by adjusting the phenomenological pa-
rameters (γ and τ) in (1) in order to match the σsca results
generated from HFSS to the measured σsca reported in
[17, 18] for the (10, 10) and (21, 21) SWNTs, respectively.
The numerical model of the HS is implemented in HFSS by
building a single graphene layer from 20 honeycomb cells for
the (10, 10) SWNT and from 42 honeycomb cells for the (21,
21) SWNT that is folded around the z-axis. The numerical
3D models of the (10, 10) and (21, 21) SWNTs are presented
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Figure 4: σsca and σabs of the armchair (21, 21) SWNT for three different geometries (SC, HC, HS) compared to measured results in [18]:
(a) σsca and (b) σabs.

in Figures 1(a) and 1(b), respectively. Results presented in
this paper are based on the convergence criterion that the
relative deviation of the computed σsca and σabs between
at least two consecutive mesh passes should be below 2
percent. The mesh chosen is tetrahedral with typical mesh
distributions shown in Figures 1(c) and 1(d) for the (10, 10)
and (21, 21) SWNTs, respectively.

3.1. Phenomenological Parameters from the Scattering Cross
Section. To estimate γ and τ for the SC, HC, and HS models
of the SWNT, HFSS is used to simulate σsca of the (10, 10)
SWNT, which is compared to the measured results reported
in [17]. Next we compare σsca for the three models to
demonstrate the effect of the geometry on the estimated γ
and τ. By varying γ ≈ 2.5–3.1 e.V and τ ≈ 0.005–0.015 ps,
we calculated the constitutive parameters of the respective
SWNT geometry. We started by simulating the SC since both
γ and τ are reported in [10] to validate our computational
procedure. Figure 2 displays the normalized σsca for the (10,
10) SC armchair SWNT for three different lengths: 0.42 nm,
100 nm, and 200 nm, along with the results reported in [10]
and those measured in [17]. It can be seen from Figure 2 that
the profile of the normalized σsca is independent of length.
This is explained in [10, 14] based on the quantum effects
associated with interband transitions.

However, the independence of the σsca profile on length
can also be described in terms of the classical Rayleigh scat-
tering theory, which is applicable when the maximum linear
dimension of the object is much smaller than the wavelength
of the minimum frequency considered, as can be seen
from the results depicted in Figure 2. In this case, σsca is
proportional to the oscillating dipoles induced inside the
object. The oscillatory dipole moments are proportional to
the electric permittivity of the object [22]. The normalized
σsca for both the HC and HS models of a SWNT 0.42 nm
in length and 0.678 nm in radius are also presented in
Figure 2. For the HC-shaped SWNT, the extracted γ and τ are

Table 1: Comparison of γ and τ against the published values for the
three models (SC, HC, and HS) for (10, 10) SWNT.

Model Our calculated values Published values

SC γ = 3.03 e.V, τ = 0.01 ps
γ = 3.01 e.V, τ = 0.01 ps

[10]

HC γ = 3.05 e.V, τ = 0.0097 ps
γ = 3.035 e.V, τ = 0.0097 ps

[15]

HS γ = 3.059 e.V, τ = 0.011 ps —

compared to those published in [15]. Results from simulated
σsca of the HS model are also shown in Figure 2.

It should be noted that the normalized σsca reported in
[10, 15] can be simply obtained from the normalized value
of |εr|2 as described in [22]. Therefore, results presented in
[10, 15] can be simply obtained by normalizing the square
value of the modulus of the complex permittivity versus
energy, as can be seen in Figure 2. At low frequencies,
σsca obtained from the modulus of complex permittivity
is closer to the measured results than at high frequencies.
Moreover, this approximation is valid only in the Rayleigh
region. However, when using HFSS, the calculated results
produce better agreement with the measured σsca for the
three geometrical models and, furthermore, can be extended
well above the Rayleigh region.

3.2. Absorption Cross Section. In general, the simulated σsca

for the three geometrical models provided an excellent agree-
ment with the measured results reported in [17]. However,
each individual model exhibits different γ and τ as seen in
Table 1. These differences in γ and τ and the geometrical
model of the SWNT strongly influence the computed σabs

spectra as depicted in Figure 3.
In Figure 3, we present the spectrum of σabs computed

by HFSS for the SC model with different lengths: 0.42 nm,
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100 nm, and 200 nm, and for both HC, and HS models com-
puted from the following expression [16]:

σabs = Normalized

[
8π2aL

c
Re(σcn)

]

, (8)

where L is the length of the SWNT and c is the speed of
light in vacuum. The normalized σabs is not very sensitive to
the length of the SWNT, as is seen in Figure 3. The effect
of the geometry of the SWNT is revealed in Figure 3 when
comparing the σabs of the SC, HC and HS models. This
observation reveals the geometrical dispersion introduced by
the honeycomb shape of the SWNT, which is not captured
by the SC and HC models. In Figure 3, it is observed that
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Figure 6: The reflection spectra of the 2D arrays of armchair (10,
10) SWNT using three geometrical models (SC, HC, and HS); (a)
for vertical arrays and (b) for horizontal arrays.

σabs peaks at different frequencies for the three models. The
spectral characteristics of σabs are different too.

Due to the differences observed in Figure 3, we per-
formed additional studies to emphasize the effects of the
geometrical model on the absorption characteristics of
SWNTs. The measurements of the σsca and σabs reported in
[18] for the armchair SWNT of index (21, 21) are used to
further confirm the observations inferred from Figure 3. We
started by simulating σsca to find γ and τ by using the same
approach outlined in the previous section. The measured and
simulated spectra of σsca and σabs for the (21, 21) armchair
SWNT are presented in Figures 4(a) and 4(b), respectively.

4. Numerical Analysis for
the 2D Arrays of SWNT

For the numerical results presented in this section, we used
the complex permittivity for the (10, 10) armchair SWNT
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Figure 7: The reflection spectra of the 2D arrays of armchair (10, 10) SWNT of HS shape: (a) for vertical arrays and (b) for horizontal arrays.

developed in Section 2. The infinite array of finite-length
SWNTs situated in the x-z plane and the simulation set-
up used in HFSS are depicted in Figure 5. Two orientations
of the SWNT array are considered. Vertical orientation is
defined when the array is normal to the x-z plane as seen in
Figure 5(a). Horizontal orientation refers to the case in which
the array is parallel to the x-z plane as shown in Figure 5(b).
The direction of propagation of the incident field is set to be
normal to the x-z plane as illustrated in Figures 5(a) and 5(b).
The SWNTs are separated by a distance D = 2a + 0.34 nm
≈ 1.7 nm, (0.34 nm corresponds to the Van der Waal’s gap
[22]) with three lengths, L = 0.42 nm, 5 nm, and 10 nm.
Short carbon nanotubes have been chosen since the synthesis
of arrays of short carbon nanotubes is much easier than
with long carbon nanotubes [23]. Furthermore, long carbon
nanotubes are vulnerable to bending, and the cost and time
for growing short carbon nanotube are much less than for
long tubes [24]. The 2D arrays of SWNTs are considered to be
infinite in extent; however, for practical purposes, the dimen-
sions of SWNTs arrays are finite. Since the length of an indi-
vidual SWNT is much smaller than the arrays’ dimensions,
the diffraction effects from the arrays’ edges can be ignored
[14]. Following the standard procedure for the modeling
of infinite periodic arrays of arbitrarily shaped scatterers as
outlined in [21], an air box is used to surround the scatterer,
and the four faces parallel to the direction of propagation are
set as periodic boundary conditions (PBC). The remaining
two faces are assigned as PML as shown in Figure 5(c).

Results are presented first for vertical and horizontal
SWNT arrays with D = 1.7 nm and L= 0.42 nm for the
SC, HC, and HS models to demonstrate the effect of the
geometry on the reflection characteristics. Next, the effects of
the length and orientation of the SWNT on the performance
of arrays based on the HS model are reported. In general, it
is found that the maximum reflection from the SWNT arrays
occurs at frequencies ranging from 400 THz to 470 THz as
depicted in Figure 6. The simulated reflection coefficients

are normalized by a constant, A. The magnitude of A is
presented in Figure 6 with the normalized reflection coeffi-
cients for the vertical and horizontal arrays. It can be seen
that maximum reflection occurs for the SC model and the
minimum for HC model. This is because the volumetric
density of the SC model is much larger than the volumetric
density of the HC model. It is found that for the two align-
ments, the effect is observed only on the magnitude of the
reflection coefficient.

Next, the effect of length of the HS SWNT model on
the performance of the SWNT arrays is investigated. For
solar cells applications, the intrinsic thickness of SWNT
layers may vary up to 50 nm, and the separation distance
should be very small such as to maximize the quantum
efficiency [25]. Therefore, in our simulations we assumed
L to range from 0.42 nm to 10 nm and D = 1.7 nm. The
reflection coefficients for vertical and horizontal alignments
are presented in Figure 7.

It can be seen that the reflection coefficients of the
SWNT array decrease when the length of SWNT increases.
However, the bandwidth and resonant frequency are not
affected for all cases considered. Therefore, the reflection
of light from arrays consisting of short SWNTs is less than
that from arrays with long SWNTs. This is because the
volumetric losses increase as the length of SWNTs increases.
The bandwidth of modes excited from 300 THz to 425 THz
decreases when the length of the SWNTs increases. The
bandwidth around 470 THz decreases when the length of
the SWNTs increases only when the SWNTs are aligned
horizontally as seen in Figure 7(b). Also, we found that the
reflection coefficients for the SWNT arrays are proportional
to the complex relative permittivity.

5. Conclusion

In this paper, the fundamental properties of EM interactions
with SC, HC, and HS 3D models of SWNTs, both individual
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and in infinite array configurations, are investigated in the
visible frequency range using the finite-element formulation
of Maxwell’s equations combined with a quantum conduc-
tivity function. The scattering and absorption cross sections
of two armchair SWNTs are examined. It is found that only
the HS model is capable of providing accurate results for the
spectrum of both σsca and σabs as compared against measured
results. As far as SWNT arrays are concerned, maximum
reflection is observed for frequencies ranging from 400 THz
to 470 THz, which occurs for the SC model, whereas the
minimum is observed for the HC model. For the horizontally
and vertically aligned SWNTs, only the magnitude of the
reflection coefficient has been affected. The reflection of light
from arrays consisting of short SWNTs is found to be less
than that from arrays with long SWNTs. The bandwidth of
the excited modes decreases when the length of the SWNTs
increases. The bandwidth decreases as the length of the
SWNTs increases when the SWNTs are aligned horizontally.
Finally, the reflection coefficients for the SWNT arrays are
proportional to the complex relative permittivity.
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