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The effects of wavenumber and chirality on the axial compressive behavior and properties of wavy carbon nanotubes (CNTs) with
multiple Stone-Wales defects are investigated using molecular mechanics simulations with the adaptive intermolecular reactive
empirical bond-order potential. The wavy CNTs are assumed to be point-symmetric with respect to their axial centers. It is found
that thewavyCNTmodels, respectively, exhibit a buckling point and longwavelength bucklingmode regardless of thewavenumbers
and chiralities examined. It is also found that the wavy CNTs have nearly the same buckling stresses as their pristine straight
counterparts.

1. Introduction

Carbon nanotubes (CNTs) have a higher specific strength
than conventional materials; for example, the density and
Young’s modulus of steels are about 8 g/cm3 and 200GPa,
respectively, whereas those of CNTs are 2 g/cm3 and 1 TPa [1–
3]. Thus, CNTs are expected to be a constituent of compos-
ite materials, nanoprobe, and micro/nanoelectromechanical
systems (MEMS/NEMS). To avoid mechanical failure and
the breaking of structures including CNTs, it is important
to obtain not only the tensile properties, but also the
compressive properties of CNTs. However, there have been
very few experimental tests to obtain the axial compressive
properties of CNTs [4, 5] because it is difficult to conduct axial
compressive experiments of CNTs with small diameters and
high aspect ratios.

Using atomistic simulations rather than experimental
tests, many researchers have analyzed the axial compressive
properties of CNTs [6–13]. For example, Sears and Batra
analyzed the axial buckling behaviors of pristine, single-
walled (SW), and multiwalled (MW) CNTs [6, 7]. Xin et al.
studied the axial compressive properties of SWCNTs with
vacancies and reported that their compressive strength shows

temperature independence [8]. It is noteworthy that theCNTs
analyzed by these researchers have defects at only one site
along the tube axial direction [6–13]. On the other hand,
actual CNTs observed through experiments (Figure 1) have
defects at multiple sites, resulting in a wavy geometry or
multiple bending [4, 5].

The authors analyzed the axial compressive buckling
behaviors of wavy SWCNTs with different waveforms,
wavelengths, amplitudes, and tube lengths using molecu-
lar mechanics (MM) simulations [14]. In the simulations,
because CNTs are usually bent inherently by Stone-Wales
(SW) defects [15, 16], wavy CNTs were modeled by inserting
multiple SW defects at different heights of a tube, resulting
in the following findings under axial compression. C-shaped,
point-asymmetric wavy CNTs with respect to their tube
axial centers did not show any buckling point, and their
axial compressive stresses asymptotically approached the
axial compressive stress-strain curves of their pristine straight
counterparts. In contrast, S-shaped, point-symmetric wavy
CNTs, respectively, exhibited a buckling point and had nearly
the same buckling stresses as their pristine straight counter-
parts. This was because long wavelength compressive buckling
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Figure 1: Schematics of part of an experimentally observed CNT, which has multiple SW defects.

occurred despite the S-shaped, initial geometrical imperfec-
tion; in other words, axial compressive buckling dominated
the instability of S-shaped CNTs under axial compression in
the same way as that of straight CNTs.The simulations by the
authors also showed that the axial compressive strengths of
C- and S-shaped wavy CNTs hardly depended on their wave-
forms, wavelengths, and amplitudes and were predicted well
by the Euler buckling theory using Young’s modulus of 1 TPa.

Remaining issues are the effects of wavenumber and
chirality of wavy CNTs on their axial compressive buckling
behavior. In the previous paper [14], wavenumber and chiral
index of wavyCNTswere one and (6, 0), respectively, whereas
actual CNTs have various wavenumbers and chiralities.Thus,
in this study, the effects of wavenumber and chirality on
the axial compressive buckling behavior of S-shaped point-
symmetric wavy SWCNTs with multiple SW defects are eval-
uated using MM simulations with the adaptive intermolecu-
lar reactive empirical bond-order (AIREBO) potential [17].

2. Simulation Procedure

2.1. Models. Figure 2 shows the schematics and snapshots of
the simulation models. The Zigzag wavy1 model has six SW
defects, point-symmetric geometry, one wavenumber, and a
(6, 0) chiral index.The bent angle𝛼 is about 7∘ at the positions
of the SWdefects.With reference to the Zigzag wavy1model,
we prepared the Zigzag wavy2model with twowavenumbers
in order to investigate the effects of wavenumber on the axial
compressive buckling behavior of wavy CNTs. To analyze
the effects of chirality, we prepared (4, 4) wavy SWCNTs

with one and two wavenumbers, the Armchair wavy1 and
Armchair wavy2 models.These models have nearly the same
length 𝐿, diameter 𝐷, and amplitude 𝐴 as the Zigzag wavy1
andZigzag wavy2models (Table 1). Pristine straight counter-
parts (Zigzag straight, Armchair straight) were also analyzed
for comparison. The distance between nearest neighboring
atoms 𝑎 and the tube thickness 𝑡 are 0.142 and 0.335 nm,
respectively.The diameter𝐷 of a tube with (𝑚, 𝑛) chiral index
is calculated by the following equation:

𝐷 =

√3𝑎

𝜋

√𝑚
2
+ 𝑚𝑛 + 𝑛

2
. (1)

2.2. MolecularMechanics. In this study, compressive analyses
were conducted usingMM simulations with AIREBO poten-
tial [17]. Load-free stable configurations of the simulation
models were initially obtained using the FIRE algorithm [18],
so that the axial stress 𝜎 and atomic forces dropped below
0.01 GPa and 1.6 fN, respectively.Then, the axial compressive
strain 𝜀was applied to themodels by incrementally displacing
the top end atoms in the negative axial direction while the
bottom end atoms were fixed. Compressive forces were thus
induced among the atoms in CNTs. In this study, 𝜀 was in
the range from 0 to 0.02 with an increment Δ𝜀 of 0.0005.
After each increment of strain, the atomic configurations
were relaxed using the FIRE algorithmuntil each atomic force
decreased below 1.6 fN.

In parallel with the axial compressive analysis, an insta-
bility analysis [19, 20] was performed in order to judge the
buckling point and detect the buckling mode of wavy CNTs.
In atomic instability analysis, the stability or instability of
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Table 1: Equilibrium length 𝐿, diameter𝐷, and amplitude 𝐴 of the simulation models.

Model 𝐿 (nm) 𝐷 (nm) 𝐴 (nm) 𝐿/𝐷 𝐿/𝐴

Zigzag straight 19.809 0.470 — 42.1 —
Zigzag wavy1 19.712 0.470 0.100 41.9 197.1
Zigzag wavy2 19.616 0.470 0.097 41.7 202.2
Armchair straight 21.309 0.542 — 39.3 —
Armchair wavy1 21.406 0.542 0.112 39.5 191.1
Armchair wavy2 21.503 0.542 0.112 39.7 192.0

𝛼

A

Axial direction

Straight Wavy1 Wavy2

L L

(a) Zigzag

Axial direction

Straight Wavy1 Wavy2

(b) Armchair

Figure 2: Schematics and snapshots of the simulation models.

an atomic system was determined by the positivity of the
Hessian matrix H of the potential energy with respect to
the atomic coordinates. The eigenvalues of H represent
the principal curvature of the energy surface of an atomic
system with respect to arbitrary infinitesimal atomic position
changes. An atomic system is stable when the minimum
eigenvalue of H is positive and becomes unstable when the
minimum eigenvalue of H reaches 0. In this analysis, the
buckling point of a wavy CNT was defined as the point
at which the minimum eigenvalue was 0, and the buckling
mode was detected as the eigenvector corresponding to the
minimum eigenvalue.

3. Results and Discussion

Figure 3(a) shows the compressive stress-strain curves of
the Zigzag wavy1 (blue dashed line) and the Zigzag wavy2
(green line) models [21]. In the figure, a black dot indicates

a buckling point. Both of the stress-strain curves consist of
three phases. Firstly, before buckling, the compressive stress
of the Zigzag wavy1 and Zigzag wavy2 models increases
linearly with the compressive strain. Secondly, at the buckling
point, both the models exhibit nearly the same buckling
stresses of about 3.3 GPa. Thirdly, after buckling, these com-
pressive stresses plateau. In other words, both the wavy mod-
els exhibit nearly the same compressive stress-strain relation-
ship. The only noteworthy feature is that the Zigzag wavy1
and Zigzag wavy2 models differ in the wavenumber; the
other geometrical features are nearly the same. Thus, the
compressive stress-strain relationship of wavy CNTs hardly
depends on wavenumber.

Figure 3(b) shows the compressive stress-strain curves of
the Zigzag wavy1 and the Armchair wavy1 (red line) models.
The stress-strain curve of the Armchair wavy1 model also
consists of three phases: linear increase of the compressive
stress before buckling, a buckling point of 3.3 GPa, and
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Figure 3: Compressive stress-strain curves of (a) Zigzag wavy2 and (b) Armchair wavy1 models with reference to the Zigzag wavy1 model.

a plateau after buckling. As mentioned in Section 2.1, the
Armchair wavy1 and the Zigzag wavy1 models have nearly
the same geometries, except for their chirality. Thus, the
compressive stress-strain relationship of wavy CNTs hardly
depends on chirality.

Table 2 lists the buckling stress of all the simulation
models. The wavy CNT models exhibit a buckling point
regardless of their wavenumber or chirality and show nearly
the same buckling stresses as their pristine straight counter-
parts.Therefore, these results indicate that the buckling stress
of wavy CNTs hardly depends on wavenumber or chirality.

Figure 4 shows snapshots of the Zigzag wavy1, Zigzag
wavy2, and Zigzag straight models before compression (𝜀 =
0), at buckling point (𝜀 = 𝜀

𝑐
), and after buckling (𝜀 =

0.02). Before buckling, the amplitudes of the Zigzag wavy1
andZigzag wavy2models increase while keeping their point-
symmetric waveform, and the Zigzag straight model retains
a straight shape. After buckling, all of the models changed
into point-asymmetric C-shapes with longer wavelengths
than their initial shapes. The deformation behavior of the
Armchair models is similar to that of the Zigzag models
(Figure 5). Therefore, the buckling deformation behavior of
wavy CNTs hardly depends on wavenumber or chirality.

In order to clarify the reason that wavy CNTs exhibit
the same buckling behavior regardless of their wavenumber
or chirality, an instability analysis [19, 20] was performed.
Figure 6 shows the eigenvalues corresponding to the first
(C-shaped), the second (S-shaped), and the fourth (initial
waveform) eigenmodes of the Zigzag wavy2 model as a
function of the axial compressive strain. The inset in the

Table 2: Buckling stress of the simulation models.

Model Buckling stress (GPa)
Zigzag straight 3.32
Zigzag wavy1 3.30
Zigzag wavy2 3.21
Armchair straight 3.52
Armchair wavy1 3.34
Armchair wavy2 3.10

figure schematically illustrates the first, second, and fourth
eigenmodes of the Zigzag wavy2 model. As mentioned in
Section 2.2, when the minimum eigenvalue 𝜂min reaches zero
in the compressive process, an atomic system becomes unsta-
ble in the eigenmode corresponding to 𝜂min. As shown in
Figure 6, the minimum eigenvalue 𝜂min (first mode) reaches
zero at the buckling point in Figure 3. The eigenmode corre-
sponding to 𝜂min is a long wavelength (C-shaped) buckling
mode, which is consistent with the actual deformation shape
(Figure 4(c)).On the other hand, the eigenvalues correspond-
ing to the S-shaped and initial waveform eigenmodes do not
reach zero. These results are also true for the other wavy
models. Therefore, the wavy CNTs deform under the long
wavelength (C-shaped) buckling mode, regardless of their
wavenumber or chirality.

The results in this paper have also demonstrated that
atomic systems are able to exhibit long wavelength buckling.
In continuum solid mechanics, it has already been clarified
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Figure 4: Snapshots of the Zigzag models during axial compression.
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Figure 5: Snapshots of the Armchair models during axial compression.

that periodic solids are able to bifurcate into long wavelength
buckling modes [22, 23]. If the wavy CNTs analyzed in this
study could be modeled as continuum thin walled tubes
with appropriate material parameters, it might be shown that
such continuum models also reproduce the long wavelength
buckling behavior revealed in this paper. However, this is
an issue in the future because continuum modeling of SW
defects is open to discussion [24].

4. Conclusions

In this study, the effects of wavenumber and chirality on
the axial compressive buckling behavior of wavy CNTs with
multiple SWdefects have been studied usingMMsimulations
with the AIREBO potential. The wavy CNTs have been

assumed to be point-symmetric with respect to their axial
centers. The key findings are that the wavy CNT models,
respectively, exhibit a buckling point and have nearly the
same buckling stresses as their pristine straight counterparts,
regardless of the wavenumbers and chiralities examined. In
other words, the buckling stress of wavy CNTs depends on
the tube length but hardly on the wavenumber and chirality.

The results in this paper have also demonstrated that
atomic systems are able to exhibit long wavelength buckling.
In continuum solid mechanics, it has already been clarified
that periodic solids are able to bifurcate into long wavelength
buckling modes [22, 23]. If the wavy CNTs analyzed in this
study could be modeled as continuum thin walled tubes with
appropriate material parameters, it might be shown that such
continuum models exhibit long wavelength buckling similar
to MM simulation models. However, this is an issue in the
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Figure 6: Eigenvalues corresponding to the first (C-shaped), the
second (S-shaped), and the fourth (initial waveform) eigenmodes of
Zigzag wavy2 model as a function of the axial compressive strain;
the inserted figure schematically illustrates the first, second, and
fourth eigenmodes of the Zigzag wavy2 model.

future because continuummodeling of SW defects is open to
discussion [24].
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