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Abstract. 
Transitional failure envelopes of single- and double-walled carbon nanotubes under combined tension-torsion are predicted using classical molecular dynamics simulations. The observations reveal that while the tensile failure load decreases with combined torsion, the torsional buckling moment increases with combined tension. As a result, the failure envelopes under combined tension-torsion are definitely different from those under pure tension or torsion. In such combined loading, there is a multitude of failure modes (tensile failure and torsional buckling), and the failure consequently exhibits the feature of transitional failure envelopes. In addition, the safe region of double-walled carbon nanotubes is significantly larger than that of single-walled carbon nanotubes due to the differences in the onset of torsional buckling.


1. Introduction
Carbon nanotubes (CNTs) have the unique properties including high stiffness, high covalent bond strength, large elastic instability, low density, tubular shape, and large aspect ratio. They have consequently been proposed for use as key elements in applications such as nanometer scale devices [1–5] and composite materials [6]. In these CNT-based applications, combined tensile and torsional loads on the CNTs are widely expected to occur. For instance, CNTs may be used as drive shafts [2], torsion springs [4], and torsional oscillators [7] that can experience torsion as well as tension. Thus, characterizing and understanding the mechanical responses of CNTs undergoing this type of loading are important to optimize their use in new materials and devices. While numerous studies have examined some aspects of the mechanical responses of CNTs, such as their strength [8, 9], buckling instability [10, 11], and elastic modulus [12, 13], there is much that is still unknown about other aspects of the mechanical responses of CNTs in combined tensile and torsional loading, especially concerning the details of transitional failure envelopes.
In the most general terms, failure refers to any actions leading to an inability of a part to function in the intended manner. It follows that permanent deformation (yielding) or fracture may be regarded as modes of failure. Another way in which a part may fail is through instability by undergoing large displacements when the applied load reaches the buckling value. Here, while the permanent deformation or fracture indicates the elastic-plastic yield transition of parts, buckling instability is an effect of overall geometry rather than only material instability. Therefore, the beginnings of failure occur prior to the onset of any high levels of stress and the buckled systems are totally elastic. While the CNTs have their highest rigidity along the direction of the nanotube axis due to the sp2 bonding between the carbon atoms, they are much more compliant in their radial direction [14, 15]. Therefore, the CNTs are readily collapsed in their radial direction without breaking any in-plane bonding [10, 16]. This characterizes the buckling instability which occurs in the CNTs under torsional load [10]. However, the CNTs under tensile load exhibit the elastic-plastic yield transition or fracture behavior [8, 14]. When tension or torsion is applied to CNTs in a uniaxial manner, tensile load and torsional moment can be compared directly with tensile failure load and torsional buckling moment, respectively, to estimate whether or not the CNTs will fail. However, the problem becomes more complex under combined tension-torsion. In such cases, there is a multitude of failure modes (tensile failure and torsional buckling), and the failure consequently may exhibit the feature of transitional failure. Therefore, this requires that the failure under combined tension-torsion is characterized with transitional failure envelopes.
The particular focus of this work is the identification of transitional failure envelope (TFE) for failure of single-walled carbon nanotubes (SWCNTs) and double-walled carbon nanotubes (DWCNTs) under combined tensile-torsional loads using classical molecular dynamics (MD) simulations. The efficiency of the design approach relies in great measure on our ability to predict the circumstances under which failure is likely to occur. The results are therefore expected to provide new insights that will enhance the design of CNT-based devices and materials to better function under combined tensile-torsional loading.
2. Methods
The classical MD simulations numerically integrate Newton’s equations of motion with a third-order Nordsieck predictor corrector using a time-step of 0.2 fs [17]. The forces on the atoms are calculated using methods that vary with interatomic distance. In particular, the short-range covalent interactions are modeled using the many-body, second-generation reactive empirical bond-order (REBO) hydrocarbon potential [18]. It has been previously demonstrated that the cut-off functions of the REBO potential overestimate the force needed to break a carbon-carbon covalent bond [9]. In order to prevent this overestimation, we have used the modified cut-off function for distances between 1.7 and 2.0 Å in the same way as the literature which was previously published [9]. In addition, long-range van der Waals interactions are included in the form of a Lennard-Jones potential [17] that is only active at distances greater than the covalent bond lengths. The system temperature is maintained at 300 K using a velocity-rescaling thermostat that has been shown to have negligible effects on the mechanical behavior of CNTs [19]. The particular nanotubes that are considered are (10,10) SWCNTs and (10,10) at (5,5) DWCNTs. An axial-strain-induced torsion has been shown to be negligible for these armchair CNTs [20], and thus such effect was not considered for this work. The nanotubes are about 9.5 nm long, and only defect-free nanotubes are considered here.
The CNTs were prepared by minimizing the potential energy of the entire nanotubes. The external loads are then applied to one end of SWCNTs and the outer wall of DWCNTs, while the other end is held fixed. In applications such as nanoelectromechanical paddle oscillators, it has been shown that only the outermost walls of the multiwalled CNTs (MWCNTs) carry the applied torques as torsion springs while the inner walls only slide against them [1, 5, 21, 22]. Therefore, applying torsional moment to the outer wall of DWCNTs is reasonable to optimize their use in the devices. In particular, the combined tensile-torsional loads are applied simultaneously during the simulations, and the various loading types are shown in Table 1. In the simulations to obtain the tensile failure envelope, the tensile loading rate is fixed but the torsional loading rate is varied (Table 1). On the other hand, in the simulations to obtain the torsional failure envelope, the torsional loading rate is fixed but the tensile loading rate is varied (Table 1). It should be notified that the MD simulations are based on the quasistatic and load-control method, in which the applied loads are incremented quasistatically to the CNTs and then their displacements are obtained during the simulations. Therefore, this approach is similar to the quasistatic testing of macroscopic materials and structures that especially adopts the load control method. The applied tensile and torsional loading rates during MD simulations correspond to a deformation rate of 10 m/s and 10 Grad/s, respectively. These loading rates are low enough to avoid adverse effect on the failure loads.
Table 1: Loading cases considered for the simultaneous tension-torsion simulations. The tensile load (tension) and torsional moment (torque) are applied simultaneously in a proportional and quasistatic manner. 
	

	Tensile failure analysis	Torsional failure analysis
	Loading type	Loading ratio (torque/tension)	Loading type	Loading ratio (tension/torque)
	

	A0a	0.000a	B0b	0.000b
	A1	0.060	B1	0.500
	A2	0.100	B2	1.250
	A3	0.160	B3	2.000
	A4	0.200	B4	2.750
	A5	0.240	B5	3.571
	A6	0.280	B6	4.167
	A7	0.440	B7	5.000
	



								aPure tension (tensile load).

								bPure torque (torsional moment).



3. Results and Discussion
Figure 1 presents tension versus tensile strain curves of a SWCNT under pure tension and different combinations of tension-torsion. The flat regime represents a sudden increase of bond elongation which is interpreted by us as failure [8, 9]. Thus, failure is not triggered on the boundary where external loads are applied because the rate of applied loads used in the simulations is low enough to avoid such adverse effect on the boundary. The tensile strength of the SWCNT under pure tension is found to be about 100 GPa, in good agreement with published theoretical predictions [8, 9], but this value is higher than the tensile strength of about 50 GPa obtained from experiments [23, 24]. This discrepancy between experimental measurements and theoretical predictions is thought to be caused mainly by the wall defects and other imperfections in the experimental CNT samples that are not present in the CNTs examined computationally [25].







	


	


	


	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	


	
		
		
		
		
	


	
		
		
		
	


	
		
		
		
		
	


	
		
		
		
	


	
		
		
		
		
	


	
		
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
	



	
	
	
	
	
	
	
	
	
	
	


	
		
		
			
		
	


	
		
			
			
		
		
			
		
		
			
			
		
	

Figure 1: Tension versus tensile strain curves of a (10, 10) SWCNT under pure tension and combined tension-torsion. A1~A3 indicates the combined loading types shown in Table 1.


For combined loading types, A1–A3, the failure of a SWCNT is governed by the tensile failure but not by torsional buckling (Figure 1 and Table 1). Therefore, the torsional failure (buckling) does not occur for the loading types. However, for combined loading types, A4–A7, for which higher torsion (higher loading ratio) is applied, the torsional buckling occurs but not tensile failure as mentioned in the following (Table 1). From Figure 1, we can see that the tensile failure loads substantially decrease with the increase of applied torsion (or the loading ratio of torsion and tension). In the other word, the tensile strength of SWCNTs under combined tensile-torsional loading is definitely different from their tensile strength under pure tension. This is because the tensile behaviors of SWCNTs under combined tension-torsion are affected by the combination between tensile (normal) stress and torsional shear stress acting on them. In addition, the figure indicates that the tensile stiffness (elastic modulus) within the linear elastic limit is almost the same for different loading types. This means that applied torsion does not affect the tensile elastic modulus of the SWCNT.
When the torsional moment is applied, the SWCNTs are rapidly contracted in the radial direction after the buckling onset, so that their buckled configuration exhibits a substantial kink [10, 26] and a constant torque is sufficient to further deform the tubes. Consequently, the effective torsional stiffness is decreased to nearly zero after the buckling onset, indicating torsional buckling (Figure 2). This buckling instability under torsional moment is an effect of overall geometry rather than only material instability. Therefore, it should be noted that the beginnings of failure occur prior to the onset of any high levels of stress [27]. Figure 2 shows the effects of combined tension on torsional buckling in terms of a torsional angle which are the results simulated for a SWCNT. The data of Figure 2 are obtained from simulations where torsional buckling occurs but not tensile failure. In other words, the tensile failure does not occur in the system until the combined loading type, B7 (Table 1). The failure of SWCNT is therefore governed by torsional buckling but not by tensile failure until the loading type, B7 (Table 1). The figure illustrates that the torsional buckling moment significantly increases in proportion to the loading ratio of tension and torsion (or the value of combined tension). This result is because the combined tension influences the progress of torsional shear strain and the opposite of the trend for tensile failure load, which decreases with combined torsion, as shown in Figure 1. In addition, the figure also indicates that the torsional stiffness (or shear modulus) significantly varies with combined tension relative to what happens under pure torsion. As shown in the figure, the torsional stiffness increases in proportion to the loading ratio of tension and torsion. This result is different from the trend for tensile stiffness, which does not vary when torsion is combined (Figure 1). Here, the fact that the torsional stiffness is changed by combined tension indicates nonlinear effects due to mechanical coupling between torsional shear strain and tensile strain. This unusual behavior is thought to be caused mainly by the ability of the CNTs to endure relatively large axial elongation.







	


	


	


	


	


	


	
		
	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
	


	
		
		
		
	


	
		
	


	
		
		
		
	


	
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
	
	
	
	
	
	
	
	
	
	


	
	


	
	


	
	


	
	


	
	


	
		
		
			
		
	


	
		
		
			
		
	


	
		
		
			
		
	

Figure 2: Torsion versus torsional angle curves of a (10, 10) SWCNT under pure torsion and combined tension-torsion. B2 and B4~B7 indicate the combined loading types shown in Table 1.


As mentioned above, the combined tension and torsion affect the torsional buckling moment and tensile failure load of a SWCNT, respectively. As a result, the failure envelopes under the combined tension-torsion would be different from those under the pure tension or torsion. Figure 3 presents the failure envelopes of SWCNT under the combined tension-torsion which are obtained from the results of Figures 1 and 2. From the figure, we can see that while the tensile failure load decreases with combined torsion, the torsional buckling moment increases with combined tension. In other words, the figure shows that the failure envelopes under the combined tension-torsion are definitely different from those under the pure tension or torsion. Therefore, when the SWCNTs are considered for the use under the combined tension-torsion, the particular failure envelopes obtained under the combined loading condition should be carefully utilized. The figure also indicates that the tensile failure would be transitioned to the torsional buckling for the loading ratio higher than the loading type, A3. In contrast, the torsional buckling would be transitioned to the tensile failure for the loading ratio higher than the loading type, B7. Consequently, the failure envelopes of SWCNT under combined tension-torsion consist of both tensile and torsional failure envelopes which depend on the loading ratio (torsion/tension or tension/torsion).


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
	
	
	
	
	
	
	
	
	
		
	
	
	
	
	
	
	
	
	
		
			
			
				
			
		
	
	
		
			
			
				
			
		
	


	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
		
	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	
	
		
		
	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	

Figure 3: Failure envelopes of a (10, 10) SWCNT under combined tension-torsion. A0 and B0 indicate the pure tension and torsion, respectively. A1~A3, B2, and B4~B7 indicate the combined loading types shown in Table 1.


Figure 4 illustrates tension versus tensile strain curves of a DWCNT under pure tension and combined tension-torsion. The tensile failure load of the DWCNT under pure tension is found to be not different from the value for SWCNT. This is because the tensile load is applied to the outer wall of DWCNT and the inner CNT does not affect the tensile failure due to the relatively weak van der Waals shear interactions between CNT walls [28]. Until combined loading types A7, the torsional buckling does not occur and thus the failure of DWCNT is governed by the tensile failure but not by torsional buckling (Table 1 and Figure 4). This result is due to the torsional buckling moment of DWCNT which is significantly higher than that of the SWCNT [10]. However, for the combined loading ratio that is higher than the value of A7, the torsional buckling occurs in the system. From Figure 4, we can see that the tensile failure loads substantially decrease with the increase of the loading ratio of torsion and tension (or the increase of combined torsion) in the same way as Figure 1. In addition, the figure also indicates that the tensile stiffness (elastic modulus) within the linear elastic limit is almost the same for different loading types. This means that applied torsion does not affect the tensile elastic modulus of DWCNT in the same way as SWCNT.







	


	


	


	


	


	


	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
		
		
	


	
		
	


	
		
		
		
		
	


	
		
		
		
	


	
		
		
		
		
	


	
		
		
		
	


	
		
		
		
		
	


	
		
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
	
	
	
	
	
	
	
	
	
	


	
	



	
		
		
			
		
	


	
		
			
			
		
		
			
		
		
			
			
		
	

Figure 4: Tension versus tensile strain curves of a (10, 10) at (5,5) DWCNT under pure tension and combined tension-torsion. A2~A7 indicates the combined loading types shown in Table 1.


Figure 5 shows that the torsional buckling moment of a DWCNT is affected by the combined tension. The data of Figure 5 are obtained from simulations where torsional buckling occurs, but not tensile failure which occurs in the loading ratio higher than the value of loading type, B3. As shown in the figure, the torsional buckling moment significantly increases in proportion to the loading ratio in the same way as the case of SWCNT (Figure 2). In addition, Figure 5 also illustrates that the torsional stiffness (or shear modulus) significantly varies with combined tension relative to what happens under pure torsional loading. This is same as the result for SWCNT (Figure 2). This might be because mechanical coupling between tensile strain and torsional shear strain influences torsional responses, which is probably caused primarily by tensile strain energy that is much larger than torsional shear strain energy.







	


	


	


	


	


	


	
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
		
	


	
		
	


	
		
		
		
	


	
		
	


	
		
		
		
	


	
		
	


	
		
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	


	
	
	
	
	
	
	
	
	
	
	


	
	


	
	


	
	


	
		
		
			
		
	


	
		
		
			
		
	


	
		
		
			
		
	

Figure 5: Torsion versus torsional angle curves of a (10, 10) at (5,5) DWCNT under pure torsion and combined tension-torsion. B1~B3 indicate the combined loading types shown in Table 1.


As described above on DWCNT, the combined tension affects the torsional buckling moment, and the combined torsion affects the tensile failure loads. This implies that the failure envelopes under the combined tension-torsion would be different from those under the pure tension or torsion. Figure 6 presents the failure envelopes of DWCNT under the combined tension-torsion which are obtained from the results of Figures 4 and 5. The tensile failure loads are unaffected by the presence of an inner tube in DWCNT, and thus the tensile failure envelopes of SWCNT and DWCNT are nearly identical until combined loading type, A3. However, when the loading ratio remains above A3, the tensile failure of SWCNT is transitioned to the torsional buckling, while the failure of DWCNT is still governed by the tensile failure until the loading type, A7, without the torsional buckling phenomena. This is because the value of torsional buckling moment of DWCNT is significantly larger than that of SWCNT [10, 27]. Consequently, the tensile failure envelopes between SWCNT and DWCNT show significant differences as shown in Figure 6. Here, when the combined loading ratio remains higher than A7, the tensile failure of DWCNT is transitioned to the torsional buckling in similar manner with SWCNT. In contrast, the torsional buckling of SWCNT and DWCNT is transitioned to the tensile failure for the loading ratios above the loading type, B7 and B3, respectively. From Figure 6, we can also see that the safe region between SWCNT and DWCNT is definitely different, and the safe region of DWCNT is significantly larger than that of SWCNT. This result is due to the torsional buckling moment of DWCNT which is higher than that of SWCNT.


	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
		
	
	
	
	
	
	
	
	
	
		
	
	
	
	
	
	
	
	
	
		
			
			
				
			
		
	
	
		
			
			
				
			
		
	


	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
			
			
		
	
	
		
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
		
	
	
		
			
			
			
			
			
			
			
			
			
			
			
		
	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	
	
		
		
	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
	
	
		
		
		
		
		
		
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	
	
		
		
	

Figure 6: Failure envelopes of SWCNT and DWCNT under combined tension-torsion. A0 and B0 indicate the pure tension and torsion, respectively. A1~A7 and B1~B7 indicate the combined loading types shown in Table 1.


4. Conclusions
This work has predicted the transitional failure envelopes of SWCNT and DWCNT under combined tension-torsion, using classical MD simulations. The observations reveal that while the tensile failure load decreases with combined torsion, the torsional buckling moment increases with combined tension. As a result, the failure envelopes under combined tension-torsion are definitely different from those under pure tension or torsion. In such combined loading condition, there is a multitude of failure modes (tensile failure and torsional buckling), and the failure consequently exhibits the feature of transitional failure envelopes which consist of both tensile and torsional failure envelopes and depend on the loading ratio (torsion/tension or tension/torsion). In addition, the safe region of DWCNT is significantly larger than that of SWCNT due to the differences in the onset of torsional buckling. The efficiency of the design approach relies in great measure on our ability to predict the circumstances under which failure is likely to occur. The results are therefore expected to provide new insights that will enhance the design of CNT-based devices and materials to better function under combined tensile-torsional loading.
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