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The effects of variation of the aperture angle on spectral andmagnetic properties of one-electronnanotube of the axially symmetrical
conical shape in the presence of the electric and magnetic fields have been investigated based on a numerical solution of the
Schrödinger equation in the effective mass approximation. We show that the energy spectrum and the magnetic dipole moment of
the structure are changed dramatically with increase of the cone’s aperture angle due to the interplay between the diamagnetic and
centrifugal forces, which push the electron at opposite directions. Particularly, the energy levels close to the ground state become
quasi-degenerate, owing to a change of the hidden symmetry, induced by the magnetic field in this structure, when its morphology
is converted from the cylindrical type to the conical one and the Aharonov-Bohm oscillations of the ground state energy and of
the magnetic dipole moment are quenched. We found additionally that any weak electric field breaks this hidden symmetry, splits
quasi-degenerate state, and restores the Aharonov-Bohm oscillations.

1. Introduction

One-dimensional nanostructures such as wires and tubes are
object of intensive research at last decade owing to their
unique applications in fabrication of nanoscale devices [1–
3]. They are expected to play an important role as functional
units in fabricating of optoelectronic devices with nanoscale
dimensions. One of their applications is related to solar
cells based on new photovoltaic technologies. As it has been
recently demonstrated a very promising way to this goal
gives a hybrid solar cell covered in silicon nanocones and a
conductive organic polymer [4–6]. Another possible inter-
esting route for one-dimensional nanostructure applications
is designing of nanoantennas as solid-state single photon
sources [7]. A strong dependence of the absorption of light
on the geometry has been revealed recently by comparing
the properties of the cylindrical and conical nanowires [8].
For optical properties of the wires, related to absorption
and emission of the light, an important parameter is their
polarizability, mainly governed by the anisotropic quantum
confinement, but it also can be controlled by external electric
and magnetic fields.

An important particularity of one-dimensional structures
with axial symmetry is their extraordinary sensibility to ext-

ernal magnetic field related to the Aharonov-Bohm (AB)
effect. Previously, AB effect has been studied for narrow
quantum rings (QRs) with one and two electrons [9, 10] and
with neutral and charged excitons [11–16].

It was shown previously that the presence of any nonuni-
formity [17–19] or an impurity [20] in a circular QR generates
a partition of the closed paths of particles and quenching of
the AB oscillations of one- and two-particle energy levels.
One can expect that the similar magnetic properties but with
weaker sensibility to defects could have narrow nanotubes
where, unlike the QR, there are an infinite number of closed
paths over the cylindrical surface that do not pass through
defect location. AB oscillations in photoluminescence from
charged exciton in InAs tubes with a thickness of several
monolayers have been experimentally revealed recently [21].

Another source of a delicate nature of the AB effect in
wide QRs is the spatial separation of closed classical paths
corresponding to states with different angular momenta in
the presence of the external magnetic field. The higher the
magnetic field, the stronger is the separation between these
paths and the weaker is the interference of the corresponding
wave functions responsible for the AB effect. As a conse-
quence, the amplitude of the AB oscillation is significant only
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Figure 1: Vertical cross-section of conical nanotube.

if the ring is sufficiently narrow. On the other hand, in the
limiting case of 1D ring the dephasing due to defects becomes
such strong that it can suppress these oscillations completely.
Therefore, a thin quantum tube could be a good alternative for
observing the AB effect of one- and two-particle composite
systems confined in them [21].

Recently, it has been demonstrated that microtube struc-
tures can be fabricated by using lattice-mismatched epitaxial
layers that rolled up when freed from the substrate due to
the built-in strain [22]. We believe that this technique also
offers an opportunity to designnanotubeswith variable cross-
section radii, in which the spatial separation of the classical
paths corresponding to the states with different angular
momentum may be controlled by means of external fields.
In order to check such possibility, we study in this paper
the spectral properties of one-electron thin nanotube of the
conical form with different aperture angles in the presence of
external magnetic and electric fields applied simultaneously
along the symmetry axis.

The paper is organized as follows. In the next section we
consider a model of a thin one-electron nanotube of a conical
formanddescribe the procedure of the separation of variables
in the framework of the adiabatic approximation.The numer-
ical results and the analysis of energies dependencies on the
magnetic field in the zero-electric-field case are presented
in Section 3. Also here we analyze similar dependencies for
the magnetic dipole moment. The influence of the electric
field on theAB oscillation and the nanotubesmagnetic dipole
moment is considered in Section 4. Finally, some conclusions
are presented in Section 5.

2. Theoretical Model

We consider a model of a nanotube of conical form with the
geometrical parameters: the height 𝐻, the thickness 𝑤, the
aperture angle 𝛼, and the bottom and the top radii 𝑅𝑏 and 𝑅𝑡,
respectively (se Figure 1). The aperture angle 𝛼 is related to
dimensions of the nanotube as

tan𝛼 = (𝑅𝑏 − 𝑅𝑡)
𝐻 . (1)

Horizontal cross-sections of the structure are QRs of
unchanged thickness 𝑤 and with different centre-line radii

which depend on the coordinate 𝑧:
𝑅𝑐 (𝑧) = 𝑅𝑏 − 𝑧 tan𝛼 = 𝑅𝑏 ⋅ (1 − 𝑧

𝐻) + 𝑅𝑡 ⋅ 𝑧𝐻. (2)

The following relations define in cylindrical coordinates
(𝑟, 𝜑, 𝑧) the interior nanotube region frontiers:

0 < 𝑧 < 𝐻; 𝑅𝑐 (𝑧) − 𝑤
2 < 𝑟 < 𝑅𝑐 (𝑧) + 𝑤

2 . (3)

In our model, the external, magnetic 𝐵 and electrical 𝐹 fields
are parallel to the 𝑧-axis.Weuse the effective Bohr radius 𝑎∗0 =ℏ2𝜀/𝑚∗𝑒2, the Rydberg 𝑅∗𝑦 = 𝑒2/2𝜀𝑎∗0 , and the parameters 𝜉 =
𝑒𝐹𝑎∗0 /𝑅∗𝑦 and 𝛾 = 𝑒ℏ𝐵/2𝑚∗𝑐𝑅∗𝑦 as units of length, energy, and
the dimensionless electric and magnetic fields, respectively.
In what follows, we use the material parameters typical for
thin GaAs layers, in which the corresponding scales are 𝑎∗0 ≈10 nm and 𝑅∗𝑦 ≃ 5meV [20]. We adopt a simple model with
the infinite-barrier confinement, in which the potential is
supposed to be equal to zero inside the nanotube region (3)
and to infinity otherwise.The variable 𝜑 can be separated due
to the axial symmetry of the structure, and with 𝑚 being the
𝑍-projection of the angular momentum, the corresponding
wave function Ψ𝑚(𝑟, 𝜑, 𝑧) = 𝑒𝑖𝑚𝜑𝜓𝑚(𝑟, 𝑧), 𝑚 = 0, ±1, ±2, . . .,
satisfies the following wave equation:

[−Δ 𝑟,𝑧 + (𝑚𝑟 − 𝛾𝑟
2 )
2 + 𝜉 ⋅ 𝑧]𝜓𝑚 (𝑟, 𝑧) = 𝐸𝜓𝑚 (𝑟, 𝑧) ;

0 < 𝑧 < 𝐻; 𝑅𝑐 (𝑧) − 𝑤
2 < 𝑟 < 𝑅𝑐 (𝑧) + 𝑤

2 .
(4)

Here Δ 𝑟,𝑧 is the part of the Laplace operator in polar
coordinates that includes only radial and axial terms.

Below we consider only a case of very thin nanotube
(𝑤 ≪ 𝑅𝑡), taking into account the fact that thicknesses of
experimentally fabricated tubes have the essentially smaller
than their radii [20]. Moreover, this condition allows us to
find solutions of (4) corresponding to the lower energies
taking advantage of the adiabatic approximation. Indeed, the
confinement within a thin and long nanotube with infinite-
barrier confinement is strongly anisotropic, the coordinates
𝑟 = 𝑟 − 𝑅𝑐(𝑧) and 𝑧 in a thin nanotube are restricted within a
rectangular region of the very narrow thickness 𝑤 and very
high height 𝐻, and therefore the electron motion in the 𝑟
direction is essentially faster than one in the 𝑧 direction.

Following the well-known two-step adiabatic procedure,
we represent the solution of (4) in the form 𝜓𝑚(𝑟, 𝑧) =
𝜙𝑚(𝑟, 𝑧)𝑓(𝑧), where the first and the second factors describe,
respectively, the rapid electron motion at the radial direction
and the slow along the symmetry axis. The procedure is
performed of first finding of the lowest eigenvalue 𝐸(𝑟)𝑚 (𝑧) of
the equation:

[−1𝑟
𝑑
𝑑𝑟𝑟

𝑑
𝑑𝑟 + (

𝑚
𝑟 − 𝛾𝑟

2 )
2 − 𝐸(𝑟)𝑚 (𝑧)] 𝜙𝑚 (𝑟, 𝑧) = 0

𝑟 = 𝑅𝑐 (𝑧) + 𝑟; − 𝑤
2 < 𝑟 < +𝑤2 ;

𝜙𝑚 (−𝑤2 , 𝑧) = 𝜙𝑚 (+
𝑤
2 , 𝑧) = 0.

(5)
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Here the variable 𝑧 is treated as parameter (cf. electronic
motion for fixed nuclear position in molecular problem).
Once the problem (5) is solved and the lowest energy 𝐸(𝑟)𝑚 (𝑧)
is found, then

−𝑑
2𝑓𝑛 (𝑧)
𝑑𝑧2 + 𝑈𝑚 (𝑧) 𝑓𝑛 (𝑧) = 𝐸𝑚,𝑛𝑓𝑛 (𝑧) ;
𝑈𝑚 (𝑧) = 𝜉 ⋅ 𝑧 + 𝐸(𝑟)𝑚 (𝑧) ; 𝑅𝑡 cot𝛼 < 𝑧 < 𝑅𝑏 cot𝛼;

𝑓𝑛 (𝑅𝑡 cot𝛼) = 𝑓𝑛 (𝑅𝑏 cot𝛼) = 0;
𝑛 = 1, 2, 3, . . . .

(6)

The function 𝑈𝑚(𝑧) governs the vertical displacement of the
plane of the electron rotation around the 𝑧-axis, and in what
follows we call it the adiabatic potential.

One can find this function by solving the eigenvalue prob-
lem (5) for different values of the parameter 𝑧. The analytical
solution of this problem has a form of a linear combination of
hypergeometric functions and correspondent eigenenergies
𝐸(𝑟)𝑚 (𝑧) are the roots of a transcendental equation. However,
for the case of a very thin nanotube, one can find simple
expressions for 𝐸(𝑟)𝑚 (𝑧) and �̃�𝑚(𝑧) = 𝑈𝑚(𝑧) − 𝑗20,1/𝑤2 in the
first order of the perturbation theory, considering the ratio
𝑤/𝑅𝑐(𝑧) as a small parameter:

�̃�𝑚 (𝑧)

≈ {{{{
{
𝜉 ⋅ 𝑧 + [ 𝑚

𝑅𝑐 (𝑧) −
𝛾 ⋅ 𝑅𝑐 (𝑧)

2 ]
2

; 𝑧 ∈ (0,𝐻)
∞; 𝑧 ∉ (0,𝐻) .

(7)

Here 𝑗0,1 = 2.4048 is the first root of the Bessel function
𝐽0(𝑥). In our numerical work, we solve (6) with the adiabatic
potential (7) by using the numerical trigonometric sweep
method [23] and we find electron energies 𝐸𝑚,𝑛 for twenty
different magnetic quantum numbers𝑚 = 0, −1, −2, . . . , −19
and two different axial quantum numbers 𝑛 = 1, 2. Below, we
present results of calculations for the conical nanotube with
geometrical parameters, the base radius 𝑅𝑏 = 6𝑎∗0 , the height𝐻 = 20𝑎∗0 , the thickness 𝑤 = 0.2𝑎∗0 , and 𝑦 different aperture
angles from 𝛼 = arctan 0.25 corresponding to the case of the
cylindrical nanotube, corresponding to aperture angle 𝛼 = 0
and 𝑅𝑡 = 1𝑎∗0 up to 𝛼 = arctan 0.25 and 𝑅𝑡 = 1𝑎∗0 . In what
follows we present the results for the renormalized electron
energies defined as 𝐸𝑚,𝑛 = 𝐸𝑚,𝑛 − 𝑗20,1/𝑤2.
3. Zero-Electric-Field Case

Let us first analyze the vertical displacement of the position
of the stationary point 𝑧min, corresponding to the minimum
of the potential �̃�𝑚(𝑧), induced by the external magnetic field
𝛾. The values of 𝑧min and �̃�𝑚(𝑧min) define the position of the
plane of the classical horizontal circular track and the classical
energy of the rotational state with the angular momentum𝑚
and the study of their evolution under external fields allows
us to give below a simple interpretation of the spectral and
magnetic and electric properties of the conical nanotube.

According to (7), the potential minimum position in the
zero-electric-field case (𝜉 = 0) depends on interplay between
the centrifugal force, which pushes the electron toward the
cone bottom, and the magnetic confinement that drives it to
the cone top. The potential minimum position is situated at
the cone bottom (𝑧min = 0) until the increasingmagnetic field
remains weak (𝛾 ≺ 𝛾1 = 2𝑚/𝑅2𝑏), and �̃�𝑚(𝑧min) = (𝑚/𝑅𝑏 −𝛾 ⋅ 𝑅𝑏/2)2 falls up to zero, when the magnetic field tends to
its lower threshold 𝛾1. As 𝛾 increasing further surpasses 𝛾1,
the minimum position 𝑧min = √2𝑚/𝛾 is displaced from the
cone’s bottom toward the top until the magnetic field reaches
the upper threshold (𝛾2 = 2𝑚/𝑅2𝑡 ) while the potential energy
minimummaintains a zero value �̃�𝑚(𝑧min) = 0. Finally, as the
magnetic field increasing exceeds the upper threshold value
(𝛾 ≻ 𝛾2), the potentialminimumposition continues staying at
the cone top (𝑧min = 𝑅𝑡 cot𝛼)while the corresponding energy�̃�𝑚(𝑧min) begins to rise.

In Figure 2 we present the evolution of the minima of the
adiabatic potentials for some lower states under increasing
magnetic field in conical nanotubes with three different mag-
netic aperture angles. Arrows show trends of displacements of
the corresponding minima positions in increasing magnetic
field. It is seen that classical electron paths, associated with
adiabatic potential minima, align in a sequence of horizontal
circular tracks climbing under increasing magnetic field one
by one in ascending order of the angular momentum, from
the bottom of the cone toward its top. The number of tracks
lifting at the same time between the bottom and the top of
the nanotube depends on the magnetic field value; the larger
the magnetic field is, the greater the number of such tracks is.
All classical circular tracks that satisfy the condition 𝛾𝑅2𝑡 /2 <𝑚 < 𝛾𝑅2𝑏/2 for given 𝛾 are located between the bottom and
the top of the nanotube (0 < 𝑧min < 𝐻) at the altitude

𝑧min = 𝐻 ⋅ (𝑅𝑏 − √2𝑚/𝛾)(𝑅𝑏 − 𝑅𝑡) ; 2𝑚
𝑅2
𝑏

< 𝛾 < 2𝑚
𝑅2𝑡 . (8)

The energies minima of these rotational states remain equal
to zero during escalation. In Figure 3, we show as example the
potential curves for the case 𝛾 = 0.5, 𝑅𝑏 = 6𝑎∗0 , 𝑅𝑡 = 4𝑎∗0 for
which quantum numbers𝑚 = 4, 5, 6, 7, 8, 9 satisfy conditions
(8).

From Figure 3, one can see that the potential curves,
positioned between the bottom and the top of the nanotube,
have the almost parabolic shape and therefore in the har-
monic approximation the following analytical expressions for
energies can be found from (6), by using the power series
expansion of the potential (7) about the point 𝑧min:

𝐸𝑛,𝑚 ≈ 𝛾 (2𝑛 − 1) tan𝛼; 2𝑚
𝑅2
𝑏

< 𝛾 < 2𝑚
𝑅2𝑡 . (9)

Formulae (8) and (9) show that the energy spectrum of
the one-electron conical nanotube acquires in the presence
of the axially directed external magnetic field two peculiar
features. At first, energies of states with quantum numbers
𝑚 between 𝛾𝑅2𝑡 /2 and 𝛾𝑅2𝑏/2 in the harmonic approximation
depend only on the external magnetic field and the cone
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Figure 2: Escalation of the adiabatic potential minima positions along 𝑧-axis under increasing magnetic field for lower states in conical
nanotube with dimensions 𝑅𝑏 = 6𝑎∗0 ,𝐻 = 20𝑎∗0 , and 𝑤 = 0.2𝑎∗0 , for two different top radii 𝑅𝑡.
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Figure 3: Adiabatic potential along 𝑧-axis for lower states and
for the magnetic field. 𝛾 = 0.5. Arrows indicate directions of
displacements of potential curves under increasing magnetic field.

aperture angle, but they are independent on the angular
momentum 𝑚. Therefore, there are 𝑘 > 1 lower states
(𝑘 = int[𝛾(𝑅2𝑏 − 𝑅2𝑡 )/2]) with different angular momenta,
but with almost equal energies; that is, the lowest energy
level is 𝑘-fold quasi-degenerate. On the contrary, the most
probable electron positions along the tube axis in these states
depend strongly on the angular momentum 𝑚 according
to the relation (8). Therefore, by increasing magnetic field
applied along the nanotube axis one can create an arbitrary
number of quasi-degenerate, spatially separated states with
mutually orthogonal wave functions.

In Figure 4 we present results of calculation of six lower
energies corresponding to the radial quantum number 𝑛 =
1 as functions of the magnetic field in nanotubes with the
aperture angle tan𝛼 = 0.25 and dimensions 𝑅𝑏 = 6𝑎∗0 ,𝑅𝑡 = 1𝑎∗0 ,𝐻 = 20𝑎∗0 . The straight line in Figure 4 has a slope
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Figure 4: Six lower energies as functions of the external magnetic
field in one-electron conical nanotube with dimensions 𝑅𝑏 = 6𝑎∗0 ,𝑅𝑡 = 1𝑎∗0 , 𝐻 = 20𝑎∗0 , and 𝑤 = 0.2𝑎∗0 . The dash-dot step-like line
indicates the variation of the ground state angular momentum and
symbols show the points of curves crossovers.

in an excellent accordance with relation (9). Points of the
crossovers between curves corresponding to the states with
the angular momenta 𝑚 − 1, 𝑚 and correspondent values of
the magnetic fields are marked by solid rectangular symbols.
Starting from the crossover points 𝛾𝑚, the energies grow
linearly as functions of the magnetic field until the electron,
rising along the 𝑧-axis, achieves to arrive up the cone top.
The dash-dot polygons shown at the lower part of Figure 4
point out jumps of the ground state angular momentum at
the points of the curves crossovers. It is seen that these jumps
of the angular momentum are accompanied by the inversion
of the energy levels and by a veryweak splitting between them
in a way that they become quasi-degenerate.

In Table 1, we present the energies of the seven lower
energies for different values of the magnetic field calculated
for a conical nanotube with the same dimensions in Figure 4,
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Figure 5: One-electron energies as functions of the external magnetic field in conical nanotubes with fixed dimensions 𝑅𝑏 = 6𝑎∗0 ,𝐻 = 20𝑎∗0 ,
and 𝑤 = 0.2𝑎∗0 and for three different top radii 𝑅𝑡.

Table 1: Energies (given in 𝑅𝑦∗ with error bars 0.005𝑅𝑦∗) of lower
levels in one-electron conical nanotubewith𝑅𝑏 = 6𝑎∗0 ,𝑅𝑡 = 1𝑎∗0 , and𝐻 = 20𝑎∗0 and for different magnetic fields. Bold numbers indicate
quasi-degenerate levels.

𝛾 𝑚
0 1 2 3 4 5 6 7

.00 .01 .09 .25 .47 .76 1.1 1.5 1.9

.25 .16 .07 .07 .09 .15 .27 .44 .67

.50 .38 .14 .13 .13 .13 .13 .14 .19

.75 .66 .24 .19 .19 .19 .19 .19 .19
1.00 .98 .36 .26 .25 .25 .25 .25 .25
1.50 1.8 .72 .41 .38 .38 .38 .38 .38
1.75 2.2 .95 .50 .44 .44 .44 .44 .44

where bold numbers indicate quasi-degenerate levels. A
consistent growth of number of quasi-degenerate states with
the increase of the magnetic field is seen, which we ascribe to
a change of the hidden symmetry, induced by the magnetic
field in a structure, when its morphology is converted from
the cylindrical type to the conical one.

In Figure 5, we present results of calculation of lower
energies as functions of the magnetic field in nanotubes with
the base radius 𝑅𝑏 = 6𝑎∗0 and three different top radii
𝑅𝑡. Curves are shown for quantum numbers 𝑛 = 1, 2 and
𝑚 = 0, 1, 2, . . . , 15. One can observe multiple crossovers of
curves and a reordering of the energy levels, typical for AB
effect observed for all aperture angles. Nevertheless, there is
an essential modification of energies dependencies when the
aperture angle is increased, primarily due to the rise of slopes
of two envelope straight lines that mark off bands bottoms.
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Figure 6: Density of states of one-electron conical nanotubes with fixed dimensions 𝑅𝑏 = 6𝑎∗0 ,𝐻 = 20𝑎∗0 , and 𝑤 = 0.2𝑎∗0 for three different
top radii 𝑅𝑡 and different values of the external magnetic field.

At the case of the cylindrical nanotube, when the aperture
angle is equal to zero, two overlapping bands in Figure 5(a)
correspond to axial quantum numbers 𝑛 = 1, 2.

Although energies dependencies on the field in the
conical nanotubes with aperture angles different from zero
in Figures 5(b) and 5(c) remain oscillatory, they are no longer
periodic due to a linear trend associated with the evolution
bands bottoms positions. The relation tan𝛽𝑛 = (2𝑛 − 1) tan𝛼
gives slopes 𝛽𝑛 of the corresponding envelope straight lines
to dependencies of the energies of the bands bottoms on the
magnetic field according to (9). Particularly, the slopes in
Figure 5(b) are tan𝛽1 = 0.1, tan𝛽2 = 0.3, and tan𝛽1 = 0.2,
tan𝛽2 = 0.6 in Figure 5(c) in an excellent accordance with
this relation.

The gradual growth of the degree of the quasi-degene-
ration of the states close to the envelope straight lines, under
increasing magnetic field, manifested in Figure 5, could

originate a singularity in the density of states. In Figure 6,
we display the curves of the density of states of one-electron
conical nanotubes with the base radius 𝑅𝑏 = 6𝑎∗0 , the height𝐻 = 20𝑎∗0 calculated for three different top radii 𝑅𝑡 =
1𝑎∗0 , 2𝑎∗0 , 4𝑎∗0 and for six different values of the magnetic
field. Two dotted straight lines mark the evolution of the
singularity peaks positions under increasing magnetic field
for states with axial quantum numbers 𝑛 = 1 and 𝑛 =
2, respectively. One can observe a consistent growth of the
intensity of peaks related to the increase of the degree of the
quasi-degeneration of the corresponding states. The splitting
between peaks positions Δ = 2𝛾 tan𝛼, given by relation (9),
increases linearly with the growth of the magnetic field, and
it depends also on the cone’s aperture angle. The larger the
aperture angle, the stronger the splitting.

This remarkable alteration of spectral properties of coni-
cal nanotubes with a variation of the aperture angle provides
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Figure 7:Magnetic dipolemomenta of the ground state as functions
of the external magnetic field for nanotubes 𝑅𝑏 = 6𝑎∗0 , 𝐻 = 20𝑎∗0 ,
and 𝑤 = 0.2𝑎∗0 and for three different top radii 𝑅𝑡.

also a significant change of magnetic properties of the
structure, particularly in the nonlinear dependence of the
magnetic dipole moment of the ground state on themagnetic
field. The expression for the absolute value of the magnetic
dipole moment can be derived using the Hellmann-Feynman
theorem.

𝑀 = 𝑑𝐸0 (𝛾)
𝑑𝛾 , (10)

where 𝐸0(𝛾) is the ground state energy. As it can be seen
from right side of Figure 5 the ground state energy in a
cylindrical nanotube is a periodic function of the magnetic
field.Therefore, the magnetic dipole moment dependence on
the magnetic field should be also a periodic function.

As the cylindrical nanotube is transformed in a conical
one, the aperture angle is increased, the separation between
minima points is consistently reduced, and the amplitude
of the ground state energy oscillation is decreased, as it
can be seen from curves presented in Figure 5. Therefore,
the ground state energy dependence becomes almost linear
in accordance with formula (9) for 𝑛 = 0, resulting in
the magnetic dipole moment of a conical nanotube almost
independent on the magnetic field and equal to the tangent
of the aperture angle.

In Figure 7 we show results of calculation of the magnetic
dipole moment in conical nanotubes with top radii 𝑅𝑡 =1𝑎∗0 , 2𝑎∗0 and 4𝑎∗0 , for which tan𝛼 are equal to 0.25, 0.2,
and 0.1, respectively, which are in excellent accordance with
our theoretical analysis. Strong dependence of the magnetic
moment curves on the aperture angle is seen; their shapes are
changed fromone, typical forweakly dampedABoscillations,
when the aperture angle is small (solid line in Figure 7),
up to other, typical for an overdamped oscillator, when the
aperture angle becomes large (dash lines). The final part of
the curves in all cases presents a horizontal line in which
the value of the magnetic dipole moment is independent on

the field. According to relation (9) and (10), it is equal to
𝑀 = 𝑑𝐸0,0(𝛾)/𝑑𝛾 = tan𝛼 = 0.1. This result establishes
a direct relation between magnetic properties of the conical
nanotube and its morphology.

4. Effect of the Electric Field

Previous results make evident the fact that the hidden sym-
metry, induced by the increasing magnetic field in systems
with the cone-type morphology, provides a quenching of the
AB oscillations of the lower energy levels and a multifold
quasi-degeneration of the ground state. One can expect
that it is possible to suppress or strengthen the escalation
of rotational trajectories induced by the magnetic field, by
applying a sufficiently strong electric field along the 𝑧-axis
and breaking in this way the hidden conical symmetry
and restoring the AB oscillations. In Figure 8, we show the
dependencies of positions of minima 𝑧min of the adiabatic
potentials, on the magnetic field, for three different values of
the external electric field 𝐹 applied along the 𝑧-axis, given by
the relation (9). It is seen that the escalation of the electron
circular paths around the axis from the bottom toward the
top under increasing magnetic field can be both reinforced
in the case of the negative electric field and suppressed in the
presence of the positive electric field.

As example, in Figure 8 we point out the positions of
potential minima (marked by square solid symbols) of states
which are climbing between the bottom and the top of
nanotube, for 𝛾 = 0.4. One can see that the positive electric
field 𝐹 = +0.5 kV/cm accelerates the escalation toward
the cone’s top of only states with higher angular momenta
𝑚 = 6, 7, 8, 9. In contrast, the negative electric field 𝐹 =
−0.5 kV/cm allows besides the escalation of lower states with
𝑚 = 2, 3, 4, 5. Moreover, in contrast to the first case, in which
potentials minima of all four states are equal to zero, in the
second all minima are negative being the lowest level located
close to the top, while in the last case the lowest level is
situated near the bottom.

In Figure 9 we show the lowest energies as functions
of the magnetic field and in the presence of the negative
𝐹 = −0.5 kV/cm and positive 𝐹 = +0.5 kV/cm electric
fields in one-electron conical nanotubewith dimensions𝑅𝑏 =6𝑎∗0 , 𝑅𝑡 = 4𝑎∗0 , 𝐻 = 20𝑎∗0 , and 𝑤 = 0.2𝑎∗0 . Comparing
the curves from Figure 9 with those in Figure 5(c) for zero-
electric-field case one can observe that in the presence of
the external electric field, independently on its direction,
amplitudes of the ground state energy oscillation grow in
both cases, but periods of the oscillation, Δ𝛾 for positive and
negative electric fields, become essentially different.

In the case of the negative electric field Δ𝛾 in Figure 9(a)
is approximately equal to 0.07, which slightly exceeds the
value 2/𝑅2𝑏, while the period Δ𝛾 in the presence of the
positive electric field in Figure 9(b) is about 0.12, which is in
excellent accordance with the value 2/𝑅2𝑡 . Thus, the external
electric field induces splitting of the quasi-degenerate ground
state energy level and it constrains spatially the probability
distribution in the statewith lowest energy close to the conical
nanotube top if the electric field is negative and about the
bottom in the case of the positive field.
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Figure 9:The lower energies as functions of the externalmagnetic field in one-electron conical nanotubewith dimensions𝑅𝑏 = 6𝑎∗0 ,𝑅𝑡 = 4𝑎∗0 ,𝐻 = 20𝑎∗0 , and 𝑤 = 0.2𝑎∗0 in the presence of the electrical fields are (a) 𝐹 = −0.5 kV/cm and (b) 𝐹 = +0.5 kV/cm.

Previous results reveal that the probability density distri-
bution of finding the electron along the 𝑧-axis and spectral
properties of the one-electron conical nanotube are defined
by the interplay between effects of the magnetic and electric
fields. The larger the positive electric field is, the bigger the
number of the rotational states retained close to the bottom
is, and the stronger the magnetic field should be in order to
unblock the ascent of rotational states with superior angular
momenta. On the contrary, a negative external electric field
releases the electron escalation, cooperating in this process
with the magnetic field. Therefore, the external electric field
essentially affects magnetic properties of this system.

In order to emphasize the effect of the electric field on
the magnetic properties of conical nanotube, we present in

Figures 10(a) and 10(b) dependencies of the angular and the
magnetic momenta on the magnetic field in the presence
of the electric field applied along the 𝑧-axis at two opposite
directions, calculated for the structure with dimensions 𝑅𝑏 =6𝑎∗0 , 𝑅𝑡 = 4𝑎∗0 , 𝐻 = 20𝑎∗0 , and 𝑤 = 0.2𝑎∗0 . One can see that
the electric field changes both dependencies in comparison
with those presented in Figures 4 and 7 for zero-electric-field
case. Particularly, the growth of the angularmomentumof the
ground state under increasingmagnetic field is accelerated in
the presence of the negative electric field and it is decelerated
when external electric field is positive according to the results
presented in Figure 10(a).

The curves of the magnetic dipole moment, shown in
Figure 10(b), give an evidence of the AB oscillations similar
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Figure 10: Angular (a) and magnetic dipole (b) momenta as functions of the external magnetic field in conical nanotube with 𝑅𝑏 = 6𝑎∗0 ,𝑅𝑡 = 4𝑎∗0 ,𝐻 = 20𝑎∗0 , and 𝑤 = 0.2𝑎∗0 in the presence of the electrical fields 𝐹 = −0.5 kV/cm and 𝐹 = +0.5 kV/cm.

to those in 1D QR with radius 𝑅𝑡 = 6𝑎∗0 for 𝐹 = +0.5 kV/cm,
while for𝐹 = −0.5 kV/cm they are similar to those inQRwith
radius 𝑅𝑏 = 4𝑎∗0 .

It is seen from Figure 10(b) that the amplitude and the
period of the AB oscillation in the case of the negative electric
field are two times larger than those in the case of the positive
electric field.This result confirms that the electron rotation in
the ground state ismainly restrained in a narrow layer close to
the cone’s top in the first case and close to the bottom at the
second case. The special points, where the magnetic dipole
moment in Figure 10(b) acquires extreme values, coincide
with the crossovers of the energy levels in Figure 9, in which
the energy gap between the ground state and the first excited
state disappears; that is, the ground state becomes doubly
degenerate. This is essentially different from the case of zero-
electric-field, in which the ground state is quasi-degenerate
with many-fold of levels, almost for all values of the magnetic
field, as it can be seen fromFigures 4 and 5 andTable 1.Hence,
the electric field breaks the conical symmetry of the system,
resulting in the splitting of the quasi-degenerate energy levels
for all values of the magnetic field except special periodical
values for which the ground state is converted to a doubly
degenerate.

To clarify how an increasing electric field transforms
consistently the nanotube magnetic properties, we display
in Figure 11 the curves of the magnetic dipole momenta as
functions of the magnetic field for six different values of the
positive and negative external electric fields. A consistent
evolution of the dependencies with the growth of the electric
field is seen; the damping of AB oscillations, significant in
the case of the zero-electric-field in Figure 7, is reduced
remarkably and it almost disappears when the electric field
approaches to 0.5 kV/cm.

5. Summary and Conclusions

In order to analyze the effects of the electric and magnetic
fields, applied parallel to symmetry axis, on the spectral
and magnetic properties of nanotubes, we consider a simple
separable model of a thin axially symmetric one-electron
nanotube of conical shape, which offers a comprehensible
interpretation of calculation results. We show that the ener-
gies and the probability distributions of the electron along
the symmetry axis in states with different angular momenta
are defined by the interplay between the centrifugal and
diamagnetic forces. The centrifugal force pushes the maxima
of the electron distributions with different angular momenta
toward the cone’s bottom, while the diamagnetic force drives
them to the cone top. The greater the cone’s aperture angle
𝛼 is, the stronger the competition between these two forces
is. As the magnetic field is small, the centrifugal force retains
the electron rotation around the axis close to the bottom.This
retaining force is proportional to square angular momentum
and therefore, when the magnetic field is increased, the
peaks of the electron distributions corresponding to different
angular momenta begin to climb successively one by one
from base toward the top in the order of ascending angular
momenta pushed up by the diamagnetic force. We show
that such redistribution of the electron’s probability density
produces a consistent decrease of the amplitude of the
AB oscillation of the ground state energy as function of
the magnetic field, and when the magnetic field increasing
becomes sufficiently large the oscillatory dependence of the
ground state energy is quenched and it is transformed into
a straight line with the slope exactly equal to the tangent
of the aperture angle, while the ground state energy level
becomes quasi-degenerate. The number of quasi-degenerate
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Figure 11: Evolution of the curves of the magnetic dipole moment as functions of the external magnetic field under increasing electrical fields
in one-electron conical nanotube with dimensions 𝑅𝑏 = 6𝑎∗0 , 𝑅𝑡 = 4𝑎∗0 ,𝐻 = 20𝑎∗0 , and 𝑤 = 0.2𝑎∗0 .
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levels rises consistently with the increase of themagnetic field
and the aperture angle. We ascribe this effect to a change
of the hidden symmetry, induced by the magnetic field in
axially symmetric heterostructures, when their morphology
is converted from the cylindrical to conical type.

A special form of the dependence of the ground state
energy on the magnetic field in the conical nanotube is
reflected also on the evolution of the corresponding curves
of the density of the states and of the magnetic dipole
moment under increasing magnetic field. Particularly, the
multiple quasi-degeneration of the levels close to the ground
state energy conduces to the appearance of the singularities
in the density of states about the bottoms of subbands,
corresponding to different axial quantum numbers. We show
that the intensity of these peaks and gaps Δ = 2𝛾 tan𝛼
between them grow with the increment of the magnetic
field and they depend strongly on the cone’s aperture angle.
The larger the aperture angle, the higher the peaks and the
stronger the splitting.

Similar analysis is presented for one-electron nanotube in
the presence of the electric field applied parallel to the cone
axis. We show that, by applying a sufficiently strong electric
field, it is possible to suppress or reinforce the escalation
of rotational trajectories, induced by the magnetic field,
breaking in this way the hidden conical symmetry, producing
splitting quasi-degenerate levels about the ground state and
restoring the AB oscillations.

We show that the positive electric field retains the rota-
tional states close to the bottom increasing the minimum
value of the magnetic field required to unblock the ascent
of rotational states with superior angular momenta. On the
contrary, a negative external electric field releases the electron
escalation, cooperating in this process with the magnetic
field. Therefore, the external electric field affects essentially
the spectral andmagnetic properties of this system. Results of
calculation of the energies and the magnetic dipole moment
approve that the electron rotation in the ground state is
mainly restrained in a narrow layer close to the cone’s top
in the presence of the negative electric field and close to
the bottom for the positive electric field. The amplitude of
the AB oscillation and the period of the oscillation in the
first case are smaller than those in the case of the positive
electric field. We ascribe such effect to the possibility of
redistribution of electron probability along the axis under
external electric field. Our analysis establishes a fascinating
possibility to control the magnetic properties of nanotubes
by means of an external electric field.

We believe that our analysis reveals a possibility for
detection of the coupling between the polarization and mag-
netization in conically shaped nanostructures, resulting from
the quantum-size effect. Similar coupling between magnetic
and electric properties of ferroelectric and ferromagnetic
materials consisting in the appearance of an electric polar-
ization under the application of a magnetic field or in the
appearance of a magnetization under the application of an
electric field is called the magnetoelectricity [24, 25]. One
can expect that similar effect associated with the quantum
confinement might be presented in tubes with nonuniform
cross-section profiles. The more abrupt the variation of

the cross-sections radii along the axis in such structures
is, the stronger the coupling between the polarization and
magnetization could be.
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