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A simple micromechanism-inspired rheological model is developed that incorporates the serrated flow nature of metallic glasses
subjected to compressive deformation at room temperatures. The process of propagation and the arrest of shear bands were
addressed in this model. Shear-induced nanocrystallisation was believed to be responsible for strain hardening of material within
the shear bands. The model is based on the assumption that the behaviour can be decomposed into two resistances acting in
parallel: one captures the initial stiffness and shear softening and the second gives the time-shear-temperature hardening of
material.

1. Introduction

Metallic Glasses (MGs) (amorphous metals) are a new
class of engineering materials which have attracted large
technological interests [1–5] and are finding increased use as
functional materials in the sporting goods, MEMS (Micro-
Electro-Mechanical Systems) and NEMS (Nano-Electro-
Mechanical Systems). The first metallic glass system was
developed by Klement et al. [6] which consisted of a
binary Au–Si alloy. At present, some of the most com-
monly researched metallic glasses include the Zr-based,
Pd-based, Cu-based, and many other alloy systems. These
amorphous alloys are produced by the rapid quenching of
liquid metals from a molten state to prevent crystallization.
Hence, metallic glasses can be considered as nanocrystalline
material with ultimate reduction in grain size (in the order
of a few nanometers). It has an amorphous structure
(structure less), and it is void of dislocations and defects
which weaken conventional crystalline alloys. Consequently,
MGs possess excellent mechanical properties [7–9], practical
physical properties, and unique chemical properties (good
corrosion resistance) [10], as well as great potential for

structural and functional applications. While many MGs
have demonstrated the highest specific strengths and showed
considerable fracture toughness, their deformation mecha-
nisms are basically different from those of crystalline solids
due to their lack of long-range atomic order. Usually it is
understood that under room temperature and uniaxial stress
states, MGs deform through a procedure of highly localized
shearing in narrow bands that are thin layers of material
being initially only 10 nm thick [11] and fail along one
dominant shear band catastrophically [12]. The macroscopic
fragility severely limits further exploitation of this class of
advanced materials. However, in some cases, values of more
than 50% of plastic deformation have been achieved [13]
in some monolithic metallic glasses. During deformation,
structural changes possibly occur within the shear bands.
Several experimental evidences for deformation-induced
nanocrystallization in shear bands have been reported in
our previous work [14–16] based on transmission electron
microscopy (TEM) study. A high plastic strain has been
also reported, for example, in Pd-based MG [17] where the
authors attribute this result to a nanoscale phase separation
which blocks the propagation of shear bands facilitating



2 Journal of Nanomaterials

their initiation and branching. All MG systems exhibiting
large plasticity deform via formation of numerous shear
bands all over the compressed specimen, and the degree
of the plasticity is predominantly dependent on the total
number of shear bands generated during deformation. These
“ductile” MGs have generally the characteristic deformation
features that are serrated flow, that is, elastically loading
and plastically unloading with sharp stress drop, in stress-
strain curves. Furthermore, currently, it is accepted that the
macroscopic serrated plastic flow behaviour is associated
with the shear-banding process on a nanoscale within MGs,
and extensive efforts have been made to bare the relationship
between them.

As metallic glasses lack crystalline order, and therefore
structural features such as dislocations and grain bound-
aries, the application of conventional metallurgical theory
is generally not allowed. As such, significant efforts to
develop suitable mechanistic models for the description of
mechanical behaviour continue in order to best capture the
principal feature of MGs. A constitutive equation accounting
for the presence of serrated flow as kinetic phenomenon of
plastic deformation in MGs is presented in the present work
in light of the recent microscopic findings. Deformation-
induced nanocrystal formation in the shear band regions will
be highlighted, and the effect of this phenomenon on the
arrest of shear bands will be analysed and modeled.

2. Aspect of Experimentally Observed
Stress-Strain Behaviour

The typical stress-strain behaviour of Metallic Glass at
room temperatures is shown in Figure 1. The tested Bulk
Metallic Glass (BMG) of compositions Zr55Al10Cu20Ni10Pd5

was prepared by arc melting the pure elements under Ti-
gettered Ar atmosphere followed by casting into a water-
cooled copper mould. The resulted ingots were bars with
dimensions 2 mm × 4 mm × 75 mm. Compression test
specimens with dimensions of 2 mm×2 mm×4 mm (aspect
ratio 2 : 1) were cut from the BMGs. The outer surfaces of
the specimens, especially the ends in contact with the cross-
head, were mechanically polished to ensure flat and parallel
surfaces. Compression tests were conducted at constant
strain rate of 8 × 10−4 s−1 using a Schenck hydraulic testing
machine at room temperature. The yield stress is measured
to be 1800 MPa, and the maximum plastic strain is 4.7%.
The overall plastic deformation is accomplished by serrated
flow process. As highlighted by the insert in Figure 1, the
“unit” of the plastic flow serrations consists of elastic loading
portion followed by a sudden load drop and displacement
burst. The amplitude of the stress drops gradually increases
with strain, and the slopes of both loading and unloading
of the serrations are nearly constant from the yield point
to the ultimate failure. The slope of the unloading sections
is linked with the inelastic displacements produced by local
shear deformation with rapid stress drops.

Recent experiments show that the load serrations are
related to the intermittent propagation of individual shear
bands [18, 19] which results from the interaction between the

Zr55Al10Cu20Ni10Pd5 bulk metallic glass

543210

Strain (%)

0

500

1000

1500

2000

St
re

ss
(M

Pa
)

3 3.6
1800

1810

1820

1830

1840

1850

Serrated flow

Figure 1: A representative compression stress-strain curve of
the Zr55Al10Cu20Ni10Pd5 Bulk Metallic Glass deformed at room
temperature and for strain rate of 8 · 10−4 s−1. The inset shows the
magnified view in the serrated flow region.

processes of shear-induced materials softening and structural
relaxation [19, 20]. More recently, Chen et al. [21], using
in-situ TEM deformation experiments, showed that even
for very small size samples, the load-displacement curve
indicates occurrence of multiple shear bands, and none of
these shear bands run over a long distance upon initiation.
They are arrested after a small distance of propagation
(20 nm).

The repeated arrest and reactivation of shear bands have
not been explained convincingly, and none of the proposed
constitutive equations for inhomogeneous plastic flow deal
with the serrated flow adequately. It seems that the arrest
mechanism that effectively stops the runaway slip along a
single shear band plays a significant role in the plasticity
of the monolithic BMGs. Thus, the suitable model must
include details on micromechanisms of the serrated flow, in
particular the arrest of shear bands.

For this reason, the deformed sample was carefully
cut along a plane perpendicular to the shear bands and
characterized by TEM. Foils preparation and experimental
details were well developed in our previous work [14–16].
The dark field image and the broad halo SAED (selected
area electron diffraction) obtained from the deformed Zr-
based Bulk MG are presented in Figure 2. This figure
shows typical white contrast of shear bands surrounded
by amorphous regions. Nanocrystals with a size of around
10 nm are distributed within the shear band and cannot be
found in the regions out of the band, suggesting that their
formation is associated with the localized shear deformation.
The nanocrystallization within shear bands can be further
confirmed by the fine diffraction rings (see arrow in Figure 2)
observed by nanobeam electron diffraction.

Remarkably, as evidenced by TEM imaging, the
nanocrystallization from the amorphous phases investigated
in this work already occurs during the first stage of
deformation due to convinced mechanical activation energy.
This phenomenon is well known as the deformation-
induced nanocrystallization in metallic glasses and has
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Figure 2: TEM dark field micrograph of shear band
(followed by cracks propagation) in the uniaxially deformed
Zr55Al10Cu20Ni10Pd5 Bulk Metallic Glass showing the presence of
nanocrystallites with an average size of 10 nm embedded in the
amorphous matrix. Inset is the corresponding selected area electron
diffraction (SAED) pattern recorded from the regions within the
shear band.

been observed in a number of MGs with large plastic
deformation [22–24]. Theses studies have demonstrated
that nanocrystallites play an important role in increasing the
plasticity of amorphous metallic alloys by retarding sudden
shear bands propagation. Likewise, the nanocrystallization
during shear flow can offer a “self-locking effect” to
avoid further propagation of shear bands. Therefore, the
influence of the insitu nanocrystallization on the mechanical
behaviour of MGs remains to be comprehensively clarified
and parameters involving the mechanism of deformation-
induced nanocrystallization must be included somewhat
in constitutive model for plastic deformation of metallic
glasses.

3. Constitutive Model:
Background and Development

The experimental data presented in the previous section
clearly show the complicated behaviour that is exhibited
by MGs, particularly the correlation between the yields
drops in the load-displacement curve and the nature of
dynamic emission and propagation of shear bands. There are
obviously two possibilities; the first is that each yield drop
step corresponds to the formation of a new shear band the
second is that the yield drops are due to intermittent slip
on existing shear bands. In Fact, when the propagation of
shear band is suddenly suppressed by the disappearance of
the confined viscous flow, which results in the nanocrystals
formation, then, the other shear band will start to move in
the amorphous glassy structure close to the region where
the previous shear band was arrested. Repeating the process
during deformation, a large plasticity can be obtained by
potential shear band branching.

To address these observations, a simple micromechanism
inspired model is developed that incorporates the serrated
flow nature of deformed material. We will limit this work
to highlighting the individual shear striation behaviour
under the assumption that each serration is associated with
individual shear events. In this section, we describe the
details of the microscopic mechanism steps, which we believe
is occurring in a very narrow shear zone during deformation
in MGs (see Figure 3). Each step will be modelled separately.
The development of a physically based constitutive model
for the stress-strain behaviour of MGs can now begin
with an interpretation of the data discussed previously and
schematically presented in Figure 3. The model is interpreted
below in terms of a series of two conceptual steps.

Step 1 (initial dilatation and shear softening). The initial
portion of the stress-strain curve displays a stiff response
followed by stress drop (see Figure 3(a)). Initial defor-
mation in this step is accompanied by significant shear-
induced dilatation of the structure. The strain can be
promptly accommodated at the atomic level through vari-
ations in neighbourhood, atomic bonds. The exact nature
of local atomic motion in straining MGs is not fully
determined, although there is general agreement that the
basic unit process underlying deformation should be local
atoms rearrangement that can accommodate shear strain as
schematically shown in Figure 3(b). An equivalent of this
local rearrangement is illustrated in the two-dimensional
schematic originally proposed by Argon [25] and usually
known as “shear transformation zone” (STZ) [25–28] which
is basically a local cluster of atoms that endures an inelastic
shear distortion.

An alternative, complementary viewpoint on this mech-
anism is given by the classical “free-volume” model, firstly
developed by Turnbull and Cohen [29–31] and applied by
Spaepen [32] to the case of MGs deformation. This model
considers deformation as sequences of discrete atomic jumps
in the metallic glass, as implicitly depicted in Figure 3(b).
These mechanisms (whether one subscribes to an STZ-
type or diffusive-like jump mechanism) may occur homoge-
neously over a glass body (for example at high temperatures)
[33, 34], or in a localized mode as throughout the formation
of a shear band (at room temperature) as the case of the
present work where the constitutive model will correspond
to what most likely happen in individual shear bands. These
microscopic models have been widely used to review the
basic features of metallic glass deformation [35–38] as well
as the kinetics of structural relaxation of these materials
[39, 40]. The equations derived from these models well
capture the transition from linear elastic dilatation to stress
drop due to shear softening.

We shall then recall these dilatation models for the
first step of stress-strain curve. According to Spaepen [32],
microscopic flow is occurring as a result of a number of
individual atom jumps, each participating to a slight local
shear strain. This process occurs at sites where large enough
holes or flow defects, with a size larger than a critical value
making an atomic diffusive jump possible. The plastic strain
rate is given as follows [32]:
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Figure 3: (a) Schematic illustration showing the details of the proposed model for serrated flow in metallic glasses. (b) The corresponding
atomic illustrations of propagation of individual shear band in nanoscale range: (1)-(2) elastic deformation through conventional structural
dilatation mechanism, (3)-(4) free volume creation and shear band propagation at initial stage going with structural segregation and
nanocrystallization by concentration of shear stress, (5) suppression of propagation and arrest of shear band by precipitation and growth of
nanocrystalline particles within the shear zone.

(∂γ/∂t) = (strain produced at each site) × (fraction of
potential jump sites) × (net number of forward jumps at
each site per second).

Within the free-volume formalism, ∂γ/∂t can be written
as [32]

∂γ

∂t
= 2 · f · Cf · exp

[
− ΔGm

kB · T
]

sinh
(

τ ·Ω
2 · kB · T

)
, (1)

where ΔGm is the activation energy for an atomic jump;
f is the jump frequency; T is the temperature, kB is the
Boltzmann’s constant; Ω is the atomic volume; Cf =
exp (−γv∗/v f ) is the concentration of the flow defects. It

relates to the so-called reduced free volume v f /γv∗ according
to [29] and where γv∗ is approximated as 0.5 Ω [41], and v f
is the mean free volume per atom.

The softening observed in stress-strain curves of Fig-
ure 3(a) can be justified by several potential causes involving
the local creation of flow defects due to flow dilatation [42–
45], the local evolution of structural order [46, 47] and the
local heat generation [48–50]. Due to these causes, viscosity
can decrease dramatically according to the so-called “hybrid”
equation [51]:

ηs
(
T ,Cf

)
= η0 · exp

(
Qn

R · T
)(

1
Cf

)
, (2)
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Figure 4: Schematic representation of rheological model for
mechanical behaviour of individual shear band in light of exper-
imental results (Figure 1) and the proposed micromechanism of
deformation in metallic glasses (Figure 3). Interatomic resistance
(stiffness) is followed by shear softening (ηs), acting in parallel with
hardening induced by in situ nanocrystallization (ηc).

where η0 is a pre-exponential factor Qn is the activation
energy for viscous flow.

The change in the defect concentration Cf can be
estimated as a balance between structural relaxation and
strain-induced nucleation. This leads to the general equation
[52]

dCf

dt
= −k · Cf ·

(
Cf − Cf ,eq

)
+ a · ε̇ · Cf ·

(
lnCf

)2
. (3)

k is a temperature-dependent rate factor for structural
relaxation, which has the form of k = k0 exp(−Er/RT)
with k0 being the attempt frequency and Er being the
activation energy for relaxation a is a proportionality factor.
Cf ,eq denotes the defect concentration in the metastable
equilibrium state [51]

Now, we go back to the proposed rheological model
of Figure 4, and according to the described microscopic
mechanism of deformation, the initial linear dilatation is
modeled with a three-dimensional linear elastic spring acting
in series with a viscous element denoting the softening part
(ηs(Cf ,T)). The spring represents the initially stiff elastic
response due to interatomic bonds in material, and the
viscosity is taken to be initial as for metallic glasses (η0) and
is temperature-straindependent according to (2). Once the
stress reaches a critical level, critical concentration of defect
is overcome, viscosity decreases, and shear flow softening
follows. The deformation can therefore be decomposed into
elastic and plastic flows with stress softening.

Step 2 (Strain Hardening and Arrest of Shear Band Prop-
agation). The Arrest of the shear bands has not been well
understood and is still the matter of debate. Chen et al. [53]
showed that a propagating shear band initially accelerates
and then reaches a steady state, and finally the propagating
shear band decelerates and is arrested. This indicates that
a mechanism of the blocking in a shear band is operating,

which is a significantly important issue, and it is worthy of
progressive study.

Several factors have been suggested to cause the arrest of
the shear bands. Recently, Dalla Torre et al. [19] suggested
that structural relaxation can occur after a shear event going
with the annihilation of strain-created free volume, and
therefore it causes a time-dependent hardening in the vicin-
ity of the shear band. Alternatively, deformation-induced
nanocrystallization observed in our previous work [14–16]
and confirmed in a number of MGs showing large plastic
deformation provides a potential reason for the strain-
hardening mechanism. The presence of nanocrystallites in
shear bands has a direct effect on viscosity, increasing its
value with increasing the content of particles. As suggested
in our previous work, shear bands can act as semisolid
MG slurries since, as discussed in step 1, shear in metallic
glasses generates free volume and heat, reduces viscosity,
and leads to liquid-like behaviour in the shear bands with
a possible rise in temperature. Under these conditions, the
increase of the amount of nanocrystals in the shear zone can
dramatically increase viscosity according to the correlation
between viscosity and the fraction of nanocrystal solids (for
semisolid behaviour) [54–56]

ηc
(
γ, γ̇,T

) = ηl.

(
1− φs

(
γ, γ̇,T

)
φcr

)−α
, (4)

where ηc is the increased viscosity of the flowing system
of liquid and solids (nanoparticles) ηl is the viscosity of
the liquid φs is the solid fraction of the suspension α is a
constant, φcr is a critical value of particle fraction beyond
which the relationship no longer holds since the system
becomes jammed (0, 5 < φcr < 0, 6).

The nanocrystallization is a rate-dependent function of
shear deformation along shear bands, and the fraction of the
crystalline phase increases with shear strains. Therefore, the
arrest of shear strain corresponds to a critical value of volume
fraction of the crystalline particles (or nanocrystalline) at
which the increased viscosity by the nanocrystallization (and
subsequent growth) is high enough to prevent the further
shearing along the band. This strengthening caused by in
situ nanocrystallization can compensate the strainsoftening
((3)-(4)-(5) steps in Figure 3) and thus prevent the runaway
failure along the shear band. Consequently, shear process
stops, and system (sample and stiff machine) turns into the
elastic form until the creation of a new shear band with
further loading (serration behaviour as shown in Figure 1)

The new strain-hardening mechanism acting in parallel
with the strain-softening one is modeled with a viscous
element where the viscosity ηc is given by (4).

In the end of this phenomenological description of
stress-strain behaviour of MGs, it is necessary to address
the modeling of flow-induced crystallization. While numer-
ous works showed deformation-induced nanocrystallization
during deformation, as of yet, no consensus concerning the
microscopic mechanism of mechanically-induced nanocrys-
tallization has been achieved. Recent investigations [57–
60], based on TEM observations, have proposed a model
for nanocrystallization mechanism in the BMGs. Since
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amorphous alloys are not in thermodynamic equilibrium, a
phase transformation from an amorphous liquid-like phase
to a crystalline phase can take place with the supply of
sufficient external energy. Thermal energy [57, 61] and
mechanical energy [58, 59] are two major driving forces
controlling this transformation as well as the assistance of the
local atomic rearrangements in the shear band [60].

Actually, since the amorphous crystal transformation in
shear bands is a new phenomenon and not fundamentally
addressed, we shall use it for the first assumption of the
classical theory of crystallization applied for metallic glasses.
Crystallization of an amorphous liquid can be regarded as
process taking place by crystal nucleation and subsequent
growth. During the nucleation process, a crystalline embryo
is formed in the amorphous liquid, and meantime, the
interface is formed simultaneously. The overall rate of
transformation will reflect the time, temperature, shear,
shear rate, and so forth dependence of both nucleation and
growth process. This is usually described by the Johnson-
Mehl-Avrami equation [58]

φs
(
γ, γ̇,T

)=1−exp(−b(T) · tn)≈ 1−exp

(
−b(T) ·

(
γ

γ̇

)n)
,

(5)

where b(T) ≈ b0 exp(ΔG∗/RT) is a rate constant, and n is
an exponent between 1.5 and 4. ΔG∗ is the activation energy
for overall crystallization process which can be obtained
from the thermodynamic point of view of amorphous-
to-crystalline phase transformation [24, 59, 60] or from
continuous heating experiments using kissinger’s [59, 62] or
Ozawa’s [63] method

ΔG∗(T ,P) = 16π · γ3

3

(
VC
m

ΔGm + Ee + PΔVm

)2

, (6)

where ΔGm is the molar free energy change for an
amorphous-to-crystalline phase transformation; Ee is the
elastic energy induced by the volume change upon phase
transformation; γ is the interfacial free energy of the
crystalline/amorphous interface; Vc

m is the molar volume
of the crystalline phase; ΔVm is the volume change for
forming a crystalline nucleus from an amorphous matrix
P is the applied hydrostatic pressure. Based on (6), Lee et
al. [24] demonstrated that a decrease in activation energy
for crystallization can occur within the shear bands due to
the increased interface thermal-strain energy and contact
pressure-promoted nucleation. Hence, the rapid nucleation
of crystals in the shear zone can occur under the high strain
rate deformation and adiabatic heating.

4. Mathematical Model Formulation

The mathematical representation of the proposed rheologi-
cal model is based on the representation of the breakdown of
the overall deformation resistance into a resistance A acting
in parallel with a resistance B as illustrated in Figure 4. As
stated earlier, resistance A come up from interatomic interac-
tions and shear softening where the interatomic interactions

are the source of the material’s initial stiffness and result in
a finite stress at which metallic glasses will plastically soft.
In resistance B, hardening by insitu nanocrystallization is a
secondary contributor to the shear strain of the material.
The two processes (shear softening and material hardening)
occur concurrently immediately after the initial stiffness and
are therefore modeled as being in parallel after initial elastic
strain. The proposed rheological model recognizes that the
shear deformation acting on each resistance is equal to the
imposed (total) shear deformation γ

γ = γA = γB. (7)

The total shear stress τ is the sum of the shear stress acting
on each resistance:

τ = τA + τB. (8)

We assume that the viscous flow in shear bands is Newtonian,
then:

τB = ηc · γ̇B = ηc · γ̇, γ̇ = τ̇A
G

+
τA
ηs
. (9)

For constant shear strain (∂γ/∂t = constant), (7), (8), and
(9) lead to the general relationship between stress and
strain resulting in the proposed rheological model for shear-
banding behaviour

τ̇ = G

ηs

[(
ηs + ηc

)
γ̇ − τ

]
. (10)

5. Summary

We conclude our study by a very brief recapitulation of the
rheological model that we have proposed. In this paper a
new micromechanism-inspired constitutive model has been
presented that allows for predictions of single-shear striation
behaviour of “ductile” MGs. The model is based on the
assumption that the general behaviour can be decomposed
into two resistances acting in parallel: one captures the
initial stiffness and shear softening, and the second gives the
time-shear-temperature hardening of material. The resultant
stress-strain curve should be obtained by the resolution of
the coupled (1), (3), (4), (5), and (10). Resolution involves
a large number of model parameters that must be defined;
many of these parameters are fundamental properties of the
metallic glasses that can be found in the literature. However,
the remaining parameters must be obtained by fitting the
above equations to our experimental data and to others
recently published data [53, 64]. This is not the aim of this
paper, but this study is in progress.
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