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Ballistic thermal transport properties are investigated comparatively for out-of-plane phonon modes (FPMs) and in-plane phonon
modes (IPMs) in bended graphene nanoribbons (GNRs). Results show that the phonon modes transports can be modulated
separately by the phonon dispersion mismatch between armchair and zigzag GNRs in considered system. The contribution of
FPMs to total thermal conductance is larger than 50% in low temperature for perfect GNRs. But it becomes less than 20% in the
bended GNRs. Furthermore, this contribution can be modulated by changing the structural parameters of the bended GNRs. The
result is useful for the design of thermal or thermoelectric nanodevices in future.

1. Introduction

Graphene, a monolayer of carbon atoms honeycomb lattice,
has attracted much attention due to its unique electronic
and thermal properties. It has been recognized as one of the
most promising candidates for next generation electronics
[1–7]. The measured thermal conductivity ranges from 600
to 5000W/mK [8–11]; it is almost an order of magnitude
higher than that of the silicon counterpart and well con-
sistent with theoretical calculation [12, 13]. In recent years,
graphene-based thermal devices have been intensively inves-
tigated in theoretical and experimental aspects. For instance,
negative differential thermal conductance and nonlinear
thermal transport of graphene nanoribbons (GNRs) have
been explored [14]; tunable thermal conductance has been
observed in folded graphene and extended defects [15, 16]; the
effective thermal rectifications have been found in asymmet-
ric three-terminal graphene nanojunctions and asymmetric
GNRs [17–19]. In addition, enhanced thermoelectric proper-
ties have also been predicted in the mixed edges GNRs [20],
edge disorder GNRs [21], kinked GNRs [22, 23], stub GNRs

[24], antidot lattices [25, 26], and graphene-nanoribbon-
based heterojunctions [27]. Meanwhile, the previous studies
also show that thermal transport properties of graphene
always exhibit sensitive structure-dependent such as defects
[28–30] and cavities [31]. All of the above investigations,
the total thermal properties, have been studied. As is well-
known, lattice vibrations in the graphene can be classified
as the in-plane phonon modes (IPMs) which vibrate in the
plane of the layer with linear transverse and longitudinal
acoustic branches and the out-of-plane phonon modes or
the so-called flexural phonon modes (FPMs), which vibrate
out of the plane of the layer [32]. The two types of phonon
modes are decomposing in the thermal transport. One can
calculate separately contributions of each type of mode to
the total thermal conductance. Based on the exact numerical
solution of the phonon Boltzmann equation, the authors
studied the lattice thermal conductivity of graphene and
found that the contribution is dominated by FPMs [32].
Recently, the researchers also found that the FPMs displayed
the significant contribution to the total thermal conductivity
in grain boundary GNRs [33].The results in simulation are in
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Figure 1: Schematic diagram of the bended graphene nanoribbons.

agreement with that in measurement of thermal conductivity
on supported graphene [34].

However, most of the previous researches thus far inves-
tigate the total thermal conductance of the graphene and
graphene-based devices or only focused on the thermal
transport properties of FPMs for the graphene and GNRs.
The systematic investigation of two types of phonon modes
transport and how to tune separately their transport proper-
ties by thermal devices are paid less attention. In the present
work, we study themodulated phonon transport and thermal
conductance of IPMs and FPMs in bended GNRs by using
the NEGF approach [35]. The results show that the quantum
plateau of the reduced thermal conductance, 𝜋2𝑘2

𝐵
𝑇/3ℎ for

FPMs, is easy to be destroyed by the nonmatching phonon
modes in bended structure. The contribution of FPMs to the
total thermal conductance declined sharply in low tempera-
ture and is dependent on the structural parameters.The ther-
mal transport of FPMs is weaker than that of IPMs in the low-
energy quantum transport, but it becomesmore robust in the
high-energy classical transport.

2. Model and Formalism

Figure 1 shows the schematics of the considered geometry
in the 𝑥-𝑦 plane. The system is divided into three regions:
the left/right (L/R) semi-infinite leads which are connected
to two reservoirs and the central scattering region (C), that
is, bended GNR section. The width of the lead is 𝑁

𝐿/𝑅
, the

interbend length is𝐻
𝐶
, andwidth is𝑊

𝐶
.Thephonon-phonon

interaction has been neglected due to the large phononmean-
free path of graphene [36]. Using Brenner’s empirical poten-
tial [37], the force constants between the carbon atoms in
different direction can be obtained.

In harmonic approximation, the Hamiltonian for both
IPMs and FPMs is completely decoupling and can be
described separately as the sum of kinetic energy and poten-
tial energy of phonon [38]:

𝐻
𝛽
= ∑
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where 𝑢𝛼
𝛽
is a column vector consisting of the reduced vibra-

tional displacement of each atom in 𝛼 region of 𝛽 vibration
(𝛽 is 𝑥, 𝑦, or 𝑧). 𝑉𝐿𝐶

𝛽
and 𝑉

𝐶𝑅

𝛽
are the spring constant matrix

for the coupling between center and left/right leads. 𝐻
𝛼,𝛽

represents the harmonic oscillators Hamiltonian for region
𝛼 in 𝛽 direction:
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where 𝐾
𝛼,𝛽

is the force constant matrix in 𝛼 region of 𝛽
vibration. Retarded Green’s function for the center region
connected with leads:

G𝑟
𝛽
= [(𝜔 + 𝑖𝜂)

2

𝐼 − 𝐾
𝐶,𝛽

− Σ
𝑟
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− Σ
𝑟

𝑅,𝛽
]

−1

. (3)

The retarded self-energy Σ𝑟
𝐿(𝑅),𝛽

, which carries the cou-
pling information between center region and leads, can be
expressed as Σ𝑟

𝐿(𝑅),𝛽
= 𝑉
𝐶,𝐿(𝑅)

𝛽
𝑔
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𝛽
, where 𝑔𝑟

𝐿(𝑅),𝛽
are

retarded surface Green’s function of IPMs and FPMs for the
two (left/right) isolated leads and can be calculated as

𝑔
𝑟

𝐿(𝑅),𝛽
= [(𝜔 + 𝑖𝜂)
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where 𝜂 → 0 is a constant and 𝐼 is a unit matrix.
The phonon transmission function and phonon density

of states (PDOS) on the 𝑖th atom in the central region can be
derived for IPMs and FPMs:
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where advanced Green’s functionG𝑎
𝛽
= (G𝑟
𝛽
)
†.The Γ function

is Γ𝑟
𝐿(𝑅),𝛽

= −2 ImΣ𝑟
𝐿(𝑅),𝛽

. After obtaining the transmission
function of the systems, the corresponding thermal con-
ductance contributed from the IPMs or the FPMs can be
derived as
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with 𝑘
𝐵
being the Boltzmann constant.

3. Numerical Results and Discussion

In Figure 2, we display the frequency-dependent phonon
transmission coefficients of IPMs and FPMs for the perfect
ZGNRs with width𝑁

𝑧
= 6 (6-ZGNR) and bended graphene

with𝑁
𝐿/𝑅

= 6,𝐻
𝑐
= 18, and𝑊

𝑐
= 5, respectively. In perfect

6-ZGNR, the transmission curves for IPMs and FPMs appear
to be the smooth stepwise platforms. It is shown that the
higher frequency phonon modes are excited and the more
phonon passages are available in the high temperature. But
the cut-off frequency of two kinds of the phonon modes
have obviously different characteristics. The foremost lowest
frequencies FPMs always have lower cut-off frequencies than
those of the IPMs. Particularly for the 0th mode, the cut-off
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Figure 2: Phonon transmission functions for (a) the perfect 6-ZGNR and (b) bended GNR with leads𝑁
𝐿
= 𝑁
𝑅
= 18, the interbend length

𝐻
𝑐
= 6, and width𝑊

𝑐
= 5. Solid, dashed, and dotted curves correspond to the total, IPMs, and FPMs transmission rate, respectively.

frequency is about 180 cm−1 for IPMs, which is twice wider
than the FPMs about 96 cm−1. The phonon energy spectrum
scope of IPMs is wider and ranges from zero to 1608 cm−1,
while it is only 906 cm−1 for FPMs. For the bended GNRs,
though the phonon transmission coefficient𝑇ph(𝜔) in the low
temperature limit takes the quantum value 2 for IPMs and
1 for FPMs as the perfect GNRs, we find that the stepwise
platforms of two kinds of phonon transport are dramatically
destroyed by the bended structure. Many deep transmission
dips arise at some frequencies, which are clearly different
from the dips originating from the van Hove singularity of
the optical phonon modes. In particular, the geometry effect
ismuch stronger for the FPMs. For example, the transmission
rate 𝑇ph(𝜔) → 0 at 𝜔 = 22 cm−1, this means that the phonon
passages have been prohibited at this frequency, and the
incident phonons have been fully scattered by the structure.
Such strong scatterings result in the fact that the transmission
of FPMs is obviously lower than that of IPMs.

To further interpret the physical mechanism in which the
scattering of FPMs is stronger than that of IPMs, the phonon
density of states (PDOS), which can directly show the phonon
transport information of each atom, have been calculated
for both the FPM and IPM at 𝜔 = 22 cm−1, as shown in
Figure 3. FromFigure 3(a), we can clearly see that somePDOS
of FPMs are highly localized at both ends of the system and
form the phonon localized states. The interbend section (the
armchair edge GNR) has no distributions of PDOS.The local
distributions of phonons demolish effectively the transmis-
sion of FPMs and lead to the low transmission rate. Indeed,
the considered system is composed by zigzag- or armchair-
edgedGNRs linked alternatively. As is known, these two types
of perfect GNRs have different phonon dispersion relations
[39]. It gives rise to the mismatches of modes in phonon

transport. The strong phonon scattering occurs in some
frequency region. Therefore, the armchair GNR sandwiched
between two zigzag GNRs can be seen as a barrier and
acts as the phonon scatterer in considered system. It holds
back a certain of frequency incoming phonon of FPMs and
leads to 𝑇ph(𝜔) → 0. However, the PDOS of the IPM are
delocalized over the whole system as in Figure 3(b).The well-
proportioned distributions of IPMs result in the fact that
the incoming phonons can pass through the system with
less scattering. Similar behaviors can also be observed in the
pentagon-heptagon defect [38].

Next, we turn to study specially the thermal conductance
of the system, in order to compare the thermal conductance of
FPMswith that of IPMs.The temperature-dependent thermal
conductance of each kind of phonon mode was plotted in
Figure 4, separately. We find that all types of the thermal
conductance increase monotonically with rising temperature
in both the perfect 6-GNR and the bended GNR. It is because
the high-energy phonons are excited in the high temperature.
However, the value of thermal conductance for FPMs and
IPMs appears to be different behaviors. For the 6-GNR, the
thermal conductance of the FPMs is very close to that of
IPMs in the low temperature region 𝑇 < 138K and then
becomes less than that of IPMs in the high temperature. It is
because the FPMs with the narrow cut-off frequency can be
excited easily and contribute to the thermal conductance. But
in the high temperature, owing to the wide energy spectrum
of IPMs, the more IPMs are excited in the high frequency
region,which result in the higher thermal conductance.How-
ever, the thermal conductance of FPMs is always lower than
that of IPMs for the bended GNR. The major reason, which
is unlike the electron transport, is the low-energy phonons
which contribute most to the thermal transport. But, as
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Figure 3: The PDOS of (a) the FPMs and (b) IPMs at 𝜔 = 22 cm−1 for the bended GNRs𝑁
𝐿
= 𝑁
𝑅
= 6,𝐻

𝑐
= 18, and𝑊

𝑐
= 5.

mentioned above, the low frequency phonons of FPMs are
dramatically scattered by the mismatch of phonon modes.
It yields low thermal conductance. For instance, the thermal
conductance is 0.02 nW/K for FPMs in the temperature 𝑇 =

30K; it is about three times less than the thermal conductance
of IPMs with 0.07 nW/K. In the inset of Figure 4, we calculate
the reduced thermal conductance as a function of the temper-
ature dependence. It can be found that the reduced thermal
conductance approaches the quantum value 1 (𝜋2𝑘2

𝐵
𝑇/3ℎ) for

FPMs and the quantum value 2 (𝜋2𝑘2
𝐵
𝑇/3ℎ) for IPMs in the

low temperature limit, regardless of the perfect 6-GNR or
the bended GNRs. In fact, it can be well understood from
the formula 𝑇 = ℏ𝜔/𝑘

𝐵
= ℎ𝑐/𝐾

𝐵
𝜆 [40]. The wavelength

of phonons increases with the decrease of the temperature.
When the temperature 𝑇 → 0, only the 0th acoustic mode is
excited; the wavelength of the phonons becomes much larger
than the dimension of the central scattering region of the
bended GNR. As a result, the long-wavelength phonons can
pass through perfectly in the bended GNR and exhibit quan-
tum thermal value. Meanwhile, we find that, due to the more
number of excited modes, the reduced thermal conductance
of FPMs is increasing rapidly with the temperature and is
larger than that of IPMs in the temperature ranged from the
40K to 100K for the perfect 6-GNR. Nevertheless, as shown
in the inset of Figure 4(b), the quantum plateau of FPMs and
IPMs has been significantly destroyed by the scattering of
bended GNR. The reduced thermal conductance degraded
with the increasing temperature. In particular, the distinct
dip occurs at the temperature 𝑇 = 60K in reduced thermal
conductance curve of FPMs.

Since FPMs is very important for the thermal transport
in GNRs, to check how much contribution it is, we calculate
the temperature dependence contribution of these modes to
total thermal conductance. Figure 5 shows the contribution
of FPMs for different interbend length 𝐻

𝑐
. In the low

temperature limit, 𝑇 → 0, the thermal contributions always
equal 1/3, regardless of perfect 6-GNR and bendedGNR.This
is because three lowest acoustic modes, that is, two coupling
lowest transversal acoustic and longitudinal acoustic modes
and the lowest FPM, can be transported smoothly. But
the contribution of FPMs in the perfect 6-ZGNR increases
rapidly with the increasing temperature and then decreases
dramatically. The peaks value is more than 50% in low
temperature and then less than 30% in high temperature.
In contrast, for the bended structure, this contribution
decreases dramatically in low temperature due to the intense
scattering which originates from the mode mismatch, then
increases slowly, and finally becomes nearly independent of
the temperature.The valley value with almost 20% appears at
temperature 𝑇 = 60 k and the contribution of FPMs is above
40% in high temperature for the bended GNRs with 𝑁

𝐿
=

𝑁
𝑅
= 6,𝑊

𝑐
= 5, and𝐻

𝑐
= 18. Furthermore, the valley value

is sensitive to the structural parameters and can bemodulated
by the interbend length𝐻

𝑐
as shown in Figure 5. For instance,

the valley value rises to 28% for the system with𝐻
𝑐
= 12, and

the contribution is always larger than that of the system with
𝐻
𝑐
= 18 in the whole temperature range.

4. Summary

In summary, we have studied comparatively the thermal
transport properties of FPMs and IPMs in the perfect
GNR and bended GNR. Nonequilibrium Green’s function
approach is used to capture the atomistic phonon transport.
We find that the thermal conductance of FPMs is slightly
larger than that of IPMs in lowhigh temperature and becomes
more less than that of IPMs in the high temperature for
perfect GNR. However, for the bended GNR, the alternative
link of perfect zigzag and armchair GNRs leads to the
phonon dispersion mismatch; the scattering occurs for all
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Figure 4: The thermal conductance and reduced thermal conduc-
tance (insets) as functions of the temperature for (a) the perfect 6-
ZGNR and (b) bended GNRs 𝑁

𝐿
= 𝑁
𝑅
= 6, 𝐻

𝑐
= 18, and 𝑊

𝑐
= 5.

Solid, dashed, and dotted curves correspond to the total, IPMs, and
FPMs thermal conductance and their reduced thermal conductance
(insets), respectively.

phonon modes. Both types of thermal conductance for
FPMs and IPMs degrade more from perfect GNRs though
they increase when temperature raises. But the effect of
scattering for FPMs and IPMs is different and is sensitive
to the structural parameters; it provides a way to modulate
conveniently the transport of different phonon modes in the
considered system.These results will be helpful for designing
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Figure 5: The contribution of the thermal conductance of FPMs to
the total thermal conductance for the perfect 6-ZGNR (solid) and
bended GNR with the fixed𝑁
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as functions of the temperature, respectively.

high-performance thermal insulation or thermoelectric nan-
odevice based on graphene.
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